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ON THE 2-D NONLINEAR SYSTEMS OF EQUATIONS
FOR NON-SHALLOW SHELLS
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Abstract. 1. Vekua has constructed several versions of the refined theory of thin and shallow
shells. Using the reduction methods of I. Vekua, the 2-D system of equations for geometrically
and physically nonlinear theory of non-shallow shells is obtained.
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A complete system of equilibrium equation and the stress-strain relations of the
3-D geometrically and physically nonlinear theory can be written as:

Vi + ®=0, Ti:(Eiqu + Eiqukseks)epq(Rj +0;,U), (i,5,p,q.k,s=1,2,3) (1)

where V; are covariant derivatives with respect to the space curvilinear coordinates
', 7" and ® are the contravariant ”constituents” of the stress vector and an external
force, e;; are covariant components of the strain tensor, U is the displacement vector:

EUP = gl g" + u(g? g’ + g'l977), (9V = R'RY), (3)
3
Epaks = B g7 P 4+ EaggPt g% + Esg™gPig’® + Eag™g’lg",
where A and p are Lame’s constants, Ey, Es, B3, Ey are modules elasticity of the second
order for isotropic elastic bodies, R; and R’ are covariant and contravariant bases
vectors of the surfaces S(z3 = const), which are "normally connected” with the basic
vectors 7; and 7 of the midsurfaces S(x® = 0) by the following relations:

R(z', 2% 2%) = r(2', 2°) + 2°n(2", 2?), (—h <2’ =23 <h)
h is the thickness of a shell. Further
OoR =R, = Afrs, R*= f’grﬁ, R;=R’=n, O,r=7r,, (0,3=1,2)
ror? = RyR° =08, AP =af — 2318, A% =97 af + 23(b§ — 2Ha3)], @
Uop = TaTs, bag = —Marg, U =1—2Hzs+ Ka3,
2H = bl + b2, K = bib3 — b3bi.

Note that sometimes under non-shallow shells the following approximation equali-
ties
R* = (af + x3b%)r”, (W. Koiter, P. Naghdi, A. Lurie, ...) (5)
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are meant, which are the first approximations of the general case (4).
The relations (1-3) can be written as:

Vo (07%) + 05(07%) + 9P = 0, (6)

ol = 97t = A [E11]1P1Q1 + 1E11J1P1Q1k181 (Ak r81akU + A frklasU
. (7)
+A§1A§18kUasU)](Agqul o,U + Angql o,U + A£1A31 o,U0,U)(r;, + Aj.lajU)

where
Eiiipiar — )\ g1 gP1at + M(ailplajlql + ai1q1ajlpl)’ (ailjl — ,,,i1,r.j1) (8)
Faaipiatkisy — pi (E]_a/plql ql1st 4 Ezap1k1aqw1) + EgailklaIJIQI a1 + E4ai1p1 i1 gkist
Now we use I. Vekua’s reduction method the essence of which consists, without

going into details, in the following: since the system of Legendre polynomials P, (‘”—f)

are complete in the interval [—h, h|, for equation (6) the equivalent infinite system of
2-D equations is obtained:

m 2 1 m— m— (m)
Va(a) @ mh+ (( e 3+...> +F =0, (a=1,2m=0,1,...) (9)

where V,, are covariant derivatives on the midsurface S(x3 = 0).

Further .
m) . (m) (m) 2 1 ,
YiU. @)=t /(W, U.9®)P, (‘”3) des, (10)
2h h
(m) (m) 9 1 /() (=) (-
where F=&+ m];l— (19 (;)3_(_1)771 Y (0')3)
(£)
¥ =1F2hH + Kh?, (3)3 = o’(zt, 2%, £h).
For (g)i we have
m. 1 .. .t (m) (ma) (m1) (m2)
(a)z:§E’Ll]1p1q12 [(A)“m(ran U )Tm Z( :12(11(11<DI,UDQU )’f‘jl
mi=0 V"™ -
(m) (m1) (m2) ( )
+--~+Z( A sffl’;lm(DU U) U)]+---+ (11)
—p (m1,m2,m:

