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Abstract. In this present paper is suggested the method of a small parameter for I. Vekua’s
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1. Non-Shallow and Shallow Shells

Let R be a radius-vector a point with coordinates (z', z%, x?), that is
R(z!', 2%, 2%) = r(2*, 22) + 2°n(2!, 2?),

where r and n are, respectively, radius-vector and unit vector of the normal to the
midsurface S at the (x!',2?). If 2k is the shell thickness, then —h < z3 < h.

The so-called local basis vectors have the form:

a) For non-shallow shells [1]:

OaR=Rq = (al — z3b))rs, R*=9""(aj + r3L5)rs,
BR=R3=R’=n, (a,f=1,213=2") (1)

where a2 (aqg,a®®) and b2 (b,p, b*?) are components, respectively, of the metric and cur-
vatures tensors of surface S, H and K are middle and principal (Gaussian) curvatures
of the surface S,

2H =by+b3, K =0biby+bbi, ¥9=1-2Hws+ Kzxj, L§=0j—2Haj.
b) For non-shallow shells (Koiter-Naghdi) we have
R,=(a) — z3b))rs, R*=(aj + z3b5)r’, Rs =R’ (2)
c¢) For shallow shells it may be assumed that
R,%~r,, R*Zr® = x300 =0 = hb’ 0. (3)

2. Equations of equilibrium an elastic medium (vector and tensor notes)

1 0,/go’ o
75 on TS0 (g=detlgil gy =Ry 0,5 =1,2,3),

0'1', = Eijpgepq(Rj +0;U), (geometrically nonlinear), (4)
E’Lqu:)\gljgpq + ,u(glpgjq + glqg]P)’ (glj — RZR]),

1
€pg = §(Rq8pU + RpaqU + 8panU)7 (pa q= 17 27 3)7
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where o' = 0 (R; + 9;U) are contravariant constituents of the stress tensor, U is the
displacement vector. Since g = a¥? (a = det{a,s}) and Yo' = T°, then equations (4)
for elastic shells can be rewritten as

Vo T+ BT+ @ =0, (& =97) =

VT — b1 + @F =, (5)
VoI + by T + & = 0,

where V,, are covariant derivatives with respect to the z!, z? - Gaussian parameters of
the surface S, T% = T" - r/ - contravariant components of the stress tensor, ®* = 90,
further

i 1 i jipiqi
T' = o = SOA MDD (1, 0,0) + A7, (1,0,0) + 4, AL0,00,U] (o
X (I‘j1 + AﬁlﬁjU)
Al =R'r;, = A% =9'al +z3(b%, — 2Ha? )],
Af =A% =0, Aj=nn=1,
MEPLIaL — ) i1 oP1dt +M<ai1P1aj1q1 4 ailfhajlpl)’ (7)
(a®P= =r.rP a3 =0, a®=1).

Then by means of I. Vekua’s method 3-D problems are reduced to the 2-D problems
of the theory shells:

h
/(VQTO‘ + 05T + ®)P,, (%) drs =0 =
—h
(m=0,1,...)
(m) (m) m—1)  (m—3) (m)
VQTO"B—Z)QTOB—M(T?’B-FT?’B _*_...>_|_FB:O7 ®)
8
(m) (m) o 41 fm=D) (m=3) (m)
Va4 by T — 210 <T§’ FT )+ F =0,

where P, (“”—,f’) is Legendre polynomials in the interval x3 € [—h, h],

h
m) (m)  (m) ) 1 :
<TZ, U, @,) _ m]:“ /(T’, U, ®) Py (52) das.

h
~h

m) ) g a1 () @\ @
F-—a&+ mh+ <T3—(—1)mT3 T =T (2, 2% +h) |

Now we have the following integrals
a) for shallow shells (see 1-3):

h h h
2h
/PSPmdLU?) = méms’ /P51PS2Pmd£U37 /P51P52PS3Pmdx3.
—h —h —h
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It should be noted that those integrals can be calculation by means Adams formulas

min(m,n)
Ap—r AvAn . 2(m+n) —4r + 1
Pm Pn = m+n—2r )
(%) () ; Aminy 2m+n)—2r+1""" 2r(7)

1-3--(2m—1)
m)!

Ay =

b) For non-shallow shells (Koiter-Naghdi) we have the following integrals:
h
/@g,~&g%m& (n=1,2,3; k=0,1,...,5),
Zh

which calculation also by Adams formulas.
c¢) For non-shallow shells (I. Vekua) we have integrals of the types

k
x5 P, - - Py, Py
d =0,1,2,3; k=0,1,....4
/(1—2[‘[1’3—'—[(%%)” T3, (n y Ly 4y 9, 3 Ly ey )7
—h

which calculation by Adams and F. Neuman formulas:

1
1 [ P,(y)d
5/% = Qum(z), |z|>1 (F.Neuman),
where @Q,,,(x) is the Legendre function on the second kind.

For example we have

B B

h
/ (ag — 31:3[)31)((161 — x3L61>

P.P,d
1— 2Hzy + K22 =

—h

Béfl(hy)Bgl(hy) Po(y)Qs(y), m <'s . 2h Lgngl
m+s+1 K

2VEh Qm(Y)Ps(y), m > s .

where BS (hy) = % +hyL% , L =0b0% —2Ha? , E=H* - K,

1)

ms»

-1

)2 = F) = F), wia = [(H 5 VE)R]

3. Introduction of a small parameter
Let p = max{bg, bas, b’} = h<p = = % <1 (z},2%€09).
Therefore they can be represented as follows

lebPol < q <1,

where ¢ is a small parameter, h is semithickness of shell.
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Now we assume the validity of the expansions for the approximation of order V:

(m) (m) (m) ©  Amn) (mmn) (mn)
T U, F,|=) (T, U, F, | (m=01..,N)

n=1

Substituting the above expansions into the relations (8) and equalizing the coeffi-
cients of expansions for €”, we obtain the following 2-D finite system of equilibrium

equations with respect to the components of displacement vector in the isometric co-
ordinates:

mn (o) 2 () 9m 41 m—1n
4,@(A—la§u+)) Yot de 6+ Do, — M[zag(( us” +

h h
(m—3,n) (m—/l,n) (m—?,n) (m,n)
us +--->+ o+ +---]+F+ =0, (9)
mon (m,n) 9 1 m—1,mn) (m—3,n)
(v ) - mh+ [A( 0+ 0 )

m—1,n) (m—3,n)

(m,n)
(A+2u)( s + o ug +~-->]+ F; =0,

(m) m+1 m+3
where u, = uy + 1us, 9:A_1<8zu++8§ﬂ+>, u = mT+1(( ?JZ)—i-( Z)+-~->, ds® =

AN(z,2)dzdz, z = 2! + 2?20, = 0 — 1Dy, V? = %afgz

Obviously, in passing from the n-th step to the (n + 1)-th step only the right hand
of equations are changed.

Note that the system (9) we can write as
(m) )ty (v ,
pAuy +2(A+p)0z 0 + Ly (s, ..., u; | =0, (Ly =Ly +iLy) (10)

(m) N—
uAu3—|—L3 CU)“E u,l)) =0, (m=0,1,...,N)

m

where A is Laplace operator A = 4 88;, and L; are linear differential operators con-
(k)

taining unknown vector-functions U and their first-order derivatives with respect to z.

It is important to note that the finite system (10) makes the above suggested version

of shell theory closer to the equations of the classical plane theory of elasticity to the

Poisson equation.
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