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ON A CERTAIN PROBLEM OF MAULDIN-PREISS-WEIZSACKER

Pantsulaia G.

Abstract. We show that Gardner transition kernel (see, [1], Example 1.4, p. 972) is such an

example of a modified uniformly orthogonal transition kernel which is not modified completely

orthogonal. This answers negatively to the Problem 2 posed in [3].
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Let X and Y be Polish spaces.
Definition 1. A family (µx)x∈X is called a transition kernel from X to Y if for x

in X, (µx)x∈X is a family of probability measure defined on the Borel subsets of Y and
for each Borel subset E of Y the function x→ µx(E) is a Borel measurable map of X
into I = [0, 1].

Definition 2. The transition kernel (µx)x∈X is said to be pairwise orthogonal
provided that if x ̸= x

′
, then µx and µx′ are mutually singular.

Definition 3. The transition kernel (µx)x∈X is said to be uniformly orthogonal
provided there is a Borel subset B of X × Y such that for each x in X, µx(Bx) = 1
and if x ̸= x

′
, then µx′ (Bx) = 0; (µx)x∈X is said to be modified uniformly orthogonal

(m.u.o) if the set B is not required to be a Borel set.
Definition 4. The kernel (µx)x∈X is said to be completely orthogonal provided

there is a Borel subset B of X×Y such that for each x in X, µx(Bx) = 1 and if x ̸= x
′
,

then Bx ∩ Bx′ = ∅; The set B is said to be a completely separating the transition
kernel (µx)x∈X . The kernel (µx)x∈X is modified completely orthogonal (m.c.o) if the
requirement that B be a Borel set is dropped.

R.D. Mauldin, D. Preiss and H.Y. Weizsacker stated the following
Problem 1. (see, [3], Problem 2, p. 2) Is a modified completely orthogonal kernel

a completely orthogonal kernel?
We need the following auxiliary propositions.
Lemma 1. (Shoenfield [4]) (MA) Let (Xi)i∈I be a family of Lebesgue null sets in

Rn (n ∈ N \ {0}) with card(I) < c. Then, the ∪i∈IXi is Lebesgue null in Rn.
Lemma 2. (see [4]) Every analytic set in R is Lebesgue measurable.
By using Lemmas 1-2, we get the validity of the following assertion answering

negatively to the Problem 1.
Theorem. (MA) Gardner transition kernel (see, [1], Example 1.4, p. 972) is

such an example of a modified completely orthogonal kernel which is not completely
orthogonal.
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