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Abstract. New algorithms of the approached decision of Poisson equation (Dirichlet bound-
ary problem) for a two-dimensional crosswise body by means of Schwartz iterative method
are considered. The unknown function expands into the Fourier-Legendre series. Differences
of Legendre polynomial are used as basic functions. The five-dot linear system of the alge-
braic equations concerning unknown coefficients is received. The program code (on the basis
of Matlab) for the approached decision of the considered problem is created; corresponding
numerical experiments are made which revealed stability of the account process.
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1. Introduction. Methods of the decision of the mathematical physics equations,
in particular, elasticity theories, both exact, and approximate, are given in different
scientific articles and monographs. The approximate methods are developed for search
of the intense-deformed elastic bodies having difficult geometry of different types (see
for example [1]-[3]). Now it is a very actual problem working out and search of the
designs having difficult geometry, definition of the intense-deformed state of a body,
creation of corresponding settlement algorithms and software products.

2. Statement of the problem. Let’s solve a Dirichlet problem for the Poissons
equation:

Au(z,y) = f(x,y), (2,y) €, (1)
u(z,y) = g(z,y), (z,y) € 99, (2)

where u(z,y) € C*(Q) is unknown, f(z,y) € C(Q), g(z,y) € C(IQ) are given func-
tions,
Q =y UQy is a given body,
O ={(r,y): 2<2<2 —-1<y<1}; Qo={(r,y): 2<y<2 —-1<z<1}
0 =1 =11 UTy is a boundary of the given body
My={(z,y):y==%£1, 2<zx<-lorl<zx<2r=42 —1<y<I1}
Fo={(z,y):x==41, 2<y<—-lorl<y<2; y==42 —1<z<1},
v={(z,y) y=+1, -1<z< -1}, ={(z,y) 1z ==+1, -1 <y <1}.

3. The algorithm. The algorithm consists of two parts.
3.1. First part - the Schwartz method. The Schwartz iterative method consists
of two A and B problems. Problem A:

Augp_1(7,y) = f(z,y), (2,y) € 4, (3)
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Uge—1(7,Y) = gar—1(7,y), (z,y) €1 U, (4)

where
gor—1(2,y) = { o) () €T (5)

Ugk—2(7,y), (7,y) €.
Problem B:

Aug(@,y) = f(z,y), (z,y) € e, (6)
ugk (2, y) = gox(7, ), (z,9) €T2 U, (7)

where
gl y) = { s £ ©)

ugk—1(2,y),  (7,y) € 72

Uok—1(x,y) and ugx(z,y) are unknown functions,k = 1,2,3, -+, knaz, Kmaz 1S a

maximal number of iteratives. We take ug(x,y) = 0 as a given initial approximation.
In this case

g(:an)? (l’,y) EFla
gz, y) =
07 (ZIZ’, y) € M-
and ¢, (x,y) for the continuity of boundary data we need

g(_17 _1) = g<_17 1) = 9(17 _1) = g(lv 1) =0.

3.2. Second part - the Galerkin method. Let’s expand unknown ug;_1(z,y)
and gk (z,y) functions as the Fourier-Legendre finite series

Ugk—1(2,y) Z g, 10i(/2)9;(y) + Gar-1(z,y), (9)
7,7=1

k(2 y) Z ugpi ()0 (y/2) + Gar(x, ), (10)
i,7=1

where each u’;;H and ugjk N? are unknown coefficients, which are found by the Galerkin
method;

G2k71<$,y) = ngfl(x7y)7 (xvy) € Fl Um (11)
G2k<x7y) = 92k<x,y), (.flf,y) S FQ U2 (12)

With the aim to satisfy the boundary conditions (4), (7) the functions Gag—1(z,y)
and Gai(z,y) must have the following forms:

1-— 1+
G2k—1($, y) = B y92k—1($7 —1) + 5 y92k—1($, 1)7 when y = £1,
o 2 2+
—x T
1 Gor—1(—2,y) + gok-1(2,y), when x = £2;

1+z

xr
gor(—=1,y) + g2r(1,y), when z = £1.
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or 9 91
onla, —2) + —

In order to find the unknown coefficients ug{fl and uZQJk let’s apply the Galerkin
method:

g2r(x,2)), when y = +2;

(Augg_1(z,y) — f(z,v), ¢1(2/2)om(y)) =0, ,m,=1,2,--- N, (13)

(AUQk(.T,y)_f(SU,y), (pl(x)gom(y/Q)) :OJ l7m7: 1727"' 7N7 (14)
where @;(t) = Piy1(t) — Pi_1(t), P;(t) are Legendre polynomial. Using basic properties
of Legendre polynomial we have

ZZqu X (a s <x> @1 (g)) (0(¥), om(v))

. 1]\? 1N B . . 92 (15)
+3°3 (w(5) 4 (5) (529300090 0)) = Flun
Zzuzk (a z%i(x), st($)> : (%' (g) , Prm (%))

i=1 171 2 (16)
+ZZU§”}C (pi(@), pr(z)) - <8a—y290j (g) , Pm (%)) = F2um,

where

T

Fli = = (AGaui(e,y) - Fey), @ (5

2)g0m(y)>, Ibm=1,2,--- N.

F21m:—<AG2k(a:,y)—f(:c,y), ©1(x)om (%)), Ibm=1,2--- N.

4. Numerical experiments and results of calculation. Let’s consider a
particular case for N = 5. If N < 5, then the matrix of the system of equations will
not be five-pointed. System’s matrix M is the same for A, as well as in B cases, only
the right sides are different

A 0 B 00
0 A, 0 By 0
M=] C; 0 A3 0 Bs
0 Cy 0 Ay O
00 C; 0 A

where A;(i = 1,5), are three pointed ribbon matrixes, B;(i = 1,3), C;(i = 3,5) the
diagonal matrixes, O -is a zero matrix. The program code is examined for the following
test problem:

Au(z,y) = f(z,y), (z,y) €, (17)

u(z,y) =0, (z,y) € 09, (18)
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where the right side is
fla,y) = (v = D(y* = 4)(122° = 10) + (2 — 1)(2* — 4)(12y” — 10),

and the exact solution is

u(z,y) = (2% = (z® = 4)(y* - D(y* - 4).
There is represented an exact, as well as an approximate solution’s values in the origin
for the different number of iterations in table 1.

u(07 0) (31 (07 0) u2(07 0) U3<0, O) 'Ll,4(0, 0) U5(O, 0) U@(O, O)
16 10.7341 | 11.4653 | 12.3942 | 13.4589 | 15.0124 | 15.3827

Table 1.

As we use Schwartz’s algorithm, we can take ug,—1(x,y), as well as ugg(x,y) func-
tion, as an approximate solution for a problem (1), (2) in the intersection of the rect-
angles 2; and ). The numerical experiment made an a testing example, shows a
convergence of Schwartz’s algorithm. A counting process is stable, as corresponding
matrix of algebraic equation system has diagonal dominating property relative to rows.
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problem statement and solving.
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