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Let R be an associative ring with identity. Myasnikov and Remeslennikov [1] in-
troduced the new category of exponential R-groups as a natural generalization of the
notion of an R-module to the noncommutative case. Below, we recall basic definitions
borrowed from [1, 2].

Let L = (-, ' €) be the group language (signature); here, - denotes the binary
operation of multiplication, ~! denotes the unary operation of inversion, and e is a
constant symbol for the identity element of the group.

We enrich the group language to the language £7 = £, U{fa(g) | @ € R}, where
fa(g) is a unary algebraic operation.

Definition 1. A Lyndon R-group is a set G with operations, -, 7!, e and {f.(g) |
a € R} are defined and the following axioms hold:

(i) the group axioms;

(ii) for all g, h € G and all elements «, 5 € R,

g =g, " =e, e =¢ (1)
gt =g g% ¢*% = (g™ (2)
(h™tgh)® = h™'g"h. (3)

For brevity, in the formulas expressing the axioms, we write f,(g) instead of g* for
g€ Gand a €R.

Let £g denote the category of all Lyndon R-groups. Since the axioms given above
are universal axioms of the language £} , it follows that £r is a variety of algebraic
systems in the language £ ; therefore, general theorems of universal algebra allow us to
consider the varieties of R-groups, R-homomorphisms, R-isomorphisms, free R-groups,
and so on.

MR-exponential groups. There exit Abelian Lyndon R-groups which are not R-
modules (see [3], where the structure of a free Abelian R-group was studied in detail).

The authors of [1] augmented Lyndon’s axioms (quasi-identity):

(MR) Vg,h € G, a€R [g,h] = 1= (gh)* = g°h. (4)
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Definition 2. An MR-group is a group G on which the operations g* are defined
for all g € G and « € R so that axioms (1)—(4) hold.

Let Mg denote the class of all R-exponential groups with axioms (1)—(4). Clearly,
this class is a quasi-varieties in the language £, and free MR-groups, MR-homomor-
phisms, and so on are defined; moreover, each Abelian MR-group is an R-module and
vice versa.

Most of natural examples of exponential group belong to the class 9g:

1) An arbitrary group is a Z-group.
2) An Abelian divisible group from £ is an 9Mg-group.

3) A group of period m is a Z/mZ-group.

)
4) A module over the ring R is an Abelian MR-group.
5)

Free Lyndon R-groups are MR-groups.

6) The exponential nilpotent R-groups over the binomial ring R introduced by P. Hall
in [4] are MR-groups.

A systematic study of MR-group was initiated in [5-12]. Results obtained in these
papers have turned out to be very useful in solving well-known problems of Tarski.

Below, following [1], we recall some definitions in the category of MR-groups. Let
G be an MR-group.

Definition 3. A homomorphism of R-groups ¢ : G; — G is called an R-homo-
morphism if p(¢%) = p(9)*, g € G, « € R.

Definition 4. For g,h € G and a € R, the element

(9,h)a = h""g *(gh)"

is called the a-commutator of the elements g and h.
Clearly, (gh)® = g*h*(g,h)o and G € Mg < ([g, hl =1= (g9,h)a = 1). This
equivalence leads to the definition of an 9g-ideal.
Definition 5. A normal R-subgroup HAG is called an 9Mg-ideal if, for any g € G,
h € H and o € R,
lg,h] € H=(g,h)s € H.

Proposition 1.

(i) If ¢ : G1 — Gy is an R-homomorphism in the category Mg-groups, then ker ¢
1s an Mp-ideal in G.

(ii) If H is an Mg-ideal in G, then G/H € M.

Varieties of an exponential MR-group. Let X = {z; | ¢ € I} be an infinite
aplhabet and Fr(X) let be a free MR-group with free generating set X as an MR-group.
Let us call an arbitrary element w(xy,...,x,) € Fr(X) R-word in X. Let G be an MR-
group and ¢q,...,9, € G. The map z; — g; can be extended to an R-homomorphism
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¢ : Fr(X) — G. The image of the word w(zy, ..., x,)¥ € G under this homomorphism
is called value of w(xy,...,x,) on the elements gy, ..., g,. Fix the following notations:

w(xlw-'axn) = w(T)> T = (mla---axn)a w(gl, cee 7gn) = w(?)ﬂ g= (gla cee >gn)7
w(@) ={w(@) | g€ G"} ={wlg,....90) | 9 €G}.

Definition 6. An R-word w(Z) is called an identity on MR-group G
if w(G) = 1.
Definition 7. Let W be a subset of Fgr(X). Then W define the variety of
MR-groups
N={GeMr| w(G) =e VweW}

Definition 8. An R-word u(Z) € Fr(X) is called a corollary of the set of words
W, if u(G) = e for any group G € M.

Definition 9. The 9g-ideal of G generated by all values of all words from W is
called W-verbal ideal of G.

Let us denote by W (G) the W-verbal ideal of G.

Proposition 2. A wverbal ideal in Fr(X) generated by the set of word W consists
exactly of all corollaries of the set W in Fr(X).

Definition 10. A group Fyyr(X) € DN is called a free group with the base X in the
varieties N if Fyyr(X) R-generated by the set X and for any group G € 9 arbitrary
map ¢y : X — G can be extended to an R-homomorphism ¢ : Fjyr(X) — G.

Theorem 1. The group Fr(X)/W(Fgr(X)) is a free group in the varieties of N
which is defined by W.

Theorem 2. A class of MR-groups N is varieties if N is closed with respect to
taking subgroups, Cartesian products and R-homomorphisms.

The proof of the last theorem is the same as the Birkhoff’s one for varieties of
algebraic systems.

Definition 11. The subgroup (G,G)r = ((9,h)a | g,h € G, a € R)g of G is
called the MR-commutant of G.

Theorem 3. For any MR-group G the following is true:

(i) The R-commutant of G is a R-subgroup of G by all commutator [z, y] = 'y~ tay.

(ii) The R-commutant is the smallest Mg-ideal of G among all ideal H such that
G/H is an Abelian MR-group.

Theorem 4. Let R be a field. Then the word (z,y)s = y~“x~*(xy)* generates
R-commutant as a verbal subgroup if a # 0, —1.
Theorem 5. Any R-words subset V' of Fr(X) is equivalent to a set of R-words

W= {x? wi| i€l jE€J, a; €R, u; € (FR(X),FR(X))R}

for suitable sets of indexes I and J.

Remark. When defining the varieties of Mg-groups we follow V. A. Gorbunov’s
monograph [13], which declares how one can understand varieties of groups inside,
quasi-varieties of groups. Therein it is shown that for these varieties all the well-known
Birkhoff theorems are that for them there exists the notion of a free group and the
theory of defining relations.
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