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THE PERIODICITY OF THE SPACE OF GENERALIZED ANALYTIC
FUNCTIONS
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Abstract. In this paper we consider spaces of generalized analytic functions Ω(a, b), a, b ∈
Lp,2 (see [1],[2]) and show that this spaces as vector spaces on R have different structures.
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Let F (z), G(z) be two complex valued Holder continuous functions defined in some
domain such that Im(FG) > 0. A function w = ϕF + ψG, where ϕ and ψ are real,is
called (F,G) pseudoanalytic, if ϕzF + ψzG = 0. The function ẇ = ϕzF + ψzG is
called the (F,G) derivative of w. Every generating pair (F,G) has a successor (F1, G1)
such that (F,G) derivative is (F1, G1) pseudoanalytic. The successor is not uniquely
determined. A generating pair (F,G) is said to have minimum period n if there ex-
ists generating pairs (Fi, Gi) such that (F0, G0) = (F,G), (Fi+1, Gi+1) is a successor
of (Fi, Gi) and (Fn, Gn) = (F0, G0). If such n does not exist, (F,G) is said to have
minimum period ∞.

It is known, that w is pseudonalytic iff w satisfies the following Carleman-Bers-
Vekua equation

wz = aw + bw, (1)

where the function a(z, z), b(z, z) expressed by the generating pair (F,G) by the fol-
lowing identity

a =
GFz − FGz

FG− FG
, b =

FGz −GFz
FG− FG

. (2)

Define also the quantities

A =
GFz − FGz

FG− FG
,B =

FGz −GFz
FG− FG

. (3)

The (F,G)-derivative ẇ satisfies the following Carlemnn-Bers-Vekua equation

ẇz = aẇ −Bẇ.

The functions a, b, A,B are called the characteristic coefficients of the generating
pair (F,G).

Proposition 1. [3] Given functions a, b, A,B are characteristic coefficients of the
generating pair if and only if they satisfy the system of differential equations

Az = az + bb−BB, Bz = bz + (a− A)b+ (a− A)B.
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Proposition 2. [3] 1) The space Ω(a, b) have period one iff there exist a function
A0 satisfying the equation

A0z = a, A0 − A0 = a− a+ 1

b
(bz + bz)

2)The space Ω(a, b) have period two iff there exist a functions A0, A1, B0 satisfying
the system of equations

A0z = az + bb−B0B0, B0z = bz + (a− A0)b+ (a− A0)B0,

A1z = az + bb−B0B0, B0z = bz + (A1 − a)B0 + (A1 − a)b.
Proposition 3. Let (F,G) generating pair of (1), then generating pair of the

adjoint equation
wz = −aw −Bw, (4)

is

F ∗ =
2G

FG− FG
, G∗ =

2F

FG− FG
.

We prove, that the characteristic coefficient induced from adjoint generating pair
(F ∗, G∗) are equal to −a and −B.

Indeed,

G
∗
F ∗
z − F

∗
G∗
z

F ∗G
∗ − F ∗

G∗
=

2F
D
(2G
D
)z − 2G

D
(2F
D
)z

2G
D

2F
D
− 2G

D
2F
D

=
4F
D
(Gz

D
− G

D2Dz)− 4G
D
(F z

D
− F

D2Dz)
4
DD

(FG− FG)
=

=
FGz −GF z

D
− FG− FG

D2
Dz,

where D = FG− FG,D = −D,Dz = FzG+ FGz − F zG− FGz. From (1) we have

a1 =
−FzG− FGz − F zG− FGz + F zG+ FGz

D
= −FzG− FGz

D
=⇒ a = −a1.

Analogically to above

b1(F ∗,G∗) =
F ∗G∗

GZ
−G∗F ∗

z

F ∗G
∗ − F ∗

G∗
=

G
D
G(F

D
)z − G

D
F (G

D
)z

G
D

=

=
D

D
(
GF z

D
− GF

D2
Dz −

FGz

D
+
GF

D2
Dz) = −

GF z − FGz

D
,

therefore

b1 = −
GFz − FGz

D
=⇒ b1 = −B.

