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THE NEUMANN BVP OF THERMOELASTICITY FOR A TRANSVERSALLY
ISOTROPIC PLANE WITH CURVILINEAR CUTS

Bitsadze L.

Abstract. In the present paper the second (Neumann type) boundary value problem of the
theory of thermoelasticity is investigated for a transversally isotropic plane with curvilinear
cuts. For solution we used the potential method and constructed the special fundamental
matrices, which reduced the problem to a Fredholm integral equations of the second kind.The
solvability of a system of singular integral equations is proved by using the potential method
and the theory of singular integral equations. For the equation of statics of thermoelasticity
we construct one particular solution and we reduce the solution of the second BVP problem
of the theory of thermoelasticity to the solution of the second BVP problem for the equation
of transversally-isotropic body.
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Introduction. In this present paper the Neumann (second) boundary value prob-
lem (BVP) of the theory of thermoelasticity is investigated for a transversally-isotropic
plane with curvilinear cuts. The BVP for domains with cuts were studied by a lot of
authors by many different methods,for example: The boundary value problems of the
theory of elasticity for anisotropic media with cuts were considered in [1,2]. In this
paper we intend this result to BVP of the theory of thermoelasticity for the equations
transversally-isotropic thermoelastic body.

In the present paper for solution we used the potential method and constructed
the special fundamental matrices, which reduced the problem to a Fredholm integral
equations of the second kind.The solvability of a system of singular integral equations
is proved by using the potential method and the theory of singular integral equations.
For the equation of statics of thermoelasticity we construct one particular solution and
we reduce the solution of the second BVP problem of the theory of thermoelasticity
to the solution of the second BVP problem for the equation of transversally-isotropic
body.

Basic equation and BVP. Here we shall be concerned with the plane problem of
thermoelasticity (it is assumed that the second component of the three-dimensional dis-
placement vector equals to zero and the other components u;, uz and u, depend only on
the variables 1, x3). In this case the basic two-dimensional equations thermoelasticity
for the transversally-isotropic body can be written as follows [3]

C(0z)u = Bgraduy, (1)

Puy  0%uy

Aguy = a, 204 T
atla = 0x? + 3

:07 j:O717 (2)
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where
C(07) = ||Cpg(0z)||222, B = ||ng||2w27 3121 =1, Bp=4,
0 0
By = By =0, 011(3$) =Cl15 5 + Ca47575, 021(330) =
ox1 oxs
0? 0? 0?
C2(0x) = Co9(0x) = c11=— —
12(07) = (c13 + c44)8x18x3’ 22(0x) = cny 02 + Caq a2’
cpq are Hooke’s coefficients, 8 = ciza’ +2a(ci1 —ce6), B = c33a’ +2ac13, ay = -, a,a

are coefficients of temperature extension, k, k" are coefficients of thermal conductivity,
u = (u1,u3) is a displacement vector, u4 is the temperature of body.

Let the plane be weakened by curvilinear cuts l; = a;b;, j = 1,2,..,p. Assume
that the cuts [;, j = 1,...,p, are simple nonintersecting open Lyapunov’s arcs. The
direction from a; to b; is taken as the positive one on [;. The normal to [; will be
drawn to the right relative to motion in the positive direction. Denote by D the plane

p
with curvilinear cuts I;, j=1,2,..,p, = J ;. Let the domain D is filled by
j=1

homogeneous transversally-isotropic material with the coefficients c,,.

We introduce the notations: z = x1+1ix3, (& =y1+orys, T =t +agts, o=
Zk — Sk Zk :.T1+Oék$3, T:t1+it3.

For equations (1),(2) we pose the following second (Neumann) boundary value
problem of static of the theory of thermoelasticity.

