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Abstract. In the paper there is constructed Hilbert space of measures. It is proved that, this
Hilbert space of measures is the straight sum of Hilbert subspaces. The necessary and enough
conditions, are to know when the statistic structures are strongly separable are proved. There
are given examples of strongly, weakly and orthogonal statistic structures.
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Let (E,S) measurable space. Here me recall some definitions (see [1]-[5]).

Definition 1. The following object {E, S, j1q,a € A} called statistical structure
connected with a stochastic system.

Definition 2. A statistical structure {E, S, 1., a € A} connected with a stochastic
system is called orthogonal (singular) if

(Vi) (Vj) (ie Ak jeA&i#j= i L ;).

Definition 3. A statistical structure { £, S, 1., a € A} connected with a stochastic
system is said to be weakly separable, if there exists a family of S-measurable sets
{X4,a € A} such that the relations

(Vi) (Vj) (i€ A& je A) :>ui(Xj):{ ? i ij

are fulfilled.

Definition 4. A statistical structure {E, S, 1., a € A} connected with a stochastic
system is said to be strongly separable, if there exist pairwise disjoint S-measurable
sets { X, a € A} such that the relation

(Vi) (e A= w(X;) =1 Vie A)

is fulfilled.

Definition 5. A linear subset of measures My C M7 is said to be a Hilbert space
of measures if

1) one can introduce on My a scale product

<,u,V>7 W, Ve MH7

such that My is the Hilbert space and for every mutually singular measures y and v,
W, v € My, the scale product

(n,v) =0;
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2)if v € My and |f| < 1, then

v (A) = / f(@)(de) € My,

A

where f(z) is the S-measurable real function, and
(v, vp) < ().

Note. If statistical structure is strongly separable, then it is weakly separable and
orthogonal. Besides if the statistical structure is weakly separable, then it is orthogonal,
but not vice-versa.

Example 1. Let £ = R X R, there R is the real measurable part or R x R Borel
o-algebra B(R x R) and let me discuss the following multiplications

y o) o<z <400, y=a for a € (0,1],
Tl lr=a—-2 —oco<y<4oo for ae€]23]

Then p,, a € (0,1] U [2,3] are Gaussian linear of measures on X, and o a plane
measure on R X R, then the statistic structure

{E:RXR,S:B(RXR),Ma,aE [o,1]u[2,3]}

is orthogonal, but it is not weakly separable.
Let H be separable Hilbert space and B(H) o-algebra created by H Borel sets.
Let mark the scale product as (z,y), xy € H, as it is known Gaussian characteristic
function on of p measure has the following form
1

W(2) = [ o) = exp {ia,2) - 5 (B2.2)},

H

where a € H is the approximate set and B is the correlating operator. Let us discuss
Gaussian’s measures on (H, B(H)), which are the same with the correlating operators.
Let {ya,s € H} be these measures, so we are discussing Gaussian stochastic structure
{H,B(H), jta,a € H}.

Feldman—Gaeck proved that Gaussian measures are either inter equivalent or or-
thogonal. Let us divide {u,,a € H} into the disjunct families, as follows: let the p,,
placed in the same families, which are equivalent, so pu, ~ p if only

o0 2
> w < 400 Va#b,

=1 v

where {e;}$°, are orthogonaling basises of B correlating operator, and \; are the mean-
ings of B operator. In different families there will be placed the p,, for which

ZMZ%—OO Ya #b.
i=1 g
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So Gaussian measures planed in different families are orthogonal pairs. Let us
choose one representative from each family, then we will get Gaussian stochastic or-
thogonal structure {H, B(H), ji,,a € A}.