By definition (see [1],[2]) the pseudoanalytic functions corresponding to (1) satisfies
the following holomorphic disc equation

ωz = q(z)ωz, where q(z) =
F + iG

F − iG
.
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Proposition 4. Holomorphic disc equation, corresponding to (4) is ωz = −q(z)ωz.
Indeed, coefficient of holomorphic disc equation, corresponding to (4) expressed by the
generating pair (F ∗, G∗) of (4) as

q1 =
F ∗ + iG∗

F ∗ − iG∗ ⇒ q1 =
2G
D

+ i2F
D

2G
D
− i2F

D

=
G+ iF

G− iF
⇒ q1 = −q.

Proposition 5. If equation (1) has the period one, then the equation (4) also has
period one.
The proof immediately follows from the proof of the preceding proposition.

Proposition 6. The generating pair of the space Ω(a, 0) is (f, if), where f ̸= 0
and is solution of the equation fz = −af.
Indeed,

Im(fif) = i|f |2; (FG− FG) = f(−if)− f(if) = −2i|f |2,

a(f,if) =
fifz − fz(−if)
−2i|f |2

= −fz
f
, b(f,if) =

fifz − fzif
−2i|f |2

= 0.

Consider the particular cases of this theorem. When f is constant, or is complex
analytic, we obtain the space of holomorphic functions Ω(0, 0).

Proposition 7. If f is real and f ̸= 0, then (f, i
f
) generates the space Ω(0, b).

The proof obtained from directly computation:

Im(f
i

f
) = 1 > 0, because f = f ; a(f, i

f
) =
−f( ifz

f2
)− fz(− i

f
)

−2i
= 0;

b(f, i
f
) = −

−f( ifz
f2
)− fz( if )
−2i

=
fz
f
.

Proposition 8. From ω ∈ Ω(a, 0) follows, that ω̇ ∈ Ω(a, 0).
By proposition 6 the generating pair of the space Ω(a, 0) is (f, if). The function ω̇
satisfies the equation (4), therefore it is necessary to compute B from (3). It is easy,
that B = 0.

In case, when the functions F,G are complex analytic, then from (2) follows, that
we obtain the space of holomorphic function Ω(0, 0), but this space not ”isomorphic” to
induced from (1, i) generating pair space of holomorphic functions, because at follows
from (3), B not equal to zero. From this follows, that this space have period N > 1.
In [3] shows, that period this space is equal to 2.

Proposition 9. (see [3]) 1)There exist real analytic function b in the a neighborhood
of the origin, such that the space Ω(0, b) has minimum period infinity.

2) For each positive integer N there exists a real analytic function b in the neigh-
borhood of the origin, such that the space Ω(0, b) has minimum period N .

A necessary and sufficient condition that Ω(a, b) generated by (F,G) have the period
one, obtained by Bers, and proved, that this conditions is identity F

G
= τ(y). Bers

proved also, that if F
G
= σ(x), then the minimum period is at most two.
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Remark. Markushevich observed that every system of linear partial differential
equations

ciux + divx = aiuy + bivy, i = 1, 2, (5)

with sufficiently smooth coefficients a1(x, y), ..., d2(x, y) can be written in a form such
that ∂ci

∂x
= ∂ai

∂y
, ∂di
∂x

= ∂bi
∂y
, i = 1, 2. In this case the integrals

U =

∫
(a2u+ b2v)dx+ (c2u+ d2v)dy, V =

∫
(a1u+ b1v)dx+ (c1u+ d1v)dy (51)

are path-independent and (U, V ) satisfy a system (51) which is of the same form as (5)
(see [6]). System (5) is said to be embedded into a cycle if there exists a sequence of
systems (5), (51), (52), ... such that (5i) is related to (5i+1) as (5) was related to (51).
The cycle is called of finite order n if (5n) is equivalent to (5), of infinite order if there
is no such n. In [4] Lukomskaya (a) proves that every (5) can be embedded into a
cycle of infinite order, and (b) gives necessary and sufficient conditions in order that
the minimum order nmin of a cycle beginning with (5) be 1. In [6] states as an open
problem the question on the existence of systems with nmin > 2. We remark that for
elliptic systems the natural setting for this problem is the theory of pseudo-analytic
functions [2] and finely result in this direction gives Protter [3] solving the so called
periodicity problem for pseudoanalytic functions.
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