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A GENERALIZED NONLOCAL BOUNDARY VALUE PROBLEM IN A SPACE
Lp(∂Ω), 1 < p <∞
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The nonlocal boundary value problem is considered in [1-4] when the closed surface
S belongs to the domain Ω (S ⊂ Ω). In the present paper we consider the case where
the intersection ∂Ω∩S contains a finite number of points, zi ∈ ∂Ω∩S, i = 1, 2, . . . , N .
The compactness of the operator K, Kφ(x) = vφ(Z(x)), x ∈ ∂Ω, φ ∈ C(∂Ω) [4]
cannot be proved in the space C(∂Ω). But the compactness of K can be proved
in the space Lp(∂Ω), 1 < p < ∞. Assume that Ω ⊂ R3 is a simply connected
bounded domain from the class C(2,α), the closed surface S ⊂ Ω, S ∈ C(2,α). Denote
σk = {x : |x−zk| < δ}∩∂Ω, γk = {ζ : |ζ−zk| < δ}∩S. Let νk be the normal for S and
∂Ω at the point zk. If δ is a sufficiently small number, then m(γk) <

ε
N
, m(σk) <

ε
N
,

where m is a two-dimensional Lebesgue measure. Let p1k be the projection of σk on
the tangential plane Pk at the point zk, and p2k be the projection of σk on Pk. Denote
e′k = p1kγk ∩ p2kσk, ek = |zk − η| < rk, rk = inf |zk − η|, η ∈ ∂e′k. Let us define a
diffeomorphism in the neighborhood of zk ζ = zk(x) if p1k(ζ) = p2k(x) ∈ ek, νk ⊥ pk.

Let us assume that there exists a C(2,α)-diffeomorphism ζ = z(x) from ∂Ω on S
that satisfies the condition z(x) = zk(x) if p2k(x) ∈ ek.

Assume that the boundary function f ∈ Lp(∂Ω), 1 < p < ∞. One has fined a
function φ ∈ Lp(∂Ω), satisfying the boundary condition

φ−Kφ = f, (1)

where

Kφ(x) = vφ(z(x)) = −
∫
∂Ω

∂G(Z(x), y)

∂νy
φ(y)dSy

Denote

Ik(ζ) =

{
1, p1kζ ∈ ek (ζ ∈ γk),

0, ζ ∈ S, p1kζ /∈ ek.

Thus we obtain a finite-dimensional space

τ(ζ) =
N∑
k=1

αkIk(ζ), −∞ < αk <∞, k = 1, 2, . . . , N.
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We define the sweep-out operator for Ik from S on ∂Ω:

TIk(y) = −
∫
Sk

∂G(ζ, y)

∂νy
Dz−1

k (ζ) dSk, y ∈ ∂Ω, |Dz−1
k | ≤ c1,

Sk = {ζ : p1kζ ∈ ek, ζ ∈ γk}.

Let

τ1(ζ) =
N∑
k=1

Ik(ζ), ∥τ1∥L1 ≤
∑

m(γ) < ε, (2)

Tτ1(y) =
N∑
k=1

TIk(y) ∈ C(∂Ω), ∥Tτ1∥C(∂Ω) ≤ c2∥τ1∥L1 ≤ c2 · ε.

Let φn ∈ Lp(∂Ω), 1 < p <∞, ∥φn∥p ≤M , n = 1, 2, . . .

Kφn(x) = −
∫
∂Ω

∂G(z(x), y)

∂νy
φn(y)dSy, x ∈ σk, p2kx ∈ ek, Ek = {x : p2k(x) ∈ ek},

∫
N∪

k=1
Ek

|Kφn(x)|pdSx =
∫

N∪
k=1

Ek

∫
∂Ω

∂G(z(x), y)

∂νy
|φn(y)|pdSy dSy ≤

(
N∪
k=1

= E

)

≤
∫
∂Ω

∫
E

∂G(ζ, y)

∂νy
Dz−1(ζ) dSζ |φn(y)|pdSy ≤ c3 · ε supn

∫
∂Ω

|φn(y)|pdSy.

Therefore(∫
E

|Kφn(x)|pdSx
) 1

p

≤ (c3 · ε)
1
p ·M, F =

n∪
k=1

Fk, Fk = Z(Ek).

Thus there exists a subsequence Kφj, j = 1, 2, . . . , for which we obtain∣∣∣∣∂G(ζ, y)∂νy

∣∣∣∣ ≤ c4
|ζ − y|2

ζ ∈ S −
N∪
k=1

p−1
1k (ek), y ∈ ∂Ω,

lim
j→∞

Kφj(x) = Kφ(x), z(x) ∈ Ω.

Hence it follows that

supj |Kφj(x)| ≤ L1 <∞, x ∈ ∂Ω−
N∪
k=1

p−1
2k ek.

Thus K is a compact operator from Lp(∂Ω) into Lp(∂Ω).
Let us consider the conjugate operator K∗ and the corresponding homogeneous

equation

g −K∗g = 0, g ∈ Lq(∂Ω), q =
p

p− 1
.
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Let gi(i = 1, 2, . . . , k) solutions for homogeneous equation. Finally let us define the
space B1 of boundary functions:

B1 =

{
f : f ∈ Lp(∂Ω),

∫
∂Ω

f(x)gi(x)dSx = 0, i = 1, 2, . . . , k

}
.

Theorem. The nonlocal boundary problem (1) in space Lp(∂Ω) is solvable if and
only if f ∈ B1.
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