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A DIFFERENCE SCHEME REPRESENTATION FOR A NONLINEAR
KIRCHHOFF EQUATION

Peradze J.

Abstract The initial boundary value problem for the dynamic string quation wy — ()\ +

2 fo (x,t) diL‘) Wge(x,t) = 0 is considered. To solve it, the difference scheme is written,
Wthh is represented in the form convenient for both solution and investigation since the
eigenfunctions of a difference operator are use as a basis.
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1. Statement of the problem. Let us consider the nonlinear equation

2 s
wy(z,t) — <)\ + —/ w?(r,t) dx) Wee (2, 1) =0, (1)
T Jo
O<zx<m 0<t<T,
with the initial boundary conditions
w(z,0) = w’(x), wyr,0)=w'(z), (2)
w(0,t) = w(m,t) =0, (3)
0<z<m 0<t<T.
Equation (1) describing the string vibration was obtained by Kirchhoff in 1876 [1].
A great number of works is dedicated to the investigation of this equation and its

generalizations (see e.g. [2] and the bibliography therein).
2. Difference scheme. On the intervals [0, 7] and [0, 7] of the change of argu-

ments = and ¢ we introduce the nets wy, = {z; = ih, i =0,1,..., N} and w, = {t,, =
mr, m =0,1,..., N}, and to the rectangle [0, 7] x [0,T] we put into correspondence
the net

Qpr = wp X wy = {(x4,t,), i=0,1,... N, m:O,l,...,M},

where h and 7 are the steps for which we have h = £, 7 = §; . The value of some func-
tion defined on the net 2, at the node (z;,t,,) is denoted by w;". Let us approximate
equation (1) and conditions (2), (3) by means of a difference scheme which using the
standard notation [3] is written in the form

- (L 3 ) ¥ wmro g
p=1,—1 j=1 r=1,—-1
i=1,2,...,.N—1, m=1,2,...,M—1,
w) =w!, w=w, i=12,...,N—1, (5)

wy'=wy =0, m=0,1,..., M, (6)
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where w? = w?,  w! = w’(z;) + 1w (2;) + T (A + 2 [T (w”(2))2dz)w (z;).
Under the error of the difference scheme (4)-(6) we understand the net function

Aw! = w(z;, ty,) — w;". (7)

7

1=0,1,....,.N, m=0,1,..., M.
A system of equations for the error has the form

N
Aw;;i—%<A+% 3 hZ(w;gjjp)?) S Awm

p=1,—1 7j=1 r=1,—1

N
(30 1ty + ) )

p=1,—1 j=1

m—r

r=1,—1

1
2
=ttt =12, N—1, m=12_....M—1, (8

X Z sz(xiatm—i-r)-

r=1,-1

From (5),(6) and (2), (3) we obtain
Aw) =0, Aw, = ;—thtt(:ci,ﬁi), 0<6;<r, i=12,...,N—1, (9)
Awl = Awl =0, m=0,1,..., M. (10)

3. Replacement of the basis. Using the values of the solution of the difference
scheme (4)-(6) at the internal nodes of the set wy, on the m-th layer, i.e. for t = ¢,,, we
form the vector w™. Thus w™ = (w™)Y . Let us write the vector w™ in terms of the
basis {e'}X7!, where the basis vector € is the ort € = (5,~j)§vz_11, d;; is the Kronecker
symbol. We have

N-1
w" = Zw;"el. (11)
i=1

Let us replace the basis. On the net wy,, we consider the following problem of eigenval-

ues: find a net function p;, j =0,1,..., N, and a constant A such that
Hzej + A =0, j=1,2,...,N—1, (12)
po = pv = 0. (13)

As it is known, at any rate for sufficiently large IV there exist N —1 linearly independent
solutions of this problem, the i-th solution, i = 1,2,..., N — 1, has the form [3] ué. =
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,/% sinijh, A\; = }f—Q sin? Z2h, j=12...,N—1, uy = py =0, also, A = (Aij)gj_:ll,
where A;; = M; is an orthonormahzed matrix.
Let us consider the basis {ui}* !, where the basis vector p’ = (,u;)é\f: ' We write

the vector w™ in the new basis
w" =Y o'y, m=01... M (14)

Let us complement the set of coefficients of expansion (14) with values vf* = v} =0
and rewrite the difference scheme (4)-(6) using v/*. Taking (11)-(14) into account, we
obtain

N-1
1 1
U%Zi + 5 )\z ()\ + ; Z h Z )\j(’U]m—i_p)Z) Z Uim—i_T = 0, (15)

p=1,-1 j=1 r=1,-1

i=1,2...,.N—1, m=1,2...,M—1,

W =10 wl=vl, i=12...,N—1, (16)

vyl =vy =0, m=0,1,..., M. (17)
N-1

Here v}, 18, ..., V% is the solution of the system of linear algebraic equations »_ A;;v;
j=1

=wli=12...,N—1,p=0,1.

Now, let rewrite the system for error (8)—(10) in the new basis. Using the values
Aw!™ defined by (7) we construct the vector Aw™ = (Aw!)Y7" and write it in the
form

=) A, m=0,1,..., M. (18)

Let us complement the set of coefficients of expansion (18) with values Avj* =

Av = 0. We introduce into consideration the vector w(z,t,) = (w(z;, ty,))~N;" and

the values v(z;, t,,) from the expansion

N-1
Z v(xg, t, (19)
i=1

Taking into account (12)—(14) and (18), (19), by (8)—(10) we obtain

Avt, + 5 )\<>\+— > hZ)\ ) > Avrt

p=1,—-1 j=1 r=1,—1

N-1
_/\Z-( Z h N (v(z5, tntp _|_U;n+p)Avjm+p) Z it

o1 1 T=1,-1
=t =12, N =1, m=1,2,...,M—1, (20)
AW =0, Avl=Aw, i=12... N-1, (21)
Avl'=Avt =0, m=0,1,..., M. (22)
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Here @ Tt oitbm=t ot and Awy, Aws, . . ., Awy_ are respectively the
N-1

solutions of the systems of algebraic equations 3. Ayp; = ¢ i=1,2,... N~
j=1

N-1
1, and Z AijA(A)j :Aw},z: 1,2,...,N—1.
j=1

Comparing the initial and the transformed systems, we come to a conclusion that
for solution of the difference scheme, system (15)—(17) is more convenient than system
(4)-(6), whereas in investigating the difference method convergence, it is less difficult
to obtain a priori estimates from system (20)—(22) as compared with the case of using
system (8)—(10). To conclude, it should be noted that by solving the system layer-
by-layer and finding v}*,v5", ..., vR_; from (15)-(17), we obtain, by virtue of (14),
wit, wy', . W

Acknowledgement. The author acknowledges the support under grant 7353 of
the Estonian Science Foundation.

REFERENCES

1. Kirchhoff G. Vorlesungen iiber Mathematische Physik. I. Mechanik. (German) Teubner,
Leipzig, 1876.

2. Peradze J. An approximate algorithm for a Kirchhoff wave equation. SIAM J. Numer. Anal.
47, 3 (2009), 2243-2268.

3. Samarskii A.A. Theory of Difference Schemes. (Russian) Second edition. Nauka, Moscow,
1983.

Received 23.06.2011; accepted 27.10.2011.
Author’s addresses:

J. Peradze

Iv. Javakhishvili Thilisi State University
1/3, Chavchavadze Av., Thilisi 0128
Georgia

Georgian Technical University
54, M. Kostava St., Thilisi 0160
Georgia

E-mail: j_peradze@yahoo.com



