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THE SOLUTION OF THE STRESS BOUNDARY VALUE PROBLEM OF
ELASTOSTATICS FOR DOUBLE POROUS PLANE WITH A CIRCULAR HOLE
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Abstract. In the present work we solve explicitly, by means of absolutely and uniformly
convergent series, the second boundary value problem of porous elastostatics for the plane
with a circular hole. For the particular boundary value problem the numerical results is
given.
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We consider the plane D with a circular hole. Let R be the radius of the boundary
S. The system of equations of porous elastostatics is of the form [1]:

pA(u(@)) + (A + p)graddiv(u(z)) = grad[Bipi(z) + Faps(2)];
(M1 A = k)pi(z) + kpa(z) =0, (1)
]{?pl(l') + (mgA — k’)pg([ﬂ) = 0, T E D,

where A, 1, my, ma, B1, B2 are the known elastic and physical constants [1,2]; u(z) =
(ui(z)),us(z)) is the displacement of the point x; p; is the fluid pressure within the
primary pores and ps is the fluid pressure within the secondary pores; A is the Laplace
operator.

Problem. Find a regular solution U(uy,us,p1,ps) of system (1) satisfying the
boundary conditions

Op1(2)
on

— fs(2), ap;(j) = fu(2),2 €S, 2)

P(9.,n)U(z) = f(2),
where
P(0z,n)U(x) = T(0x, n)u(z) — n(x)[Prp1(2) + Bapa(w)]
is the stress vector of the theory poroelasticity; T'(0,, n)u(x) = po,u(x)+An(z)div(u(z))
+u 3 ni(z)gradu;(z) is the stress vector of the theory of elasticity; f(z) = (f1(2), f2(2)),

1
f3(2), fa(z) are the given functions on the circumference S, n = n(ny, ny). Vector U(z)
satisfies the following conditions at infinite:

u(z) = O(1), 0, u(xr) =0(1), r’pi(z) =0(), k=1,2,
where 72 = 22 + x3. On the basic of the system (1), we can write

P = a1901(96) +p1+ a2902(96),p2 = a3<,01($) +p1+ a4g02(x) (3)
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k 2
where Ap; =0, (A + \j)pa = 0,A5 = —M,al =a3=—",
m1msa my + Mgy
myp — Mo B myp — Mo

a9 = — ,k‘,ml,m2>0.

_— ayy = —mM8M——
mi(my + ms) 4 ma(my + ma)

Using (3), the conditions (2) allow us to find the values of the functions ¢; and s
on S,

Orp1(2) = Q(2), 0rpa(2) = Qa(2), 2 € S,

where Q;(2) = &, Qy(2) = 2,d = qyay — a3, dy = aufs — asfs,do = a1 fs — asf3, 0,
[0,],=r,7* = 23 + x3. The harmonic function ¢;(z) is defined by the series

pr(r)=c—>_ g (%) (A, cos(m) + By, sin(ma)), (4)

where z = (r,v¢); A, and B,, are the coefficients of the Fourier series for the known
function € (z).
The metaharmonic function po(z) is defined by the series [3]:

ZAOK/ s (Cocos(ms) + Dy sin(my). 5)

where K,,,(Aor) is the MacDonald’s function with an imaginary argument; C,, and D,,
are the Fourier coefficients for the known function Qq(2); K/, (s) = 0. Ky (), 0r Ko (Aor) =
MoK, (Mo), K7 (o) # 0.

Thus by means of (3), the functions ¢; and @9 are defined explicitly.

The solution of the first equation of the system (1) with the condition (2) is given

by the sum
u(z) = vo(x) + v(x), (6)

where vy is the particular solution of equation (1),

1 a
vo(x) = Ajng?“OLcl(—A—(Q)sDz+b<po)7 (7)
©o is the biharmonic function:Apy = ¢1;
@=L (Y (G costm) + Busingme)),
) = — — (= cos(m in(m
%o 4 £~ m(l—m) \ r m €08 " ’

a = (p1 + Pa2)ar, b= fras + Paay; Ay and B, are given by (4).
v is the solution of the homogeneous equation which can be found by means of the
formula

U(x) = grad[®,(z) + Pa(x)] + rot®s(z), (9)
where Ad,( (x) =0, AA(I)g(.%') = 0,70t = (—0py, On, ),

2) =0,/
®,(r (E)m ot () i( )" Bt

m=0
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By () = T2 5 (5> (Ko 5 (), v (1) = (cos(map), sin(mep),

K m=0 r

sm(1) = (= sin(my), cos(mi));

_ % e P
A +2u) "% T A+ 2p)

X1 and X5 is the solution of the following system:

XOl

mA 4 2u(m + 1)] X

A2 A2
O +20)(1—m)(2—m + Z’“‘m)—x-m-R2[m+ —;M(Q—m)]}XmgzamRZ,
A2 R?
“m(1 4 20) X + R2[m(3 — 2m) + Z M (m? — 3m + 2)] Xz = B

m=1,2,..;
o, and [, are the Fourier coefficients of, respectively, the normal and tangential
components of the function V(z) = f(z) + n(z)[apa(z) + bp1(2)] — T(0, n)vo(z).

For the numerical solution there is the program. p;(z) and ps(z) are calculated
from (3), (4) and (6); ui(x) and us(z) are calculated from (6), where vy(z) calculated
from (7), (5) and (8), while v(z) from (9).

Let us consider a particular case with the following conditions:

R=2r=32¢=060\A="7.28-10% 1 =35-10%m; = 0.88;my = 0.22; k = 1;
1 =0.3; Bo=0.4; fi1(0) =5R(2cos0+3); fo(f) =10R(58in6 — 7);
f3(0) = g(cose —0.1)-107% f4(0) = %(sin@ +0.1),0 < 6 < 27.
We obtain that:

up =4.246 -107%; wy = 1.529-107%; p; = —0.024, p, = —0.156.
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