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Abstract. The present paper deals with a class of special functions which plays a crucial
part in investigation of weighted boundary value problems for the degenerate elliptic Euler-
Poisson-Darboux equation.
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1. Introduction. The present paper is devoted to a class of special functions
represented in the following integral form
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a and b are complex constants, Ri is an upper half-plane of the complex plane of the
variable z = x + iy, R! is the axis of the real numbers,

6 c[0,7], N°:=Nu{0},

N is the set of the natural numbers. N; and N5 denote the sets of the odd and even
natural numbers, respectively. NJ := N U {0}.

The above class of special functions plays a crucial part in investigation of weighted
boundary value problems for the degenerate elliptic equation [1,2]
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and iterated one [1,2]
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where b, ax, k = 0,1,...,n — 1, are, in general, complex constants. When y = 0, the
above equations have an order degeneration.
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2. Main Theorem.
Theorem. The function My(a,b,,j,m) is defined [i.e., the integral (1) ezists] and
1s independent of x, y:

when
Reb+m—k—-1>0 (2)
and either a #0, m € N°, ora=0,j#0, meN°, ora=j=m=0, ora=j =0,
b;&O,—Q,...,—Q(m— [%} —1>,m€N2;
or when
Reb+m—k>0 (3)
anda:j:O,b7é0,—2,...,—2<m— [%} —1>,m€N1.
Ifa =7 =0, and either b € {0,—2,...,—2 <m— [%] —1)},mEN, or condition

(3) is fulfilled when m,k € Ny, or (2) is fulfilled when k € N1, m € NJ, then

M;(0,b,0,m) = 0. (4)

Proof. Using the method of mathematical induction, we prove that
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The last product in ( ) we take equal to 1 if none of [ are admissible.
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It is easy to see that
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Using the method of mathematical induction (with respect to j), we prove that
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k=0 k=1 Kp4+1=0
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j—2
X H (Kgao — Kpr1 — 1)!sin (FLQCLTC tg—g) (9)
Y
k=1
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X sin [(m — k;)arc th
X Hsin |:(K/k+2 — Rgy1) arctg } , =2
k=1
According to the Leibniz formula,
amej ab —b m aneg gm—~ ab 7b
gurer _ Z € ' (10)
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By virtue of (5)-(7), (9), it is easy to show that for a fixed z belonging to the closure
of any bounded domain from R?%, we have:
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omeI .
G = Olr =€) €l = 400, j N, (13)
After substitution £ = z + yt we get:
ameaG —b
— = O (Jt| "™, |t| = 400, a # 0; (14)
83] E=x+yt
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m —b
i =0 (205 D) | e > oo (15)
6y E=x+yt
U
oo =0 (|t|™), || = +o0, j € N. (16)
a m
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In view of (11)-(16), in the above - mentioned domain from (10) we obtain

8m(9j€a9p_b
oym
(O (’l’ . ff_Re b—m) -0 (|t|—Reb—m) 7 ‘5’, ’t| — 400,

when either a #0, m € N°, ora=0, j #0, ;m € N°,
ora=j=m=0,

ora=j=0, b%O,—Q,...,—2<m— [%} —1), m € Ny;
) Ol =gty = O (e ) L fel It — oo,
when a = j =0, b;éO,—Q,...,—2<m— [%} —1), m € Ny;
: m
0, whena =75 =0, bE{O,—Q,...,—Q(m— [5} —1)}, m € N.
\

By virtue of (5)-(7) and (8), (9), we have

ameae —b
dy
E=x+yt
(17)
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where .
By (b, m; at) mH [at +b+2[l —1)],
=1

BK(@ m; at) _ (_1)m—2n+2 i 1:[ Z {H [b + 2 (ak — k)] (m — Oék)

Op—1=2k—3 j=1a;=2j-1 k=1

m—k+1

< [ lat+b+20-1)5, n:2,3,...,[—]+1;

=1
l#a;—i+1
1=1,2,..., k—1
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and
omg
8ym E=x+yt
( m 9 m J—2 KR+2 m
(=1 [sign(=0) "y (1472 2 | 11 3 {( ) )
k;=0 \ k=1 Kg41=0 j
j
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E=1 \ Fk+1
(18)
7j—2
=< X I (Kkg2 — Krs1 — 1)!'sin [koarc tg(—t)]
k=1
x sin [(m — k;) arc tg(—t)]
=
X H sin [(:‘ik+2 - /€k+1) arc tg(—t)]} , j > 2;
k=1
(=)™ (m = Dly™ (L4£2)7% [sign(—1)] "
[ xsin[m arctg(—t)], j=1,
respectively.
If (3) is fulfilled and m, k € Ny, then
M;.(0,b,0,m)
+oo am b +oo am b
= ybtmk—l /(5 — )k apm g = ybm / ik a,Om dt =0,
e y . T P

since the integrand because of (17) is an odd function with respect to ¢ while the
integral, in view of (3), is convergent. So, (4) is proved.
After substitution £ = x + yt the expression (1) will get the following form

+00
Mk(av baja m) = yb+m /

Now, according to (10), (17) and (18), it is clear that the right hand side of (19) and,
therefore, My(a,b, j,m) is independent of z, y.

tk amejetwp—b
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