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NUMERICAL SOLUTION OF THE BOUNDARY VALUE PROBLEM OF
STATICS IN THE THEORY OF THERMOELASTICITY WITH
MICROTEMPERATURES FOR CIRCULAR RING
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Abstract. In this paper the solution of the boundary value problems of the theory of ther-
moelasticity with microtemperatures for the circular ring are considered.The representation
of regular solution for the equations of the theory of thermoelasticity with microtemperatures
by harmonic and metaharmonic functions is obtained, that we use for explicitly solving basic
boundary value problems (BVPs) for the circular ring. The obtained solutions are represented
as absolutely and uniformly convergent series.
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Basic equations. The basic system of equations of the theory of thermoelasticity
with microtemperatures can be written in the form [1,2]:

pAu(z) + (A + p)graddivu(z) = Bgradus(z),
kAus(z) + kidivw(xz) = 0, (1)
ksAw(x) + (kg + ks)graddivw(z) — ksgradus(x) — kaw(z) = 0,

where \, u1, B, k, k1, ks, ks, ky, ks, ke are constitutive coefficients [1]; u(z) is the displace-
ment of the point x = (x1,x2); u = (u1,us);w = (wy,wy) is the microtemperature
vector; us is temperature measured from the constant absolute temperature Ty; A is
the Laplace operator.

Problem. Find a regular vector U = (uy, uy, us, w1, ws), (U € CY(D)NC*(D), D =
DUS,US)) satisfying in the ring D a system of equations (1) and on the circumferences
Sp and S; the boundary conditions:

u'(z) = f1(2), us(2) = fs(2), w'(z) =p'(2), i=0,1, (2)

where f = (f1, f2), p=(p1,p2), f1,[o, 3 are the given functions on Sy and S;.

The above-formulated problem of thermoelasticity with microtemperature can be
considered as a union of two problems - A and B, where:

Problem A - find in a ring D the solution u(x) of equation (1), if on the circum-
ferences Sy and S; there are given the values of the vector u(z);

Problem B - find in the ring D the solutions ug(z) and w(z) of the system of
equations (1) and (1), if on the circumferences Sy and S; there are given the values
of the function u3(2) and of the vector w(z).
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Solution of the Problem B. By virtue of system [(1)3, (1)3] and conditions (2),
we can write [3]:

uz(r) = p1(z) + p2(x), .
Wy (7) = a10,01(x) + a20,p2(x) — a3;5w<ﬂ3(f), (3)
w(2) = 070001 (2) + 2 Dysoale) + ()

ug(z) = f§(2)7 w;(z> = p:;(z)? w;(z> = pi<z)7 =01, (4)

Kk — kaks
kky

a =52, ay=—F, ag=18 kr=ki+ks +ke; Kk ko, ke, kr > 0;

2

where Ap; =0, (A+52)ps =0, (A+s3)p3=0, 2=

w, = (w-n), ws=(w-s), p,=((p-n), ps=(@-s), n=(ny,ns),

5= (_n27n1>; T = (raw)a T2 :l‘%—l—l'%
The harmonic function ¢; and metaharmonic functions 9 and (3 are represented
in the form of series in the ring [4,5]:

pr(x) = Xaolnr + Yig + Y[ (Xu - v () + 7" (Xumn - ()],

pa(z) = Z[Im(sﬂ)(XQm U (V) + Kon(s21) (Yaom - v (¥))], (5)
03(z) = Y [Ln(537) (X 5m (1)) + Ko (557) Vo - 5m(¥0))],

where I,,,(s;r) and K,,(s;r) are Bessel’s and modified Hankel’s functions of an imagi-
nary argument, respectively; Xy, and Y}, are the unknown two-component constants
vectors, v, (1) = (cosmip, sinma)), s,,(¢) = (—sinmap, cosmap), j = 2,3,k = 1,2.

We substitute (5) into (3) and then the obtained expression into (4). Passing to
the limit, as » — Ry and r — Ry for the unknowns X,,; and Y,,, we obtain a system
of algebraic equations:

R%_Xlg + a2521(52R;i) Xog + a2 K (52 R;) Yoo = ATZiO>

azsslf(ssRi) Xs0 + azss K (ssR;)Ys0 = AT

XioIn Ry + Yig + Io(s2R;i) Xoo + Ko(s2R;)Ya0 = ATéO’

mR" Xy, — mRZ-_(mH)Yhn + agsol] (soR;) Xom + asso K| (s2R;) Yom,
—a3%fm(53Ri)X3m - a3RmiKm(53Ri)Y:°)m = Alms

armBR™ X + amB™ Wi, + as 5 Ln(2R0) Xom + az i Ko (52 Ri) Yo,
+agssl), (s3R;) Xsm + azss K, (s3R;)Ysn = Al

3Im>
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where A! =~ A% and A} = are the Fourier coefficients of the functions p,(2), ps(2)
and f3(z), respectively.

