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Abstract. By using an indirect boundary integral method, the solution of the first (sec-
ond) BVP of steady vibrations related to the linear theory of viscoelasticity for Kelvin-Voigt
materials with voids is represented by means of a simple (double) layer elastopotential.
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As is well known, the classical indirect method of Fredholm gives the solution of the
Dirichlet problem for the n-dimensional Laplacian in terms of a double layer potential
u(z) = [ gp(y)a%ys(x — y)do,, where v(z) = (v1(x),...,v,(x)) denotes the outward
unit normal vector at the point x = (z1,...,x,) € ¥ and s is the fundamental solution
of the Laplace equation. There is another approach, which consists in looking for the
solution in the form of a simple layer potential u(z) = [i. ¢(y)s(z — y)doy; in this case
an integral equation of the first kind arises

/E o()s(z — y)doy = g(z), zES. (1)

Muskhelishvili ([1], p.184) gave a method for solving (1) when n = 2, which leads to
the study of a singular integral equation. Even if such approach is based on the theory
of holomorphic functions of one complex variable and uses the derivative with respect
to the arc length, in [2] it was generalized to the case of n real variables by one of
the authors. The main idea consists in replacing holomorphic functions by conjugate
differential forms and the derivative with respect to the arc length by the exterior
differential operator d. This method hinges on the theory of reducible operators and
on the theory of differential forms; it does not require the use of pseudo-differential
operators nor the use of hypersingular integrals. The approach has been applied to
different BVPs for other PDEs in simply and multiply connected domains (see [3-14]).

Here, we consider the application of the method to the study of the two basic BVPs
for the homogeneous equations of steady vibrations in the linear theory of viscoelasticity
for Kelvin-Voigt materials with voids, i.e. for the system

pAu+ (A + py)grad div u + bygrad ¢ + pw?u = 0, ©)
(1A +&)p — 1idiv u =0,

where u = (ug,us,u3) is a complex time-independent vector function, ¢ is a complex
time-independent function, p is the reference mass density (p > 0), w is the oscillation
frequency (w > 0), A\ = A —iw\*, up = p —iwp®, by = b —iwb*, oy = a — wa*,
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vy = b —iwr*, & = & —iwe*, & = pow? — &1, po = pk, k being the equilibrated inertia
(k> 0),and A\, i, b, o, &, \*, u*, b*, o, v*, £ are (real) constitutive coefficients (see [15]).

We denote the matrix of fundamental solution of the homogeneous system (2) by
I' = (I'pg)axa (see [15]). Moreover, the fundamental solution of the system

piAu + (A + p)grad div u = 0,
a1Ap =0

: ; — ; () = — L [ LA, — Mt 02
is the matrix W = (W,,)4x4, whose entries are W;(z) = —¢- <MA51] L axlaxj> ||

(,ug = )\1 -+ 2u1), ‘1144(113) = O%S(l’), ‘1114(1’) = \If4j($) = 0, l,j = 1, 2,3
Lemma 1. ([15], Theorem 4.2) If cypipe # 0, then the relations

Wy(2) = O (i) C Tla) — Up(e) = O(L+ Ja]),

om g 1
Ox 02 Oz [qu(x) - quq(x)] =0 (W)

hold in a neighborhood of the origin, where m = mqy + mg + mg, m > 1, my > 0,
l=1,2,3 and p,q=1,2,3,4.

Therefore, W(x) is the singular part of the matrix I'(z).

In what follows, Q2 C R? is a bounded simply connected domain (i.e. R\ Q is
connected) such that its boundary ¥ = 09 is a Lyapunov hypersurface (i.e. ¥ has a
uniformly Hoélder continuous normal field of some exponent [ € (0, 1]); p indicates a
real number such that p €]1, +oo[ Let us consider the first BVP in the class S” of the

simple layer elastopotentials U[¢](z) = [;, T'( ¢(y)do, with density in [LP(X)]*:
UeSP,
A(D)U =0 in Q, (3)
U=F onY, Fe W)

(by WHP(X) we denote the usual Sobolev space), where U = (u,¢) and A(D,) =
(Apy(Dy))axa is the matrix whose entries are A;;(D,)= (w1 A+pw?)dy; + ()\1+H1)#;rj’
Au(Dy) = 516%17 Ay(Dy) = —7/13%1, Apu(Dy) = atA + &, 1, j = 1,2,3 (6 being the
Kronecker delta).