Neumann BVP. Find a regular solution of the equation (1),(2) in D, when the

Osu . . . .
stress vector and —— are given on both sides of the arcs [;, j =1,2,...,p. In addition,

n
it is assumed that the principal vector of external force acting on [, stress vector and the
rotation at infinity are zero. If we denote by [Tu]™([Tu]™), [84“4}+< [Zaa ] _> the

on on
limits on [ from the left (right), then the boundary conditions of the problem can be
written as follows:

[Tu]™(2) = f7(2), [Tu]” (2) = f~(2),

] = e [2] = s

on

where T'(0z,n)u is a stress vector

C11711i + C44713i Cl3n1i + 044713i
T(0x,n)u = agl agg 8%3 ax@l u,
C44n18_:(:1 + 0137136—951 0447113—x1 + C:&z’)nl@—x3
on 0 0
8_71 = a4n18_m1 + n38_x3’

f*, f~, fi, and f; are the known functions on [ of the Hélder class H, which have
derivatives in the class H* (for the definitions of the classes H and H* see[4]) and
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satisfying at the ends a; and b; of [;, the conditions

flag) = f(aj),  f7(b) = f(by),

filag) = filag),  fi(b;) = fi (b)-
It is obvious that displacement vector discontinuities along the cut [; generate a singular
stress field in the medium. Hence it is of interest for us to study the solution behavior
in the neighborhood of the cuts.

Further we assume that the temperature uy is known, when x € D. Substitute the
function w4 in (1) and search the particular solution of the following equation

C(0z)u = graduy.

It is easy to prove that ug(x) is a particular solution of the equation (1)

_LW / / [z — y)gradus(y)dv, (3)

where I'(z — y) is the basic fundamental matrix for equation (Coz)u = 0,

3
T(z—y) =2ImY ||AD|oz2 In o3,
2

Aﬁ) _ i(—1)"(caq — c33ar) A(k) _ (=1)%(cas + c13) o = i\/ar,

044033(a2 - a3) ’ 044033(a2 - @3) ’

i(_l)k(cn - C44ak)

AR
22 C44C33 (Clz - CL3)

; O = 21 —Z/1+Oék<33'3_y3)7

ap, k=23 are the positive roots of a characteristic equation
2 2 2 —0
C44C33a), — [c11C33 + iy — (€13 + caa)”ag, + cagcn = 0.

In (3) graduy isa continuous vector in D along with its first derivatives and satisfy
the following condition at infinity

graduy = O(Jz|'7*), a>0.
Thus the general solution of the equation (1) is w =V +wuy, where
C(8z)V =0, (4)
[TV]T) = [7(2) = [Tue] " = F*(2),
[TV]™ = [7(2) = [Tuo]” = F~(2).

We seek the solution of the problem (4) in the form a single-layer potential

= —Rez Q) / In(z, — G)[g9(y) +ih(y)]d,S, (5)



22 Bitsadze L.

where g and h are unknown real density vectors, from the Holder class,

T
Qw=1\"wm ® |

12" G2

- )

—1)k —1)k
(k) _ (—1)"(c13 + c33ak) (k) _ (—1)*(c13ak + c11) o = iv/ar,

q , =
1 033(a2 - a3) 2 033ak(a2 - as)
w (D (essap +c13) ) (=1)F(en + crzag) B
qo1” = — 22 — — . k=23,
C33Oék(a2 - CL3) ak033(a2 - a3)

L_033(\/_J_F\/_)<0 \/OW>'

From (5), upon acting the operation T'(dx,n) on the vector V', we get

l _
T(9z,n)V (z) = —Rezp(k /a nz C’“)[ (t) + ih()]dS, (6)
!
where
«Q —1
Puy = L(k)L, L) — <_1)kw g 1
033(02 - G3) -1 a_k

From (6) to define the unknown density we obtain the following system of singular

integral equation of the normal type

(T(0, W)V (@)]F = Fg(2) + ReZM / = S )+ iyl = (),

(7)
9__ 90 9
0s ng@ml 18x3
From here we deduce that
29(2) = F7(2) — F'(2),
1 <~ Aln(z, — C Ft(z)+ F (2
;ReZzP(k)/ <ai D py)d,s = L) > )
k=2 ! - (8)

Thus, we have defined the vector g on [. It is not difficult to verify, that g € H, ¢’ €
H* and Q € H,QY € H*. (8) is a system of singular integral equation of normal type
with respect to the vector h. We seek the solution of the system (8) in the class hq (for
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the definition of the class hy see [4]). Points a; and b; are nonsingular ones and the
total index in the class hg is equal to —2p. Let’s prove that the adjoint homogeneous
equation corresponding to the system (8) has only the trivial solution in the adjoint
class.

