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THE BASIC CONTACT PROBLEM FOR PIECE-WISE HOMOGENEOUS
TRANSVERSALLY ISOTROPIC THERMOELASTIC PLANE

Bitsadze L.

Abstract. In the present paper an explicit solution of basic contact problem of thermoelas-
ticity is constructed for the two-dimensional equations of thermoelastic transversally isotropic
plane. For solution we use the potential method and constructed the special fundamental
matrices, which reduced the contact problem to a Fredholm integral equations of the second
kind. For the equation of statics of thermoelasticity we construct one particular solution
and we reduce the solution of basic contact problem of the theory of thermoelasticity to the
solution the basic contact problem for the equation of transversally-isotropic body. Poisson
type formula for the solution of the basic contact problem for the plane is constructed.
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Let the plane is divided into two half-plane 25 < 0 and z3 > 0. Denote by D) the
half-plane z3 > 0, by D® the half-plane x5 < 0 and by S ( the axis ox;) the interface
x3 = 0. Let the domains D(j? are filled by homogeneous transversally-isotropic
materials with the coefficients cé]q), 7 =0,1.

We say that a body is subject to a plane deformation if the second component of
the displacement vector equals to zero and the other components u;,us depend only
on x1,r3. In this case the basic two-dimensional equations thermoelasticity for the
transversally-isotropic body in the domains DY) can be written as follows [1]

CD(92)UY) = BWgradul’, (1)
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where

CV(0) =R O0llarz, B = | Bilanay, B =5, BE = 5

By =By =0, C1](0s) = cugs+ =, O3 (0r) =
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Chy' (0z) = (15 + ciy )ma Cyy (0z) = iy @_x% + ¢4 (9_.%?,,’

cﬁ,@) are Hooke’s coefficients, ij) = c%)o/(j)k(j) + 2oz(j)(cﬁ) — c(()%)), ﬁéj) = c%)o/(j) +
, . () ) ,

2a(3)c§}?, aff) = v al) o/U) are coefficients of temperature extension, k,k’ are
coefficients of thermal conductivity, UV) = (ugj ), ugj )) is a displacement vector, ugj ) is
the temperature of body.
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We introduce the following definition:

Definition. A vector-function U(uy,us,uy) defined in DM (D) is called regular
if it has integrable in D (D)) continuous second derivatives and U(x) itself and its
first derivatives are continuously extendable at every point of S and the conditions of
infinite are added

3uk

U@) = 0(1), 5 =O(a]™), laf* = a3 +a3 j=13 k=134
J

The stress vector. Throughout this paper n(z) = n(0,1). Denoting the stress
vector by P(0x,n)U we have [2]

PY@z)UD = TW(9z)UY) — B W)
where
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For the equation (1), (2) we pose the following contact problem: find a regular

solution U, u{?) of the equation (1), (2) in the domains DY, if on the boundary S
the following contact conditions are given:

[T+ — [UO]~ = §, [P(l)(a$>g(l)]+ — [PO(9z) U]~ = F,
ou't) o'
W+ _ (,(Oy= _ 4 _ 4 _
(ug’) (ug ) 3 ('91’3] laxs J1,

where f , fs F, f4 are given function.
From the equation (2) we find uff ) and the solution of the equation (1) will be pre-

sented in the form UY)(z) = VU (x) + Uéj )(x), where V1) is a solution of homogeneous
equation OV (9x)VU) =0, and Uy(x) is a particular solution of equation (1).

By elementary calculations we obtain the solution uflj ) in the form

uEg')(:c)Za a4 o /f3 (])_—1 /”n(t—Zf))ﬁi(t)dt

(0

a= [\/a4 +4/al } ;20 =2+ P2y, o) =iv/al.

Further we assume that (3) is known, when € DY or € D). Substitute the

uflj ) in (1) and search the particular solution of the following equation

(3)

C9D(92)UY) = BD gradu. (4)
It easy to check that
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is a particular solution of the equation (1), where oy 2y,

AD = |45 oz, AR = AV, Az =B, Ay = 430 =0,
DO = ||D) |22, DY =¥, DY = DY, DY = DY =0,

(1)
ay/ag’af’ B () — §)af) + pPaD (D) + )
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D ARl - Dl b
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P A Pl - )
(1) (0) (1) _(0)
ay’a . ay’a
AELJ) _ 4 '4 4EJ)7 Bij) = _9 4 '4 ELJ)7
aflj) aflj)

and the equation (4) takes the form
C’(j)(@x)U(j) = 0.

