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BOUNDARY VALUE PROBLEMS OF STATICS IN THE THEORY OF
THERMOELASTICITY WITH MICROTEMPERATURES FOR AN ELASTIC
PLANE WITH A CIRCULAR HOLE
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Abstract. In the present work we solve explicitly, by means of absolutely and uniformly
convergent series the boundary value problems of statics of the linear theory of thermoelas-
ticity with microtemperatures for an elastic plane with a circular hole. The question on the
uniqueness of a solution of the problem is investigated.
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1. Basic equations. We consider the plane D with a circular hole. Let R be the
radius of the boundary S. The system of equations of the theory of thermoelasticity
with microtemperatures is the form [1,2]:

pAu(z) + (A + p)graddivu(z) = Bgradus(x),
kAus(x) + kydivw(z) = 0, (1)
ksAw(x) + (kg + ks)graddivw(z) — ksgradus(x) — kaw(z) = 0,

where \, i1, B, k, k1, ks, k3, ky, ks, ke are constitutive coefficients [1]; u(zx) is the displace-
ment of the point x; u = (uy, us); w = (wy,ws) is the microtemperatures vector; ug is
temperature measured from the constant absolute temperature Tp; A is the Laplace
operator.

Problems. Find a regular solution U(u, us, w) of system (1) satisfying the bound-
ary conditions

Tu(z) = f(2), wus(z) = f3(2), w(z)=p(2);

2
I1.T'(0,,n)u(z) — Pus(z)n(z) = f(2), kdyus(z)+ kw(z)n(z) = f3(2), @)

T"(0.,n)w(z) =p(z), z€S,

where n is the external unit normal vector to S; f = (f1, f2),p = (p1,p2), f1, f2, f3, 01, P2

- are the given functions on S, 9, = 8@; O = aiv k =1,2; T'u is the stress vector in
n fl?k

the classical theory of elasticity; 7"w is stress vector for microtemperatures [2]:

T'(0y, n)u(x) = poyu(x) + An(x)divu(x) + ,ui:ilni(x)gmdui(x),
T" (O, n)w(z) = (ks + ke)Opw(x) + kyn(z)divw(z) + ks i n;(z)gradw;(x).

=1
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Vector U(x) satisfies the following conditions at infinite:
(u(z),w(x)) = O(1), 120, (u(z),w(x)) = O(1), r*us(z)=0(1), k=1,2, (3)

where r? = x? + z3. Separately we will study the following problems: 1. Find in a
plane D solution u(x) of equation (1);, if on the circumference S there are given the
values: a) of the vector u - problem Aj; b) of the vector 77(0,, n)u(z) — Bug(z)n(z) -
problem A,.
2. Find in a plane D solutions uz(z) and w(zx) of the system of equations (1), and
(1)3, if on the circumference S there are given the values: a) of the function uz and
the vector w(z) - problem By; b)of the function k0,us(z) + kyw(2)n(z) and the vector
T"(0,,n)w(z) - problem Bs.

Thus the above-formulated problems of thermoelasticity with microtemperatures
can be considered as a union of two problems: I - (A1, By) and I - (As, Bs).

2. Uniqueness theorems. By virtue of conditions (3), the following theorems
are valid.

Theorem 1. The difference of two arbitrary solutions of problem I is equal to zero:
U1:U2:O, U3:O, 'LU1:U}2:0;

Theorem 2. The difference of two arbitrary solutions of problem II s the vector
Uluy(z), ug(x), us(z), w1 (), wa(x)), where uy = q1, us = g2, Uz =¢, W3 = Wy =
0, ¢ q1,q is an arbitrary constants.

3. Solutions of the Problems. On the basic of the system (1)s,(1)3, we can
write

AA + 5)us =0, A(A + s divw = 0.