The adjoint homogeneous system of singular integral equations has the form

—ReZLL(k / alnt’é—_t’“o) (t)ds = 0. 9)

If the solution of equation (8) in the adjoint class exist, it will satisfy the Holder’s
condition on [, vanishing at the points a; and b;,j = 1,2, ..p, and having the derivatives
in the class H* ([4]).

Multiplying the system (9) by matrix a = L7', and taking into account the
identity aL Ly = Pya, we obtain

—Rez P, /alng—s_tko)ay(t)ds =0. (10)

Let’s assume that (10) has nontrivial solution 14 in the adjoint class and construct
the potential

= —ReZQ /%g—s_zk)auo(t)ds. (11)

From (11) we obtain
0P(2)

T(0z,n)up = 95

where

- —ReZPk)/am b Zk)ayo(t)ds.

By virtue of (9) it is obvious that ®*(t) = 0, t, € I. On the basis of the uniqueness
theorem we conclude, that ug(ty) = 0. Then from equality uj —u, = 2constuy, it follows
that vy = 0, t € . Consequently, it follows that the systems (9) and (10) have only
the trivial solution.

Thus the homogeneous system corresponding to the system (8) has only 2p lin-
early independent solution. Therefore, the corresponding nonhomogeneous system is
solvable in the adjoint class and the solution depends on the 2p arbitrary constants
K, K, .., Ks,. The choice of these constants stipulates by conditions follows from the
single-valuedness of the displacement vector. The displacement vector obtains the
increment, while going around [;, that has to vanish

[ ntoas = oo (0 VAT [l - prois, (2

Vs + /@) /i \ —1 0

l
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Hence (12) is an algebraic equation with respect to unknown constants K. Let’s
prove that the determinant of this system is not zero. In fact, let’s take the homoge-
neous system, corresponding to the conditions

Ft=0, F =0, (TU)®=0.

(0)

Supposing the solution K, j = 1,..2p, nontrivial, we construct the potential

= —ReZQ(k /ln K — zk)ho(t)ds, (13)

where hy is a linear combination of solution h¥). Z K O and h@ are linearly

independent solutions of the homogeneous equation corresponding to (7). hY) have to
satisfy the following condition f hds =0, =1,.

Then the potential (13) is regular at infinity and by the uniqueness theorem Uy = 0.
But we have the following equality

aU() + aUO __ (0)_
(68) _(88) — Lh® =0,

Hence we conclude that K; = 0, which contradicts the assumption. Thus the
solvability of the problem is proved.
Repeating word by word the above reasoning we can show that

Uy = Z4 - §4 g4 + Zh4)d S

l

where z; = @1 + i\/agws, <4 = y1 +iv/awys, 294(y) = fi (y) — fi (y), and hy is a
solution of the following integral equation

1 0 -i— 1
;Re/ 95 In(z4 — s4)ha(y)d,S = f4 Is — ; / n(zy — S1)ga(y)d,S.
!

l

Here we assume that [ fifds = 0.
l
Let us consider a particular case, when the plane has only one rectilinear cut ab

along the real axis. Assuming that the principal vector of external forces vanishes at
infinity. Then the stress vector outside of the segment ab is calculated by the formula

TU(2) = 5 Re Zm/ =T Wy /X+ 0T
—Zk — Zk

0u(z) 1 T~ (1) 1 [ XY+ (1)
_—Re/ dt+X(Z4)l/ dt| ,

t—Z4
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where X (z;) = \/2r —a)(b— 2z1), k = 2,3,4 is a holomorphic function on the plane

cut along the arc ab and X*(t) = \/t —a)(b—1t).
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