Imposing the boundary condition we get the integral system of the first kind

/Z D(x — y)dly) do, = F(x) (4)

on Y. Following the approach introduced in [2], we take the differential of both sides
of (4), obtaining the following singular integral system

/2 4. (z — y)|éy) do, = dF(z). (5)

In (5) the unknown is the vector (¢, ..., ¢4) whose components are scalar functions,
while the data is the vector (dFi,...,dFy) whose components are differential forms of
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degree 1. We are going to show that the singular integral system (5) can be reduced
to an equivalent Fredholm one.
It is possible to prove (see ([4], Lemma 5.3)) that the singular integral operator!

Sot [P — LX), So(@)() = / 0¥ (x — 1)|o(y)do,

can be reduced on the left. This means that there exists a linear and continuous
operator S : [LY(X)]* — [LP(X)]* such that S’S; is a Fredholm operator from [LP(3)]*
into itself. Let us define the singular integral operator

StLPE) — L), S¢a) = /de[F(SU —y)o(y)doy.

Since S — Sy is compact by Lemma 1 and we can write S = (S — Sp) + Sy, we obtain
that S’S is a Fredholm operator. We thus obtain the next claim.

Proposition 1. ([4], Proposition 5.1) The singular integral operator S can be
reduced on the left.

We deduce that the integral system (5) admits a solution if, and only if, fz YiNdF; =
0, i = 1,2,3,4, for every v € [L{(X)]* solution of the homogeneous adjoint system

S;-"y(x) = /E%(y) Ndy[lij(x —y)] =0,ae z e, j=1,234.If

3
pt >0, 3N 4+2u" >0, o >0, B\ +2u)E > Z(b* + %)%, (6)

one can prove that S*y = 0 if, and only if, 7; is a weakly closed 1-form (see ([4],
Theorem 5.1)). Consequently, the singular integral system S¢ = dF' is always solvable.

Since any solution of a Dirichlet problem with constant datum can be represented
by means of a simple layer elastopotential (see ([4], Lemma 5.5)), we have the following
representation for the solution of the first problem.

Theorem 1. ([4], Theorem 5.2) If conditions (6) hold, the first BVP (3) admits
a unique solution U. In particular, the density ¢ of U can be written as ¢ = ¢g + 1y,
where ¢g solves the singular integral system (5) and vy is the density of a simple layer
elastopotential which s constant on 3.

We remark that, the obtained reduction is not an equivalent reduction?. However,
we still have an equivalence between (5) and the Fredholm equation S'S¢ = S'(dF).
In fact, as in ([16], pp.253-254), one can show that N(S’S) = N(S). This implies that,
if G is such that there exists a solution g of the system Sg = G, then this system is
satisfied if and only if S’Sg = S’G. Since we know that the system Sg = dF is solvable,
we have that Sg = dF if, and only if, S'Sg = S'(dF) (see ([4], Theorem 5.3)).

These results permit also to represent the solution of the second BVP of steady
vibrations related to the linear theory of viscoelasticity for Kelvin-Voight materials

!The symbol L% () stands for the space of the differential forms of degree k defined on ¥ whose
components belong to LP(¥) in a coordinate system of class C'! and then in every coordinate system
of class C*.

2A left reduction is said to be equivalent if N(S’) = {0}, where N(S') denotes the kernel of S’. This
implies that Sa = 3 if, and only if, S’Sa = 5'4.
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with voids by means of the double layer elastopotential. For the details we refer to
([4], Section 6).
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