Solutions of these equations are represented in the form [3]:
us(x) = p1(z) + 02(x),  wiz) = a1d1p1(x) + a20502() — azbrps(),
wg(iﬁ) = alﬁggpl ([L’) + a281(’02($) + a381503, (4)

kko — K1k k
where Apy = 0, (A + 52)py = 0, (A + 82)p3 = 0,82 = ———— 12 2 2

kk;
k k k
alz__3’&2:__’a3:—6; k7:k4+k5+k6; kak27k67k7>0 [2]
kz kl k7

Problem B;. Taking into account formulas (4), the boundary conditions of the
problem B; can be rewritten as:

us(2) = f3(2),  wa(2) = pa(2),  ws(2) = ps(2), (5)
where w, = (w-n),ws = (w-$),p, = (p-n),ps = (p-s),n = (n1,n2),s = (—ng,nq).

The harmonic function ¢; and metaharmonic functions ¢y and 3 are represented
in the form of series:
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o) = Y Kn(s2r) Yoz - vm (), @a(@) = Y Kon(s37) Yoz - sm(¢)),  (6)

respectively, where K, is the Bessel’s function with an imaginary argument; Y,,; are
the unknown two-component constants vectors, v,,(¢) = (cos m, sin m),
Sm(¥) = (—sinmy, cosmyp), k=1,2, m=0,1,...

Let the functions p,, ps and f3 expand into the Fourier series.

We substitute (6) into (4) and then the obtained expression into (5). Passing to
the limit, as » — R, for the unknowns Y, we obtain a system of algebraic equations:

—ma1Ym1 + RCLQSQK;n<82R)Ym2 —+ Cbngm(SgR)Ymg = OémR,
ma1 Y1 4 aem Ky, (s2R) Yo + Rasss K, Y3 = B R, (7)
Yo +Km(s2R)Ym2 =Ym, M= L2,

ofo(s2B) oy a oy b g
a282K6(S2R) 7 02 2&252K6(82R> ’ 03 2&383K6(83R) ’

where o, = (1, @m2);,  Bm = (Bmi, Bmz2) and v = (Ym1, Yme) ate the Fourier coeffi-
cients of the functions p,, ps and f3, respectively.

Relying on the theorem on the uniqueness of a solution of the problem we can
conclude that the principal determinants of the system (7) are other than zero. Sub-
stituting the solution of the systems (7) and solution (8) into (6) and then into (4),we
can find values of the functions us(x), w;(z) and ws(z).

Problem B,. Taking into account formulas (4), the boundary conditions of the
problem B, can be rewritten as:

Yor =7 —

kr 0wl + 5 [0pwil g = pu(2), Ko [0rws] g + 5 [Opwal p = ps(2),
k [8U3]R + kl [wn]R = fg(Z).
We substitute (6) into (4), then the obtained expression into (9). Passing to the

limit, as r — R, from (9) we obtain the system of linear algebraic equations with regard
to the unknowns Y, for every value m:

(9)

&1m[(k77 — k:4)m + k‘7]Ym1 + (05} [k7SgK#b(82R)R2 — k4m2a1Km(32R)]Ym2

+asmlky[ssRK! (s3R) — K, (s3R)] — kyssRK! (53R)| Y3 = am R,
aym|(ke + ks)m — kg|Ym1 + aamlkg[saRK] (soR) — K, ($2R)] + kssoRK] (s9R)] Yo
taslkeszR2K!" (s3R) + ksasm* K, (53R)]Yoms = B B2,
m(—k+ki1a1)Y1 + $2 K, (saR)(k + k1asR)Yoa + asm K, (s3R) Y3 = ymR,m = 1,2, ...

