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ON THE OPTIMAL STOPPING OF PARTIALLY OBSERVABLE PROCESSES
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Abstract. The Kalman-Buces continuous model of partially observable stochastic processes
is considered. The problem of optimal stopping of a stochastic process with incomplete data
is reduced to the problem of optimal stopping with complete data. The convergence of payoffs
is proved when €1 — 0, e — 0, where ¢; and e are small perturbation parameters of the
nonobservable and observable processes respectively.
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1. Introduction. We consider a partially observable stochastic process (6;,&;),
0 <t <T, of Kalman-Buces model

d0, = [ao(t) + a1 (H)0,)dt + erdw, (¢), (1)

d&t = d@tdt + EQdUJQ(t), (2)

where €; > 0, €5 > 0 are constants, the coefficients a;(¢), i = 0, 1, nonrandom measur-

able functions and w(t), wy(t) are independent Wiener processes. It is assumed that

in model (1), (2) 6; is the nonobservable process and &; is the observable process [1].
Consider a linear gain function of such from

g(x,t) — fi(t) + fo(t)r, (3)

where f;(t), i = 1,2, is nonrandom measurable function, z € R, and introduce the
payoffs
SO = Supreps Eg(7,0:), Sy = SupTeR%Eg(T, 6,), (4)

where as usual we denote a class of all stopping times for a random process X =
(X;, ) relative to a family of o-algebras F* = ($¥) with 3 = 0{X,,0 < s <t} as
RY [1],12]

The payoff S$ corresponds to an optimal stopping problem with complete data for
the process 0;, while the payoff S7"°* corresponds to the process ¢; with incomplete
data. The first problem (reduction problem) consists in reducing the optimal stopping
problem with incomplete data of the process 6; to the optimal stopping problem of some
completely observable process. The second problem (convergence of payoffs problem)
is a proof the convergence S5 — S% as €; — 0, e — 0 [3], [4], [5].

Consider the example which show that from the smallness of coefficients €; and e,
not necessarily by follows the closeness of the payoffs. We suppose that 6, = e;w (t),
g(t,x) = g(x) = a, when x = zo and g(¢t,x) = 0, when = # xy, ©o # 0. Then it is
possible to show that S5 — 0 # S% = a, when ¢, — 0, e; — 0.
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In this paper the problems of reduction and convergence of payoff are investigated
for model (1),(2).

2. The reduction problem. Let us introduce the following notations
= E(6/S5), = E(6; —m))*. (5)
Theorem 1. The payoff S5 can be presented in the following form

Saee — SupTG%sTEg(T, m.). (6)

Proof. Note that for arbitrary 7 € R and A € S we have AN {r < t} € 5 for
all t <T'. Because we have

S = sup, cps B{A(T) + fo(7)0-} = S5 = sup, pe EAELfi(7) + fo(7)6,]|S¢}

= S7% = sup, cye E{N(T) + f2(T)E(0:]35)}.

Next we can write
I E(0:|S8) = E(Ir2y0:13%) = E(Ir—n0:|SE) = I—n E(0,SS),

where 1, is the indicator of set A. According to Lemma 1.9[1], on the set {7 = t}, we
have E(6,|S¢) = E(6,|3%), i.e

I{T:t}E(9T|%§-) == [{th}E(et‘%§>

Thus we get the proof of (6).
Theorem 2. The payoff S7° can be presented in the following form

85’1762 = SU]?TQR%EQ(T, 67’)7 (7)

where the stochastic process é; is defined by the following stochastic differential equation

d6; = [ao(t) + a1 (£)6,)dt + ay(t)ydw, (1). (8)

Proof. According to Theorem 10.3 [1] and Theorem 7.12 [1] we have

dmy = [ag(t) + ai(t)my]dt + ar () v (d§; — [ao(t) + ai(t)my]dt),
d&; = [ag(t) + a1 (t)my]dt + 1/ €} + e2dw(t), 9)

dmy = [ag(t) + ax (t)my]dt + &d—( ), (10)
Ve + e

where w(t) is so called innovation Wiener process, which has such property that the
o-algebra §5 and 3% coincide. From (8) and (10) we have

d@:@[/t%lao(s)om ol ) (1)

Ve —|—62
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dm; = @t[/t @Slao(s)ds+/t o1 s ey (12)

VeE+ e

where the deterministic function ®; is defined by the following relation

ORE exp{/o ai(s)ds}. (13)

From (11), (12) we can write

SupTegg§Eg(T> 97’) = SupfeéRﬁEg(Ta m'r)a (14)

where R = R?. Thus

sup_pa0g(7,0:) = sup.cqo Eg(7,0,).
According to Theorem 1 sup.epe Eg(T,m,) = S7? and we get (7).