Solution of the Problem A. The solution of the first equation of system (1) with
the boundary condition (2) is represented by the sum

u(x) = vo(z) + v(x), (7)

where vy is a particular solution of equation (1),

Py ngmd[—s—g%(x) + wo(2)]; (8)

vo(x) =

o()) is the solution of the

©o is a biharmonic function: Agg = ¢1; v(z) = (v1(x),v
= 0 which can be found by means

homogeneous equation pAv(x)+ (A+ p)graddivo(x)
of formula [3]

0 0 0 0
vi(z) = o - [P1(2)+D2(z )]—a—xz%( ), va(x) 28—332[‘1)1($)+¢’2( )H@_xl%( z), (9)
where A®(z) =0, AADy(z) =0, AAP;(z) = 0;
0ia) = S1(7) @) + () o vl )]+ Ziotur
00 r m+2
%)= 2 () G vl (10
S (3)" -t -+ ) + 5 () 2
A2 s\ A 20 = [ Ry 2
Ps(z) = —T; (E) (Zam - sm(¥)) + p ; <7> (Zam - sm(¥))
L OE2) (2 s(0)) + Zi T+ % (Ril) Zso,

where Zi,, are the unknown two-component vectors, k = 1,2, 3, 4.
Taking into account (7) and relying on condition (2);, we can write

v'(z) = U'(2), (11)

where U'(z) = fi(z) — vo(z) is the known vector. Substituting (10) into (9), the
obtained expressions into (11), we obtain the system of algebraic equations for every
" tymt™ 1 2y — mitgZay, — er(m)t" 1 Zay, 4+ a(m) Zy = 12,

mtt Zi, — mtomt™ N 2y, — t1e1(m) Zsy, + b(m) Zym = 0k,

" 2y — mito Zog — trga(m)t™ ! — e(m) Zam = <, .

Zlm + tomthrl — thg(m)ng — d(m)Z4m = grlrm m = 17 2, ceey
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where p; = mu(\ + 3u), ps = mu(A + 2u),
a(l)y=piInRy+ 1, a(m) =teea(m),m = 2,3,...;e1(m) = mu[(A+ p) — 24,
b(1) =prIn Ry +1, b(m) = toea(m)t™ 1 m = 2,3, ...;ea(m) = mauf(X + ) + 24],

o(l) =piInRo+pa2,  c(m) = toqu(m),m =2,3,...;q1(m) = mu[(A+ p)(m — 2) — 2],
d(1) = piIn Ry+1, d(m) = toqi(m)t™ ',m = 2,3, ...; go(m) = mu[(A+p) (m+2)+24],
1

R 1 1 , ,
t = —O,to = —,t1 = —,mu = —; 1, and ¢ are the Fourier coefficients of the
R, Ry Ry i
_ . , . Ay Ay
functions V! and V', respectively. If m =1, then Z;p = N Zay = N
A Al R? — R? 1 R
Zyg=——=, Zip=—2, where A=—"F2—2:40, A 0_ 0y
30 A 40 A where RORg # 1= 2R Mo R, - o

L (o o / 1 slo s / 1 O RO 1
A )AL= 2020 A
° <Ro R ) 1 R, R 77 TaR \* T R

Numerical solutions. For the numerical solution there is the program. w(z) and
ug(z) are calculated from (3), (5) and (7); ui(x) and ug(x) are calculated from (6),
where vg(x) calculated from (8), (6) and (5), while v(z) from (10) and (12).

Let us consider a particular case with the following conditions:

Ry=2 Ri=4 r=3; =45 X=728-10% pu=35-10% Kk =0,4;

]{72:03, k3:0,4,k’4:].,]_,]{75:0,5,1{3620,22,]€7:k4+k5+k6,61203,

c=0; d=2m,
£(0) = }30 (cosf— %) 1074 £2(6) = Ro(sinf+2) - 10 f1(6) = %(0089 - i) 1074,

f3(0) = Ry(sinf +2) - 107%; pi = R;(sin(d) — 1)1075;  pb = R;(sin(0) + 2)107¢;

|
fi= gRi(cos(G) +2)107% 0<6 < 2n.
We obtain that:

wp =1.432-107Y  wy=—1.11-10"% w; = 0.534; wy = —2.472; s = 8.656.
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