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Abstract. In this paper we investigate relation between the holomorphic and conformal
structures and induced from conformal structures spaces of generalized analytic functions.
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Introduction. The general first order elliptic system of partial differential equation
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on the complex plane with natural restriction of the functions uq, ps, A, B contains
many well know equations: Coushy-Riemann, Beltrami, Carleman-Bers-Vekua, holo-
morphic disc and other equations, which obtained from (1) after appropriate chouse the
coefficients. All this equations are ”deformation” of Coushy-Riemann equation and the
properties of the solutions spaces of corresponding equations are near the properties of
the spaces of analytic functions.

Below we consider relation between induced from complex structure solutions spaces
of the following equations:

a) Carlemann-Bers-Vekua equation [1]
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b) Belrtami equation [2]

¢) Holomorphic disc equation [3]
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This equations are invariant respect to conformal transformations and therefore are
corrected defined on Riemann surfaces. The function A, B defines the pair of complex
functions (F,G), satisfied the inequality Im(FG) > 0 and (F, G)-speodo-analytic are
the solutions Carlemann-Bers-Vekua equation and visa versa [4].

Allmost complex structure. Let X two dimensional connected smooth manifold.
By definition two complex atlases U and V are equivalent if their union is a complex
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atlas. A complex structure on X is an equivalence classes of complex atlases. A
Riemann surface is a connected surface with a complex structure. Differential 1-form
on X respect to local coordinate z presented in form w = adz + Sdz. Therefore, w
have bidegree (1,1) and is sum of the forms w'? = adz and w™ = Bdz of bidegree
(1,0) and (0,1)respectively. The change of local coordinate z — iz induces on the map
of differential forms and w — i(adz — Bdz) = iw"® — iw!. Denote by J the operator
defined on 1-forms by the rule Jw = iw'® — iw®l. This operator don’t depends on
the change of local coordinate z and J? = —1, where 1 denotes identity operator.
Therefore, the splitting A! = A% 4+ A% is decomposition of space of differential 1-
forms by proper subspaces of J : T*(X)c — T*(X)c. On the tangent space T X the
operator J acts as w(Jv) = (Jw)(v), for every vector field v € TX. If z = x + iy and
take v = %, then

, 0 : 0 g 0 9] 0
dz(Jv) = idz <(‘3_x) =i=dz ((9_y) = J£ =9y Ja_y =50

It means, that on the basis (Z, 8%) of T'X the operator J is (1] 0

Therefore, by the complex structure defined from local coordinates defines the op-
erator J : T*(X)c — T*(X)c, whit properties J> = —1. This operator called pseodo
complex structure.

On contrary, let X smooth surface and let J : T,(X) — T,(X), € X such
operator, that J? = —1. The pare (X, J) called pseodo analytic surface. As above,
by duality it is possible define J on 1-forms on X. The the space of one forms Al
decomposed by proper subspaces correspondigs of eigenvalues i of J and A' = Ab’o +
AOJ’I. In particular, JA}]’O = iA}fO and JAOJ’1 = —iAg’l.

Let f smooth function, then df € A' and decomposed by bidegree df = 9;f + 0,1,
where 9;f = (df);" and 9,f := (df)}°. By definition, f is J-holomorphic, if its
satisfies the Coushy-Riemann equation 0 f.

Let (X, J) pseodo complex surface. In the neighborhood of every point x € X
possible change the local coordinate such, that dz will be (1,0);-type. Then decompo-
sition of dz by bidegree is dz = w+§, where w, § are forms of bidegree (1,0);. Because,
the fibre of T}’OX is one dimension complex space, we have, that 6 = uw, where

some smooth function £(0) = 0. From this follows, that
dz =w+ pw and dz = W + fw. (2)
Therefore, for every smooth function f in the neighborhood of z € X we have
df = (Of +pdf)w + (Of + pdf)w = 0,f + 0, f
From this follows, that f is J-holomorphic iff 9, f = 0, i.e.
Of +pdf = 0.

The equation (1) called Beltrami equation. Therefore, the smooth functions, defined
on (X, J) pseodo complex surface are J-holomorphic, iff satisfies Beltrami equation

(1).
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Suppose f is J-holomorphic and let f = ¢+, where ¢ and v real valued functions.
Consider the complex valued function w defined by identity w = ¢ F + ¢ G, where F, G
complex valued Holder continuous functions satisfies the condition Im(FG) > 0.

Theorem. The function w = oF + VG is (F, G)-pseodo-analytic.

Indeed,w = pF + ¢YG = ’G;Ff + _’g_F?, from this follows, that f is solution of the
beltrami equation

(iG — F)Of — (iG+ F)of =0
iff w is solution of Carlemann-Bers-Vekua equation
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In D C C every metric have the form A|dz+pudz|, where A > 0 and complex function
w satisfies properties |u| < 1, from this follows, that J it is defined in unique ways by 1-
form w = dz+pdz on D with properties Jw = iw, Jw = —iw. The forms of this type are
(1,0) bidegree forms respect to J (we have denoted by Ab’o. If6 € Ab’o, then 6 = aw+fw
and it is proportional to w. Therefore J defines unique with accuracy constant multiplier
(1,0), form w. Holomorphic respect to J functions have proportional to w differentials.
Indeed, if df +4J(df) = 0, then J(df) = idf and from the representation df = aw + fw
obtain, that fw = 0. Because df = aw + [w, therefore in D C C Coushy-Riemann
equation respect to J with base form w = dz + udz represented as Beltrami equation
Of = pdf. This equation have such solution f, that it is biholomorphic map from
(D, J) to f(D), Jg, where Jg standard conformal structure on C.

Therefore we proved the following proposition.

Proposition 1. In simple connected areas exists only one complex structure and
conformal structures are one-to-one correspondence to complex functions p, with || <
1. From this proposition and theorem 1 follows proposition.

Proposition 2. There exist one-to-one correspondence between spaces of conformal
structures and space of generalized analytic functions on the connected open area of
complex plane.

The equation of holomorphic discs. Let DD unity disc in complex plane C with
standard complex structure Jg; and coordinate function (. Jg unique it is define by form
d¢ € AJ°. The map ¢ : D — X of the class C* is holomorphic iff ¢*A}%(X) C AMO(D).
Let coordinate function on D is z. We study local problem, therefore, without restricted
of generality, it is possible to consider ¢ as mapping from (D, J) to (C,,J), where the
complex structure J it is defined by dz = w + uw, w € Ab’o. Therefore we have

¢ —z=2(¢),=(0)=0.
From (2) we obtain that
_dz—pdz
L—|p*
The form w is J-holomorphic means, that the form

2*(dz — pdz) = (9¢z — pocz)d¢ + (972 — pogz)d(¢
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have bidegree (1,0) on D, therefore
Oz — pozz = 0.
From this after used the identity 97z obtain, that
Oz = 1(2)0; 2.
The obtained expression called equation of holomorphic disc. It is known, that f

satisfies this equation iff f~! satisfies corresponding Beltrami equation (see [5]).
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Proposition 3. Ifw = u+iv satisfies the equation 8(2 e 82) =0,|p| <1and

a and b such holomorphic functions that pu = =2, then W = au + ibv is holomorphic.

atb’
Indeed,
0 w+w+,bw—w _a(7+_7>+b(7__7)_ (a+b Lo a—b
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therefore if w is solution of the equation ws + ﬁw_z =0, then 0;:W = 0.

From this propositions in particular follows, that W is (a, ib)-pseodo-analytic.
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