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At first we consider the problem for the equations of elasticity theory. Let QT =
G × [0, T ], QT = G × (0, T ), where G = {0 ≤ xj ≤ `α, α = 1, 2, . . . , p}, be the
p-dimensional parallelepiped.

We consider the problem of finding of solution for the system

∂2u

∂t2
= Lu + f(x, t), (x, t) ∈ QT, (1)

which satisfied the following complementary conditions

u = 0, if x ∈ Γ = ∂G, t ∈ [0,T],

u(x,0) = u0(x),
∂u(x,0)

∂t
= u0(x) if x ∈ G, (2)

where

Lu = µ∆u + (λ + µ)graddivu, ∆u =

p∑
α=1

∂2u

∂x2
α

,

λ = const > 0, µ = const > 0 are the Lame coefficients, u = (u1,u2, . . . ,un) is
n-dimensional vector-function. The condition of positive definiteness is fulfilled for
c1 = µ, c2 = λ + 2µ (see [1]).

Let ωh = {xi = (i1h1, . . . , iphp)} be a net in G, 0 ≤ ij ≤ Nα, hα = `α/Nα,
α = 1, 2, . . . , p and ωτ = {tj = jτ, j = 0, 1, . . .} be a net on the interval 0 ≤ t ≤ T.

The set of the points (tj, xi), xi ∈ ωh(ωh) and tj ∈ ωτ is denoted by Ghτ (Ghτ ).
For net functions and their difference derivatives which are defined on Ghτ , we take

the following notations: yj+1(x) = y(tj+1, xi) = y((j + 1)τ, x1, . . . , xp), ŷ = y(tj+2, xi),
y̌ = y(tj, xi), yt = (y − y̌)/τ, yt = (ŷ − y)/τ, y(−1) = y(tj+1, x1, . . . , xi − hi, . . . , xp),
y(+1) = y(tj+1, x1, . . . , xi + hi, . . . , xp), yxi

= (y − y(−1))/hi, yxi
= (y(+1) − y)/hi, y◦

xi
=

(y(+1) − y(−1))/2hi = 1
2
(yxi

+ yxi
).

Let us introduce a space H of net functions defined on ωh and vanishing on Γh with

the inner product (y,v) =
n∑

i=1

(yi,vi),

(yi, vi) =
∑
x∈ωh

yi(x)vi(x)h1 . . . hp =

N1−1∑
i1=1

N2−1∑
i2=1

· · ·
Np−1∑
ip=1

yi(i1h1, . . . , iphp)



On a Difference Scheme for solution... 53

·vi(i1h1, . . . , iphp)h1 . . . hp

and the norm ||y|| =
√

(y,y). Besides we introduce the notations A = A1 + · · ·+ Ap,
Ai = −∆ii, ∆iiy = yxixi

.
The operator A is selfadjoint and positive in H. The norm in the energetic space

HA has the form

||y||2A =

N1∑

i1=1

N2−1∑

i2=1

· · ·
Np−1∑

ip=1

y2
x1

h1 . . .hp + · · ·+
N1−1∑

i1=1

N2−1∑

i2=1

· · ·
Np∑

ip=1

y2
xp

h1 . . .hp

or

||y||2A =

p∑

i=1

||yxi
||2i .

By analogy with [2], we put to the problem (1), (2) in the contrespondence the
difference problem

(E + στ 2Ri
j)yjtt = Li

jhy + fj, j = 1,2, . . . ,n, (3)

y = 0 if x ∈ Γh, t ∈ ωτ , y(x,0) = u0(x), yτ (x,0) = ũ0(x) if x ∈ ωh, (4)

where

Li
jhy =

p∑

j=1

ai
jjyixixj

+ 2aαβ

p∑
α,β=1

α6=β

∆αβy,

∆αβy =
1

4
(yxα + yxα)xβ

+
1

4
(yxα + yxα)xβ

, α 6= β,

Ri
j =

1

2
ai

jjAj, ai
jj = λ + 2µ, ai

jj = µ, i 6= j, aαβ =
1

2
(λ + µ), i = 1, 2, . . . , p.

For example we write out the absolute approximating difference scheme for p = 2

(E + στ 2Ri
j)yjtt = Li

jhy + fj, i, j = 1,2,

where

L1
1hy = a1

11y1xx1 +2a12∆12y2 +a1
22y1x2x2 , L2

2hy = a2
22y2xx2 +2a12∆12y1 +a2

11y2x1x1 ,
a1

11 = a2
22 = λ+2µ, a2

11 = a1
22 = µ, a12 = 1

2
(λ+µ), ∆12y = 1

4
(yx1 +yx1)x2 + 1

4
(yx1 +

yx1)x2, R1
j = 1

2
a1

jjAj, R2
j = 1

2
a2

jjAj, j = 1, 2.

For the difference schemes of a variant of shell theory (see [3] ) we obtain a system of
approximating equations of order N with 3N + 3 unknown functions. If we temporar-

ily don’t take into consideration the terms
k

M j (see [3], ch. I, §10) which contain the
unknown functions and their first order derivatives, then the resulting system of equa-
tions is subdivided into two groups: the first group contains the system of equations of
plane problem of elasticity theory and the second — the Poisson equation of two space
variables. Therefore, for them we write out the difference schemes analogously.

Further, the derivatives of first order are approximated by the central differences
y◦

xi
.
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The investigation of the received finite difference schemes is based on the general
regularization principle (see [1], ch. VI, §3). The stability sufficient condition of the
scheme (3) is given in the form

D >
1

4
τ 2Li

jh or D >
1 + ε

4
τ 2Li

jh, (5)

where D = E + στ 2Ri
j and Li

jh are selfadjoint positive operators. Before to receiving
of the stability sufficient conditions of the scheme (3), we write out some inequalities.
Taking into account the conditions of ellipticity of operator L, it is possible to show
that

c1||y||2A ≤ (Li
jhy,y) ≤ c2||y||2A.

Farther δ1E < A < δ2E, where E is identity operator

δ1 =

p∑
i=1

4

h2
i

sin2 πhi

2`i

, δ2 =

p∑
i=1

4

h2
i

cos2 πhi

2`i

.

Hence we obtain c1δ1E ≤ Li
jh ≤ c2δ2E. Then, it is possible make to use the in-

equalities

D >
1

4
τ 2c2A or D ≥ 1

4
τ 2c2δ2E,

instead (5). From this we obtain the following sufficient condition of stability:

τ

h
≤ 1√

c2(p− 2σ)
, 0 < σ ≤ 1

2
,

τ

h
<

1√
c2(p− 1)

, σ >
1

2
,

(h = h1 = · · · = hp, li = 1, i = 1, 2, . . . , p).

Remark. In the interval
1√
c2p

<
τ

h
≤ 1√

c2(p− 2σ)
,

(
0 < σ ≤ 1

2

)
, where the

stability conditions of explicit scheme are not safisfied in the family of scheme sets
with the approximation O(τ 2+|h|2), the represented types of schemes have preferencies
compared with other economical schemes.
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