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Abstract. The family of boundary problems that consist the homogeneous Dirichlet and
Neumann classical boundary conditions and one kind of nonlocal integral condition is con-
sidered. The variational formulation of suitable boundary problem on rectangle domains for
Poisson’s equation is studied.
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Let us introduce some notations and definitions. By dG we denote boundary of the
rectangle G = {(z,y)] —a <x <0, 0 <y <b}, where a and b are the given positive
constants. I'; is the intersection of the line x = ¢ with the G = G U 0G.

We consider following problem: Find the function u € C®(G) N C(G) satisfying
Poisson’s equation with classical boundary and one kind of nonlocal integral conditions:

—Au(x,y) = f(z,y), (2,y)€q, (1)
u-a) =0, Ghe0) = ) =0 )
//,0 u(z,y)dzdy, =z €]—a,0[, ye€]0,b[. (3)

Here f € C(G) and p € C[—a,0].

Many scientists have been investigating nonlocal boundary value problems for ordi-
nary differential equations and partial differential elliptic equations (see, for example,
[1-17] and references therein).

From (3) we have that unknown function u is constant on I'y. Let us introduce the

space V={v] veWyQ), v(-a,y)=0, v(0,y)=const}.
Here v(—a,y) and v(0,y) are traces of the function v € W} (G) on I'_, and Ty re-
spectively. The scalar product in V is induced from W} (G) space. Here V is the
Hilbert space and if ¢ is the linear continuous functional defined on V' and the Ritz
representation takes place: it exists unique @, € V such that for Vo € V' we have

Opy(x,y) Ov(x,
i e o
0 —a

dpe(z,y) Ov(z,y)
+ oy ay dxdy.

The functions of the space V' that for each linear continuous functional satisfy
boundary condition ¢(v) = v(0,y) or
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b

[ [ (oappotap) + 22500 SN gy~ o(0.y) (1

define subspace of the V. We denote this subspace by
Vi={v[ veV, ((v)=v(0,y)}.

For example, if ¢ is the functional that corresponds to each function of V' its constant
trace value on I'y (this functional is continuous after theorem of trace) then condition
(4) is fulfilled for all function of the space V' and V; coincides with V. Now if we take
in a role of ¢ the considered functional multiplied on constant not equal to one then V,
coincides with the subspace the traces of all elements of which is zero on I'.

Let us take function ¢y(z,y) = ¢(x), which satisfies condition (4) and which is the
solution of the following boundary value problem:

_90”(17) + QO(:L‘) = p(l’), VS ]—CL, 0[7 (5)
p(—a) =0, ¢'(0)=p, peR
The condition ( becomes as

// v(x, y)dxdy + pbu(0,y) = v(0,y),

which gives nonlocal condition (3) if p = 0. Let us note that abovementioned examples
will be receive if we take in (5) p(z) =0, p=1/b and p(z) =0, p # 1/b.

Let us denote by D(G) the lineal of all the real functions v satisfying the following
conditions:

1. v is defined almost everywhere on G, and the boundary value v(0,%) (the value
on the boundary I'g) is equivalent to constant function defined on I'y, that is where is
a vy € R such that v(0, y = vp almost everywhere on y € [0, b];

2. v E Ly(G), vg = // v(z,y)dzdy.

0 —a
Two functions v and w are assumed as the same element of D(G) if v(z,y) = w(z,y)
almost everywhere on G\I'y and vy = wy.
Let us @ is the closer of the rectangle Q = {(z,5)] 0 < # < a, 0 < y < b} and
define on D(G) the operator of symmetrical extension 7 as follows:

(), (z,y) € G,
“““”‘{—waw+%mw,<awe@

For two arbitrary functions v; and vy from the lineal D(G) we define the scalar
product b a =

[v1, Vo] /// $,Y)02(s, y)dsdzdy,

where v;(s,y) = (7v;)(s,y), i=1,2.
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After the introduction of the scalar product the lineal D(G) becomes the pre-Hilbert
space, which we denote by H(G). The norm originated from this scalar product we
denote by ||-]| ;-

b a =x

o]|3, = ///”2 s,y)dsdxdy.

Theorem 1. The norm defined on the H(G) by the formula

loll* = 10117, + 5

is equivalent to the norm ||| ; .
Consequence. H(G) is the Hilbert space. N
Let, the area of definition of the operator A = —A is the lineal D4(G) of the
functions v defined on G for which the following conditions are fulfilled:
% 0"y
1. v e C™(G), o k(o y) =0, Yyelo,b],
kv kv
W(m 0) = o = (2,0) =0, Vz € [-a,0], k=1, 2, ..;

2. v(—a,y) =0, v(0,y) =vy= // v(x,y)dzdy, Yy € [0,b)].

Theorem 2. The lineal DA(G) is dense in the space H(G).

Theorem 3. There exists constant v > 0 such that if
0

/,02($)d$ <7, (6)

—a

when A is positively defined on the lineal D4(G).

So, if the condition (6) is fulfilled then A is positive definite operator defined on
the lineal D 4(G) which is dense in the space H(G) and for problem (1)-(3) we can use
the standard way of the variational formulation [18]. Let us introduce the new scalar
product on D4 (G):

[UMQ]A:[AUMZ]:O/[[ (aﬂl(gi,y) 852;,1/) -

+ 8ijl (87 y) 8;172(87 y)
dy dy

For corresponding norm we use the notation ||-|| ,. N

After introducing the scalar product (7) the lineal D4(G) becomes the pre-Hilbert
space which we denote by Sa(G). By Ha(G) we denote the Hilbert space obtained
after completion of S4(G) by the norm ||-|| ,. B

Theorem 4. The ||-||, and ||-||W21(G) defined in the space Sa(G) are equivalent
norms.

So,

HA®G) = { o] ve WAG), v(—ary) =0, v(0,y) = / / ple)o(a, y)dudy

—a

) dsdxdy — 2bvy (0, y)v2(0,y).
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For every function f € H(G) the quadratic functional
Fo = [v,0], = 2[f,v] (8)

has the unique function u € H4(G), which minimizes the functional (8) and satisfies
the identity

[0, 0], = [f, 0]

for every v € Hu(G).
The functional (8) in the extended form can be written as

_ Qa/b/o Kav =Y ) + (%@’y))z - 2f(:v,y)v(xjy)] dwdy—

0 (9)
~aved 4 [ [ [ ofs.0) + foots.)dsdy — 10
0

—a T

Theorem 5. The condition

b 0
://p f(z,y)dxdy =0 (10)
0

—a

is necessary and sufficient in order to the solution of problem (1)-(3) u € Hu(G)
minimizes the functional (9).

Let us note that if f(x,y) does not satisfy condition (10) then problem (1)-(3) in
a simple way may be reduce to a problem right hand side of which satisfies condition
(10).
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