1 ; PR O R (m1) (m2)\ , (ma) (ma)y  (ms)
b o A (D UDU ) (DUDU ) D, U
mi,...ms e

(m
where D; U - 6705 U +03 U U'=

(m) 2 1 (m—+1) (m+3)
_smt (U + U +)
h
h
m o 2mt1 o
A= T [ AL Py Pty (12)
mi

—h
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Now me have the following integrals:
a) For the shallow shells

h h h
/Pstdx3, /P31P32Pmd$’3, /PslPSQPSSPmdmy,.
—h —h —h

It should be noted that those integrals can be calculated by means of Adams formulas:

min(m,n)
Ap A A, 2(m+n) —4dr+1
Pm Pn - m+n—2r )
() Fn(2) ; Amin—r 2(m+n)—2r+1 n-2r(7)
A = 1-3---(2m—1)'

m!
b) For non-shallow shells (Koiter-Naghdi, Lurie,...) we have the following integrals:

h
/m'§PSl - P, Pndrs, (k=0,1,....,6; n=1,2,....5).
—h

c¢) For non-shallow shells (I. Vekua,...) we have integrals of the types

h
k
x5Ps, - Py, P,
d k=01,..6:n=1,2,..5
/(1-2H$3+K1‘§)n x3, ( y Ly, 00 9 Ly ey )
—h

which are calculated by means of Adams and Niemann formulas

1

/ P;"%?‘/);tzwm(x), (2] > 1),

where @,,(x) is the Legender function of the second kind.
For example we have the integrals of type (12) which can be calculated

IAINA

(m) L2 L 2m + 1 P, (1) Qi (y), my < m\]*
A af  _ "o B1 5771; + |:Bg h BB h ( mi m s 1 >:| :
(m1) a1 K 1 2\/Eh 1 ( y) b1 ( y) le (y)Pm (y)’ my m "

where B§(x) = af + zL§, LG =03 —2Ha}, E=H?> - K, y1, = [(H F VE)h)™.

Let p = max(b3, b, bag) = h < p = % =e < 1= lebfp| < ¢ <1, where ¢ is a
small parameter, h is the semithickness of a shell.

Now, following Signorini [2], we assume the validity of the expansions for approxi-
mations of order NV:

m) . (m) (m) 2 [ (mm), (mn) (mn)
<(0-)17 U, F) :Z((U)Z, U,6F )5", (m=0,1,...,N).

n=1
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Substituting the above expansions into relation (9) we obtain the following 2-D
finite system of equilibrium equations to components of displacement vector of the
isometric coordinates:

(mn) 2\ _(m,
40 A 19 U+) F20+100:6 + 00 i

2m + 1 (m—1,m) (m—3,n) (m— 1n) (m— 3n) (m,n)
- p[za( U's+ U s+ )+ Ul+ UL+ }+F+:o,
2(m,n) (m,n)/ 2m + 1 (m—1,;m) (m—3,n) (13>
M(V Us+ G))— [A( e + © +)
h
(m n (m— 3n) (m,n)
+()‘+2N)< Us+ U3+ - ﬂ + F3=0,
where ds* = N(z, 2)dzdz (z =z! +ix?, 20; =0, —i0y, V= L )
) ) ) Z 1 — U2, A&z@z
U+ - U1 + iUQ, @ == A_l <(9ZU+ + 85(74,_).
Note that system (13) can be rewritten as
(m) (N) ,
AT, + 200+ 1026 + L+(Uz, s U) =0, (Ly = Ly+ila),  (14)
m)  (m) /(0) (N) ,
UATh + L3(Uz, Ui) 0, (i=1,2,3), m=0,1,... N, (15)

where the main part of equation (14) is the operator of the plane theory of elasticity
2

020z

and the main part of equation (15) is the Laplace A =4 operator.
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