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Abstract. On the construction of solutions of the spatial axially symmetric stationary
problem with partially unknown boundaries problems of the theory of jet flows. In the work
we present a general mathematical method of solutions os spatial axially symmetric with
partially unknown boundaries problems of the theory of jet flows.
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In the 40s of the past century, the researches engaged in the theory of filtration
discovered that the stream theory can be applied to cumulative charges whose action is
based on the peculiarity that explosion is directed in one and the same side. Detonation
wave distributes over an explosive substance with rate of several km/sec, and behind
the wave front there arises pressure of order 10° atmospheres. Metallic cover behaves
itself as a perfect liquid ([1-3]). The symmetry axis is assumed to be the z-axis. Of an
infinite set of half-planes we choose arbitrarily one which passes through the symmetry
axis the moving liquid on which occupies certain simply connected domain S(z), where
z = x + 1y, a part of its boundary is unknown and due to be defined. A surface
is said to be a surface if it is formed by the rotation of some curve near the axis.
The velocity potentials p(z,y) and the flow function ¢ (x.y) are the functions of only
cylindrical coordinates x and y, where y is the distance from the z-axis. Owing to the
axial symmetry, it suffices, as is said above, to study the flow in an arbitrarily chosen
meridional half-plane with the right system of coordinates (z,y). As is known, the
above-mentioned functions satisfy the following equations ([1-3]):
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where v, and v, are the velocity projections onto the axes x and y. It follows from (1)
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The problem can be assumed to be solved if any of two functions ¢(z,y) or ¥ (x,y)
is known. For their determination, we have, besides the equations (2), the following
boundary conditions ([1-3]):

(a) normal velocity on an unknown free surface and on the body surface is equal to

ZE€ro, g—i = 0, where n is the normal, directed into the liquid;



On the Impact of Two Axially Symmetric... 111

(b) the function % on the body surface and on the free surface is constant, ¥ (z,y) =
const;

(c) the condition 1 (z,y) = const is equivalent to the condition 2 = 0;
(d) along the symmetry axis x we have <g_;j)y—>0 =0, <g_15>y—>0 =0, (g—i’)y_}o =0,
<1Q<e> _ P (;%) _
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The system (2) can be written as follows:
0% 0 D 0% >*Y
—L 44— 44T =0, — +4o =0, a=y. 2
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The half-plane Im(g) > 0 (or Im(q) < 0) of the plane ¢ = ¢; + iga we map confor-
mally onto the domain S(z), where z(q) = 2(q1, ¢1) +iy(q1, ¢2) is a part of the boundary
S(¢) of the domain S(a) which is unknown beforehand and due to be defined. The
system (1) on the plane ¢ = ¢ + igo takes the form ([1-3])
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For three analytic functions we introduce the notations:

2(q) = 2(q1, ¢2) +1y(q1, q2), wolq) = wo(q1,q2) +ivo(q1, g2),

wp(g) (4)

Wolq) = )
0=
which map conformally the half-plane Im(q) > 0, respectively, onto the domain S(z) of
liquid motion, onto the domain of a complex potential S(wy(g)) and onto the domain
of a complex velocity S(wy(q)). Below, the functions z(q),wo(q) and wy(q) will be
assumed as defined.
We seek for a solution (3) in the form

ol q2) =y (a1, @) [05 (a1, @2) + ol @),
¢(Q1, Q2) = yl/z(Ch, QQ)[¢§<QD Q2) + ¢2(C]1, Q2)]-

Substituting (5) respectively into (3), we obtain

1 3
A(ps + @a) = —Zm(w; +@2), A(Y; + o) = Zﬂl(w; + 1), (6)

1 8y> <1 8y>
+ 7
= <y oq y O0gy ( )

Applying the Green’s formula to the upper half-plane, we can get from (6) the
following Fredfolm integral equation of second kind:

where

Q1>QZ // Q1,C]2;$1,yl)Pl(%,yl)%(xlayl)dxldyl =
Im(q)>
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- fl(QLQQ)a (8)

where

filar, @2) = —p3(q1, 42)

1
—1// G(q1, q2; 21, 1) pr (21, Y1) @5 (@1, y1)daydyy, 9)
Im(q)>0
1 —21)* + (g2 + y1)?
G(Q17Q2§xlay1) = —1In (Ch 1) (q2 yl) (10)

A (g —x1)? + (@2 — 11)?

is the Green’s function for Im(q) > 0.
A solution of the integral equation (8) will be sought by using the method of suc-
cessive approximations in the form of the following series:

Q1 Q2 Z)\ P2(n 6117(12 (11)

Substituting the series (11) into the equation (8) we obtain:

902(0)(Q17QQ) = fl(QI7QQ)7 (12)
902(71)(6]17(12) = // G(Q1,Q2;$17?}1)P1($1,yl)@z(n—l)(xlayl)dﬂfldyla (13)
Im(g)>0

Assume that two streams A; and Aj collide and scatter in the form of the streams
As and Ay under the condition that pressure and moduli of velocity v on every free
surface are the same ([1-3]).

We introduce complex velocity of the flow ( = % = ve . Tt can easily be veri-
fied that when passing round the boundaries of the domain in the clockwise direction
(A1, As, A3, Ay), the angle 0 varies from zero to 27, however, the argument of the func-
tion ( = %2 varies from zero to —27 because on the boundary of the flow domain the
maximal Value is v = 1. To that domain on the plane ( there corresponds the unit circle
|¢| < 1. The width of the streams Aj;, A, A3, A4 at infinity we denote respectively by
ay, as, az, ay. When passing through the points A;(¢ = 1), Ao(¢ = e7), A3(¢ = —1),
Ay (¢ = €), the imaginary part of the complex potential undergoes jumps equal to
aj, —asg, ag, —ay, and hence the function w(¢) at those points has logarithmic singular-
ities. Under analytical extension to the whole plane of variable ¢, the function w(()
has no new singularities, and we can write ([1-3]) (see Fig. 1)

wo(C) = %[al In(¢ —1) +asln(¢ +1) —azIn(¢ — e™) — ayIn(¢ — 6192)]. (14)

The liquid amount brought by the streams A; and As is equal to that taken away
by the streams As and Ay. Then a; + a3 = 2a,. When this condition is fulfilled, the
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function wy(¢) is regular for ¢ = 0 and ¢ = oco. The hodograph of the flow under
consideration is a circle.
The function z(¢) has the form

1
2(¢) = ;[al In(1 = ¢) —azIn(1 +¢)

—axe® In(1 — () — aze ™ In(1 — (™)) (15)
If 3 = m, and the middle lines of the streams A; and As coincide, then the flow is
symmetric with respect to the z-axis, i.e., x is the flow line.

In a particular case, for the determination of unknown parameters we have the

following system of equations ([1-3]):
a; — as

a1 + as

(92+94:27T, A9 = Qy4, CL1+CL3:26L2, CL1—CL3:2(12C0862, COS¢91:

From (14) and (15) we have
du}() 8a1a3§

¢ m(ar +a3)(¢? = 1)(C — €®)(C — e~ )’

d 1
d—z = —[aIn(1 = ¢) — agIn(1+)
i i —ifs i6s
— aze?In(1 — (e"?) — aze™"? In(1 — (e"?)].
The function ¢ = q; + 1gs is connected with the function ¢ by the formula
_ =4
C_i+q
The solution (8) can be considered as the first approximation, and the subsequent
approximations can be obtained by using formula (13).

, < <1, Im(g) >0.

Fig. 1
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