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SOLUTION OF ONE SPECIFIC EQUATION CONNECTED WITH PROBLEMS
OF THE LIGHT SCATTERING THEORY

Shulaia D., Sharashidze N.

Abstract. The aim of this paper is to study in the class of Hölder functions characteristic

integral equation of the light scattering theory. Using the theory of singular integral equations,

necessary and sufficient conditions for the solvability corresponding this nonhomogeneous

equation are given. A theorem on the expansion of the solution of this equation in terms of

eigenfunctions of discrete and continuous spectra of the characteristic equation is represented.
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Consider the well known integro-differential equation of the light scattering theory
[1]

µ
∂I(τ, µ, x)

∂τ
= (α(x) + β)I(τ, µ, x)

−λ
2
Aα(x)

∫ +∞

−∞
α(x′)

∫ +1

−1

I(τ, µ′, x′)dµ′dx′,

τ ∈ (−∞,+∞), µ ∈ (−1,+1), x ∈ (−∞,+∞),

where I(τ, µ, x) is the angular density, τ the optical depth, µ is the cosine of the angle
with respect to the τ - axis, x is so-called dimensionless frequency, λ is the fatigue
probability in an elementary scattering, α(x) > 0 is so-called profile coefficient of
absorption, A is the normalizing constant

A

∫ +∞

−∞
α(x)dx = 1,

coefficient β > 0 characterized also the absorption.
By using the Fourier transformation with respect to spatial variable τ it is possible

the considered equation reduce to the following form integral equation

(t(α(x) + β)− µ)ψt(µ, x) (1)

= t
λ

2
Aα(x)

∫ +∞

−∞
α(x′)

∫ +1

−1

ψt(µ
′, x′)dµ′dx′ + f(µ, x),

µ(−1,+1), x ∈ (−∞,+∞)

(see e.g. [2,3]). Here t is a parameter and the real valued function f(µ, x) is defined
from boundary conditions of the considered problem. We shall study the problem
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where f(µ, x) is a continuous function satisfying H condition with respect to µ and
integrable with respect to x. The corresponding homogeneous equation has the form

(ν(α(x) + β)− µ)φν(µ, x) = ν
λ

2
Aα(x)

∫ +∞

−∞
α(x′)

∫ +1

−1

φ(ν)(µ
′, x′)dµ′dx′). (2)

Here ν is a parameter, the values of ν for which (2) has nonzero solutions are the
eigenvalues of the equation.

We can prove the result concerning the eigenvalues of homogeneous equation
Theorem 1. The discrete spectrum of (2) not belongs in the segment [−1/β, 1/β].
Theorem 2. If

λ

2
A

∫ +∞

−∞

α2(x)

α(x) + β
dx > 1,

then the discrete spectrum of (2) consist of the two imaginary points {±ν0} which
corresponds to the two eigenfunctions, when

λ

2
A

∫ +∞

−∞

α2(x)

α(x) + β
dx < 1

and
λ

2
A

∫ +∞

−∞

∫ +1

−1

α2(x)

α(x) + β − µβ
dµdx > 1,

then the discrete spectrum of (2) consist of two real points {±ν0}, but if the last con-
dition not is fulfil then the set of discrete spectrum is empty.

Theorem 3. Let ν ∈ (− 1
β
, 1
β
). The function

φν,(ξ)(µ, x) =
νλA

2
ρ(ν)

α(x)α(ξ)

ν(α(x) + β)− µ)

+(δ(ξ − x)− νλA

2

∫ +1

−1

ρ(ν)
α(x)α(ξ)

ν(α(x) + β)− µ′dµ
′)δ(ν(α(x) + β)− µ)), (3)

µ ∈ (−1,+1), x ∈ (−∞,+∞),

where ξ ∈ M(ν), δ is the Dirac function,

ρ−1(ν) = 1− νλA

2

∫
N(ν)

∫ +1

−1

να2(x)

ν(α(x) + β)− µ
dµdx,

M(ν) = {x ∈ (−∞,+∞) :| ν | (α(x) + β) < 1}
and

N(ν) = {x ∈ (−∞,+∞) :| ν | (α(x) + β) > 1},
is the singular eigenfunction (in K. Case sense [3]) of the characteristic equation (2).

The eigenfunctions φν(µ, x) obey the following orthogonality condition∫ +∞

−∞

∫ +1

−1

φν(µ, x)φν′(µ, x)dµdx = 0,
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where ν ̸= ν ′.
We have to construct the solution of equation (1). We can prove
Theorem 4. If t∈̄{±ν0}

∪
[− 1

β
, 1
β
], then the equation (1) has unique solution which

can represent in the form

ψt(µ, x) = c+ν0(t)φ+ν0(µ, x) + c−ν0(t)φ−ν0(µ, x) +

∫ 1/β

−1/β

∫
M(ν)

φν,(ξ)(µ, x)u(t, µ, ξ)dξdν

where c±ν0 and u(t, µ, ξ) defined explicitly.
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