3. Convergence of payoffs. In proving the payoffs convergence rate, an estima-
tion of the conditional variance ; by means of small parameters €, €5 plays an essential
role. We recall that for v, we have the ordinary differential equation

ai(t)?
€1 + €3

v, = 2a4 (t)y; — +€, =0 (15)

Let p(t) denote a continuous increasing majorant of the function

olt) = W(D

where the function @, is defined by (13).
Theorem 3. Let p(t) > ¢(t). Then the following estimate holds for all 0 <t < T :

% < AJel +aPp(t). (16)

Proof. We introduce a function u; by using the following transformation

Y = /€ + aP%uy, up = 0. (17)

It is not difficult to see that the function w, satisfies the ordinary differential equation

2 2 2F5—4
r_ a’l<t)q)t El(pt o UQ], Uy = 0. (18)

u_
et aadit

Let us show that u; < p(t), 0 < ¢t < T. Assume the opposite. Then there exist
points ¢y and ¢; with ¢y < ¢; such that u,, = p(ty) and u; > p(t) for to < t < t;. For
t € [to,t1] we have

’ CL% (t) q)%

up < ST
Ve + e

[0 (t) — ui] < 0.
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Therefore u; < u, = p(ty) < p(t) and we have obtained u; < p(t), which contradicts
our assumption. Thus u; < p(t), 0 <t < T, and we obtain the estimate (16).
We introduce the notations [5]:

h(t) = & /0 ‘o2, T(t) = Ot®82%ds, (19)
L= conf2 [ a(s)isho() (20)

Ly(t, ) = f1(t) + fo(t) + fa(t)[ao(t) + ar(t)z]. (21)
Theorem 4. Let the following condition hold:

E(supi<ry(t, 6:)) < oo. (22)
Then the estimate is true:
0 < 87— S7% < (e1 + e2)lsupi<r E(Lg(t, 60,)). (23)

Proof. First we show that S% > S7. from Theorem 3[5] and the identity of the
o-algebras S and 3¢ it follows that

Sy = suprepwEg(T, my +10y/77), (24)

where 7 is standard normal random variable. The process m;, 0 <t < T, is Markovian
with respect to the family F = (S}) and in that case as is well known, the class of
stopping times 37 is sufficient [2], i.e. we have

55“1762 = SupTG%%”Eg(Tv my + URY, %)

Let us now introduce an auxiliary payoff for stopping times 7 € R, :

Sy e = SUPr<t,, ., Eqg(t,0,), (25)

where T, ., be denoted by the relation W(T) = h(T¢,e,)- It is easy to see that for
ey
0< 5% - 5;1762 < SUpTSTE[g<Ta QT) - g(T NTe e 97/\T61,62)]7

where s At := min(s,t).
Further, by Ito’s formula we can write

T

Lg(t,0,)dt < / ElLg(t, 0,)]dt

T€1,€2

T

Elo(r.6) = 9(7 A T, b, ) = B [
TATeq e
< (T - Tﬂ,ez)suptSTE[g(ta gt)] < (61 + EQ)ZSUPtSTE[g(tv gt)]

Therefore we have

9 — S5 < (&1 + e)lsupy<r Elg(t, 6,)]. (26)
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From (26), by Theorem 4 [5], we obtain the estimate (23).
Example. Consider the following model

We have

=) - @ Zom= EZ((?) thA(tib@)

where thz is tangens hyperbolic function of z. Let Lg(t,z) = f,(t) 4+ f,(t)x.
The estimate (23) we can rewrite by following form:

o(T) ,, A(T)H(T)
A(T)

t,

0< 8% —85<e th Tsupi<rE[Lg(t, 6;)].
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