Let us discuss My family of measure of v measures v(B) = > .4, f Ga () pia(dx),

where g,(z), B(H) are measurable real functions, A; C A is the countable subsets of
A and

> [l ali) <+

a€A; H

= Y [ d@g (o)

ac€A1NA2 H

where
u(B)= Y [ dmld), i=12
a€A; B

Theorem 1. My is Hilbert space of measures and My is the straight sum of
Hilbert Spaces Hg(p,a) so My = @aeA H (1), where Hy(pq) is the family of measures
ff T)ua(dzr) VA € B(H), that f]f Pue(dz) < +oo and |v| pyu,) =

<f|f 2 o dl’)>1/2‘

Theorem 2. Let card H is less, than continuum and My = @, 4 Ha(pta). In order
to{H,B(H), jta,a € H} be orthogonal structure be strongly separable in (ZFC) & (MA)
theory, it is necessary and enough that the correspondence f «— 1y, given by the
equality [ f(x)v(de) = (@/Jf, v) Yv € My be one-to-one (f € F, where f is the set of
those f for whzch [ f(z)v(dx) is defined Vv € My).

Proof. Necessity. As {H,B(H), jta,a € H} is strongly separable, then there exist
such B measurable X, sets, that pu,(H — X,) = 0 and p,(Xp) =0 Va # b. Let
function Ix,(z) € F be corresponded with p, € Ha(pa). Then [Ix, (z)pq(dz) =

[ Ix,(2)Ix,(2)pa(dz) = (lta, pta). Let function fy(x) = fi(z)Ix,(z) be corresponded
with ¢y € Hy(pa). Then any ¢y € Ha(pa)

/mwmwwmz/mmmm&mwmw
:/mwhm%wwﬂm%»

Let function f(z) = ZaeAf ga(x)fxa( ) € F be corresponded with the measure v €
MH with the following form v = 7 _, [ ga(2)pta(dzx), then Vi, € My 11(B) =

aeA1 fga, 1o (dx), we have
[ @)

/Zga )90 (@) ptal(dx) = > /ga 2)9q () ta(dz) = (1, )

a€A1NAz a€A1NA2



14 Aleksidze L., Zerakidze Z.

so the necessity is proved.
Sufficiency. Let f € F is corresponded with vy € My for which [ f(z)v(dz) =
(v, v), then 9y, 1o € Ho(p,) we have

/fwl (@)¢2(dz) = (1, o)
— [ £i@) sl malde) = [ forle)fta)pa(de)

So fwl f1 for almost every p, measures and fo(z) > 0 [ f2(x)po(dz) < 400, pi=
[ fo(@)pa(dz), then [ f:(2)p(dx) = (pa, i) =0 Vb # a. On the other hand p,(H —
X,) =0, X, ={z: fu(z)>0}. So the statistic structure {H,B(H), jtq,a € H} is
weakly separable. AS {1ta,a € H} are Borel measures and on card H < 2Xo.

Let these probability measures present in ordering form (u%)g@a, where w, is the
first ordinal number of /. As the family of measures {/i4, }¢<v, is weakly separable, then
there can be found such S-measured sets (X¢)e<w,, that (V) (V1) € [0,wa] &1 €

0,wa[ = pae(Xy) = { (1)’ i gfz . Let define the following w, order to be the

following condition:
1) (V¢) (¢ < w, = B¢ Borel multiplication from B(H));
2) (V) (£ < w, = Be C X¢);
3) (Ym) (Vn2) (m < wa) & (02 < wa) &m # n2 = By, N By, = &;
4) (V€) (€ <wa) = pae(Bg) =0

Let By = Xy for € < w, (Bg¢)ecw,, then there can be found such Borel subset Y

from H, that |J B, C Yz and ji,,(Be) = 0. Let B = X¢ — Y then the sets (Bg¢)ecw,
n<§
are pairwise disjoint sets and the following correlation g, (Bg) = 1.

So {H,B(H), s, a € H} is strongly separable statistic structure. So the sufficiency
is proved.

Note. If me identify functions in the F' function set, which are coincided in almost
every place for {p,,a € H} measures, then between correspondence f — v, will be
one to one.
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