This equation is the equation of the transversally-isotropic elastic body. i.e.. we
reduce the solution of basic contact problem of thermoelasticity to the solution of basic
contact problem for the equation of a transversally elastic body, whose solution we seek
in the form

+003

= —Im / ZN])(’€ z,gj) =1+ Oé](Cj)SCg,
k

where ¢’(t) is unknown density,

) () G) ( ) ay’ag”
NP = (-1 Vb@$ﬂ—ﬂb——6ﬂj=QL
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Oé,(gj ) =iy ag ), a,(j )k =2,3, are roots of characteristic equation
(cila’ = ) (ea = ) + a (e + ) = 0

Taking into account the boundary condition , for the determination of the unknown
density ¢, we obtain the following Fredholm integral equation of second kind

gD (x1) + 9O (a1) = f(21), (5)
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+oo
, / 1 ‘W) dt 1 O ()dt
H(l)g (1)(.T1) + H(O)g (0)(x1) + h(l)_ / & — h(o)_ / # F(x]_),

t—xl ™ t—iCl

) _ il oy af (v ay + \/af ()

myy = a2 a3 m22 > 0,

DD + )

o ey aa) — ) G 0
myy = = —msy, myy > 0.

DD + )

Rewriting the equation (5) in the form

+o00
©
(HO — HD)gO — (,0) 4 p0)2 / g™ (t)at

T t—x
oo ] (6)
~ 1 t
=c+ F—HYf(x;) — V)= y’
™ — T

1
where c is an arbitrary constant, F= J F(t)dt .

Using the permutation formula

“+oo

]_ d[L‘l
§/t—$1__ (©).

From (6) it follows

400
0
WO 4 p g0 1 (O — oyt / g (t)dt

T t— a1
1 [ By ) O g
i+ [ TEE e - a0y [ DD
Let’s introduce the following notations:
o L i g0 ) B ~ i TR
g +;/ﬁ—G(f)a F }/t—f_ (€),
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frs = f(9).

Then the equations (6), (7) can be rewritten in the form of one equation
DG =[H® — HO +i(h® + hW)G = o + (ih® — HW) (8)
By the direct calculations we get
detD = A = —[A© 4 AW 4 mgl)m%) + mgll)mg;) + 2m§2)m(1)] <0,

where GG G) )2
AW — cif(civess — ey )

(c:%) a( )aéj) + ¢y

> 0.

©)

It can be easily seen that the determinant of system (8) is not zero and from (8)
we can determine GG. Equating the real parts of both sides, we find

g9 = (=17HQF + [6y; + (~1)1(QHY — ghM)] f

400 —+o0
—1)itt Fdt —1) t)dt
D q/t_§_<w> (i @) | (1

—0o0

Substituting the densities g¥) obtained, into (8) and taking into account the fol-
lowing formula [1]

+00 +o0

1 dt (=1} 1 dt "
— - = ~, — —— = (-1 J P
T / (t—NE—t) 20 Wé (€—27) o

we obtain the solution of formulated problem in quadratures

()

3 +o0
U0 = LS N0 | o [ 1 (t)dt
T = t— z;

—00

) +fooF(t) In(t — z,(j))dt} ,

where

RV = —ig+ (-=1/Q , MV =6y, E + (=1))(QHY — qhW) —i(¢H™M + QW)
e A T
A\O mgl) + m11 A mgi) - m%) 0 '

Thus we have obtained the Poisson formula for the solution of the basic contact
problem for piece-wise homogeneous plane.
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For the solution to be regular in D) it’s sufficient that the functions satisfy Holder’s
conditions f, f3 € CY*(S), F, f; € C%*(S), to be integrable absolutely on the whole
axis and to have the following order at infinity

F, fy=0(t|7"), f fs=0(t"), 8>0.

In additional for the functions U, uflj ) to be single valued and bounded at infinite,
+oo +oo
we assume that the conditions [ F(t)dt =0 and [ fi(t)dt = 0 are fulfilled.

—00
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