Taking into account the condition [¢p(y)d,S = 0 and equation (1);, we obtain:
Yo2 = 0, Yo3 = 0, Yo1 = const.
Problem A;. A solution (1), is sought in the form

u(z) = vo(x) + v(z), (10)
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where vy is a particular solution of equation (1);, and v is a general solution of the

corresponding homogeneous equation (1);. Direct checking shows that vy has the form:

vo(z) = )\%#gmd[—éw(:ﬁ) + @o(x)], where ¢ is a biharmonic function: Agy = ;.
A solution v(z) = (v1(z), ve(z)) of the homogeneous equation corresponding to (1);:

uAv(z) + (A + p)graddive(z) = 0 is sought in the form
vi(z) = O[P1(x) + Po(2)] — DrP3(x), va(x) = %[P1(2) + Po(x)] + 01 P3(x),  (11)

where A®y(z) = 0, AADy(z) = 0, AAD3(x) = 0, (A + 2u)01 APy (z) — uO Ad3(x) =
0, (A + 20) 02 APy (x) + pd1 Ads(z) = 0, &1, Py, $3 are the scalar functions.

We can represent the harmonic function ®; and biharmonic functions ®, and ®3 in
the form

0.0 = 3 (B) o). e =S8 (5) o
2 = -2 " (12)
a(a) = TOEHL Y () ()

m=0

where X, are the unknown two-component vectors, k = 1, 2.

Taking into account (10) the condition (2);, we can write as: v(z) = ¥(z), where
U(z) = f(z) —vo(z) is the known vector.

Substitute in this boundary condition the formulas (11) and (11), we obtain the
system of algebraic equations for every m, whose solution is written as follows:

ol R _ il (S =) R _ =) R

X =% Xpp = 07 X, Ko = ,
o 4 0 4N+ 2p) ! m 2(A + p)m ? 'u2()\+,u)m

where 7, and g, are the Fourier coefficients of the functions ¥, (2) and ¥,(z); ¥,, and
U, are normal and tangential components of the function W(z), respectively.

Problem A,. Taking into account (10) the condition (2);;, we can rewrite as
T'(0,,n)v(z) = ¥(z), where ¥(2) = f(2) + Sus(z)n(z) — T'(0.,n)ve(z) is the known
vector, U = (U, Uy).

We substitute in this boundary condition the formulas (11) and (12). For the
unknowns X,,; and X,,» we obtain a system of algebraic equations whose solution has
the form

770R2 §0R2 R2 04}%2
X :—, X :—7 Xm:_m_— m_cmu
ot 4()\ + 2,[11) 02 4(/\ + 2#) ! C3 > CoC3 — C1Cy4 (,U77 1 )
cyR?
Xp = ————— (10 — C1m),;
CaC3 — C1C4

where ¢; = p[2(A + p)m? — (A +2p)m], co = 2(A + )X + 3u)m? + (A + 2u)[(3\ +
Spym +2u],  cg=muu—1), ¢ =2A+3p)m2m+3)+2(A+2p),m=1,2,....
Nm and ¢, are the Fourier coefficients of respectively normal and tangential components
of the function U(z).



Boundary Value Problems of Statics in the Theory of ... 129

Having solved problems A;, A, By and B,, we can write solutions of the initial
problems [ and 1.

Acknowledgement. The designated project has been fulfilled by financial support
of the Shota Rustaveli National Science Foundation (Grant GNSF/ST 08/3-388). Any
idea in this publication is possessed by the author and may not represent the opinion
of Shota Rustaveli National Science Foundation itself.

REFERENCES

1. Iesan D., Quintanilla R. On the theory of thermoelasticity with microtemperatures. J. Thermal
Stresses, 23 (2000), 199-215.

2. Scalia A., Svanadze A., Tracina R. Basic theorems in the equilibrium theory of thernoelasticity
with microtemperatures, J. Thermal Stresses, 33 (2010), 721-753.

3. Vekua I. On metaharmonic functions. Tr. Tbilis. Mat. Inst., 12 (1943), 105-174.

Received 3.06.2011; revised 17.09.2011; accepted 30.10.2011.
Authors’ addresses:

Tsagareli 1.

1. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Thilisi State University

2, University St., Thbilisi 0186

Georgia

E-mail: i.tsagareli@yahoo.com

M. Svanadze

Institute of Mathematics, University of Gottingen
3-5, Bunsenstrasse, Gottingen, D-37078

Germany

E-mail: maia.svamadze@gmail.com



