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ON THE HIERARCHY OF MESOSCALE VORTEXES IN THE
TURBULENT MEDIA

Gvelesiani A.

Big whorls have little whorls,
Which feed on their velocity;
Little whorls have smaller whorls,
And so on unto viscosity.

L. Richardson

Abstract. For mediums with developed turbulence it is obtained values of universal num-

bers of Reynolds, Prandtl, Richardson and Peclet: Ret = ud/νt = 1, Prt = νt/at = 1, Rit =

1, Pet = Ret Prt = 1, which allows us to generalize Kolmogorov’s classic semi-empirical the-

ory to the case of eddy (vortex) turbulence. It is suggested original method of the hierarchy

turbulent vortexes classification in neutral and electroconductive environment having irreg-

ularities of various scales from thousand km to some cm. Between them are the mesoscale

vortexes, for which formulas of the spectral density functions are obtained. For the inertial

and viscous intervals respective recurrent formulas are obtained. It is shown that consid-

ered mesoscale turbulent vortexes hierarchy is in a good agreement with the experimental

results obtained for ocean, upper stratosphere, mesosphere, lower thermosphere, E- and F-

layers of ionosphere, magnetosheath, and numerical experiments modelling the process of the

turbulent vortex structure evolution.
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1. Introduction. The study and explanation of complex turbulent processes pro-
ceeding in significant parts of the Earth’s atmosphere, oceans or inner liquid core is of
interest to scientists from many disciplines, in particular, magneto-thermo-hydrodynamics
[1]-[4].

The renewal interest to the buoyancy subrange theories is linked with the increas-
ing number of observations showing energy spectra versus vertical wavenumbers with
spectral slopes close to 3 at scales somehow larger than the turbulent isotropic inertial
ones, in the atmosphere, and in the ocean as well; but in the mesosphere, low thermo-
sphere, ionosphere and magnetosheath of the Earth the spectral slopes is changed in
more wide interval than (3, 5/3) lying between 1.2 and 7 [5]-[14].

2. Essential aspects of vortical turbulence.
2.1. According to Kolmogorov’s micro-scale turbulence theory the scale values of

size η = (ν3ε−1)
1/4

and velocity υ = (νε)1/4 at the boundary of dissipation of turbulent
energy between the inertial and viscous subranges the numbers of Reynolds, Prandtl,
Richardson and Peclet are equal to unit, which we name the law of four universal units
of the theory of isotropic turbulence [5],

Re = υη/ν = 1, Pr = ν/a = 1, Ric = 1, Pe = RePr = 1, (1)
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where ν is the kinematic viscosity coefficient, a is the temperature conductivity coeffi-
cient.

2.2. For small values of the wavenumber k a hierarchy of mesoscale turbulent vor-
texes may be classified similarly by using turbulent viscosity and temperature conduc-
tivity instead of kinematic ones and as scale values a diameter and rotational velocity
of the turbulent vortex the law of four universal units of the hierarchy of mesoscale
turbulent vortexes:

Ret = ud/νt = 1, Prt = νt/at = 1, Rit = 1, Pet = RetPrt = 1, (2)

as a basis for generalization of classical Kolmogorov’s theory to the vortex turbulence.
This law has been obtained for ocean and sea vortexes earlier in [5]. According to
Chimonas (1974) and Erukhimov et al. (1974) (see [8]): electron fluctuations spectral
function ∼ k−3.5, νt = 104 m2s−1, d = 10-40 m, at ionospheric D- and E-layers, and
to Zimmerman et al. (1972) respective data about turbulence at levels of the upper
atmosphere (see [9]): νt ≈ 102-103 m2s−1, u ≈ 100 ms−1, and d ≈ 10-100 m give similar
to law (2) results.

3. Hierarchy of mesoscale vortexes.
3.1. Using Heisenberg’s formula for the viscous subrange Ev(k) = 1/4α2ε2ν4k−7

and Kolmogorov’s one E(k) = αε2/3k−5/3 for the inertial subrange, one can seek a
hierarchy of viscous mesoscale vortexes, the spectral function of which is geometric
mean of mentioned spectral functions:

E(k) = αε2/3k−5/3, Evh(k) =
1

2
α3/2ε4/3ν2k−13/3, Ev(k) =

1

4
α2ε2ν4k−7. (3)

Experimental measurements of the power spectra in the middle and upper atmosphere
show distinct groupings of the spectral type with discreet indices both for the inertial
and for the viscous subranges [10-14]. This idea is also prompted independently and
naturally by the well-known theoretical results. Both circumstances allow us to use
them as support of introducing of the series of hierarchy of mesoscale vortexes, by the
method of geometric mean of respective spectral functions, both in the inertial and
the viscous subranges. After finding the first order, central mesoscale vortexes, to the
right and to the left of it between the central mesoscale vortex and above mentioned
asymptotic values next the second order mesoscale vortexes hierarchy is obtained, etc.

3.2. For the inertial subrange, the indices of the power spectra of the kinetic
energy density of the mesoscale vortexes between (k−3 and k−5/3 ) denote as p = −3
and m/n = −5/3,

E(k) = αε2/3k−5/3, Eh(k) = αhωBε
1/3k−7/3, E•(k) = αω2

Bk
−3, (4)

and for the viscous subrange the mesoscale vortexes indices, denoted m/n = −5/3 and
q = −7 , we get, respectively:
(a) the inertial subrange:
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1

2
(p+m/n),

1

22
(3p+m/n),

1

22
(p+ 3m/n),

1

23
(7p+m/n),

1

23
(5p+ 3m/n),

1

23
(3p+ 5m/n),

1

23
(p+ 7m/n),

...........................................................;

(5)

the indices’ numerical values of the power spectra of the hierarchy of mesoscale vortexes
are:

3, 17/6, 8/3, 5/2, 7/3, 13/6, 2, 11/6, 5/3; (5a)

(b) the viscous subrange:

1

2
(m/n+ q),

1

22
(3m/n+ q),

1

22
(m/n+ 3q),

1

23
(7m/n+ q),

1

23
(5m/n+ 3q),

1

23
(3m/n+ 5q),

1

23
(m/n+ 7q),

...........................................................;

(6)

the indices’ numerical values of the power spectra of the hierarchy of viscous mesoscale
vortexes are:

5/3, 7/3, 3, 11/3, 13/3, 5, 17/3, 19/3, 7. (6a)

3.3. Constructing the series of hierarchy of mesoscale vortexes for the inertial sub-
range, one can choose suitable one at comparison with results of observations:

TABLE (a). The inertial subrange, comparison [11] with experimental data [10]

h, km 67.5 70.5 77.0 79.5 81.2
[10] k−1.9 k−1.92 k−1.76 k−2.27 k−2.09

theor. k−15/8 k−23/12 k−7/4 k−7/3 k−2

Constructing the theoretic series of hierarchy of mesoscale vortexes in the viscous sub-
range, one can choose suitable one at comparison with results of observations:

TABLE (b). The viscous subrange, comparison [14] with experimental data [10]

h, km 67.5 70.5 77.0 79.5 81.2
[10] k−1.36 k−2.64 k−4.27 k−4.42 k−6.38

theor. k−4/3 k−8/3 k−13/3 k−53/12 k−19/3

It is evident that results of observation and theoretical calculations have rather close
values.
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