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Abstract. One non-local boundary value problem for sixth order partial differential equation
is considered.
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The non-local boundary problem has been considered in [1-8]. In the case of smooth
domains the non-local boundary problem for the Laplace equation in the space R? is
posed as follows: Let © be a simply connected bounded domain from the class O,
0 < a < 1, S be a closed surface from C?® belonging to Q (S C ), and let ¢ = z(x) be
a C'®%)_diffeomorphism from €2 onto S. Assume that the boundary function f € C(99Q).
One has fined a function ¢ € C(09) satisfying the boundary condition

p—Ko=f,
where
Kolo) = o(e(o)) = = [ 2EE D (gpas,
o0N

For a biharmonic equation the non-local boundary problem in a circle is considered in
the monograph [9, p. 312]. In this paper we consider the non-local boundary problem
for the equation A%v = 0 in a smooth domain €.

Let Q be a simply connected bounded domain from C®% 0 < a < 1, S be a
smooth closed surface from C®® (S C Q). Let further ¢ = z(z) be a diffeomorphism
from 9 onto S, z(x) € C™>*), ¢, be a smooth direction at a point z € 99, £, € C*)
for which cos(v, ;) # 0, z € 0L, v, be the outer normal.

Let us fined a solution to the equation A%y = 0 in Q from CG*)(Q), 0 < o/ < a <1
satisfying the following boundary conditions:

(@) —v(z(2)) = f(z), feC®,

ov(x

) @), gect, )
Pv(x) o
8—63 = go(x), g2 € CB),

If v is a solution to the problem (1) belonging to C*)(Q), then it takes place the
following representation

o@) = Ho(o) ~ [ Gty + [ Glay) [ Gl o)ty (2)
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where Hy, H;, Hj3 are harmonic functions in €2 satisfying the following boundary

conditions: Hy(z) = v(z) = ¢(z), Hi(z) = Av(z), Hy(z) = A?v(z), x € 09, G is the

Green function for the Dirichlet problem. For the Green function we have [10]
G(x,y) _ 0G(x,y)

pu— y Q Q.
o, o, cos(v,l,), ye o, xe (3)

Besides, using equalities from [11, p. 115] one can prove that

27 7 F 27/ F
PVi(z) PVI(x) _ AnF(z) cos (v ), F e C2(Q),

oz or
where
ro [ FWdy g [ (Y)dS, oy [9G(x,y)
V=] GO e[ T 10 Q/ e

and V', VI denote respectively the inside limit and outside limit.
Formula (2) implies that

v(z) = Holz) = / Ge,y)F(y)dY, Fly) = Hly) - / Gy, 2) Ha(2)dz.

Using this equalities and the second boundary condition of (1) we get

8;27) — (@) = 8g;§x> -/ 8G§Z Y ply)dy « € o9,
Q
This and (3) imply
n(e) = D P costt), ) = o {8@;@ - gl<x>] |

By virtue of the boundary condition of (1) we have

9>v  9*Hy(x) &° _ PPHy(z)  0*V(x) QU (x)

[VF(2) - UT ()] =

o o o or or or
_PHo@) [VI(@) V()] UM (x) 00 (x) _ 9*Holx)
Y a2 a0 a0 arz e
. U (x) U () :
—4m F () cos® (v, l,) + E T om U, =F =TF.

Let us use again the second boundary condition for representation (2). We get

v OHy(x)

N o(w) = —5 it Hi(z) — (VEP) (x) cos(v,t,) = € 9Q. (4)




On the Existence of Solution to Non-local .... 63

Here
Vi (z) = / Gz, y)Ha(y)dy, (VA?)'(x) = TV (). (5)
Q
Let us define TV (TVE? = W,) from (5)
T Hy i} H' _ (47061)‘

Vi) = o) = o | P i) - )| € € )

For representation (2) let us apply the first boundary condition of problem (1)
o(z) /G y)Hy(y)dS, — /G )V (y)dS, = f().

According to the definition of the operator T" we have

/V§2(y>dy :/‘1’2(y>d5y re R -0, [un) :/—Véb(y)dy req

lz — | |z — 9 |z — ]

In order to find H, let us pose the Dirichtet problem for the equation A3wvi(z) = 0
(Wy € ChoD) Y2 € 0(%%), o) < ay < a)

vi(z) = UV (), x € 09,
oui(z)  OU*(z)

R W x € 012,
Pui(z)  0°U*(x)

R v x € 0N).

It is well-known that there exists a solution v; to the Dirichlet problem belonging
to the class CGA(Q), 0 < o/ < B < o) < a; < a. The equality A%v,(z) = Hy(x)
implies that Hy € C19(Q). From here and (4) by virtue of (6) we get the second kind
Fredholm integral equation

p—Kp=g, (7)
where K is a compact operator from the space C®®) into the space C®*): the right-
hand-side belongs C®>*) and depends on g1, g» and f only.

It is not difficult to make sure that the null-space of the operator A, Ap = p— K¢ is
one-dimensional. By virtue of the Reisz-Shauder theory, the null-space of the operator
A* = I* — K* mapping {C®*)}* into itself is also one-dimensional. Therefore, there
exists a unique functional ®; € {C®)}* which is an eigenvalue of a dual compact
operator K*, i.e. K*®; = ®;. Let us define the following space with elements from
C5) (00)

By ={g:g9eC®, & (g) =0}
According to the Reisz-Shauder theory, the equation (7) is solvable if and only if g € Bj.
This implies the solvability of problem 1, if the right-hand-side of (7) belongs to Bj.
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