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I.VEKUA APPROXIMATION N = 1 FOR THE NON-SHALLOW
CYLINDRICAL SHELLS
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Iv. Javakhishvili Tbilisi State University

We shall consider the non-shallow cylindrical shells for I.N. Vekua approximation
N = 1. The displacement vector U(x1, x2, x3) are expressed by the following formula
[1]

U(x1, x2, x3) = u(x1, x2) +
x3

h
v(x1, x2).

Here u(x1, x2) and v(x1, x2) are the vector fields on the middle surface x3 = 0, 2h
is the thickness of the shell, x3 is a thickness coordinate (−h ≤ x3 ≤ h), x1 and x2 are
isometric coordinates on the cylindrical surface.

Let us construct the solutions of the form [2], [3]:

u3 =
∞∑

k=0

k
u3ε

k, uα =
∞∑

k=0

k
uαεk (α = 1, 2),

v3 =
∞∑

k=0

k
v3ε

k, vα =
∞∑

k=0

k
vαεk (α = 1, 2),

where u1, u2 and v1, v2 are the tangent components of the vectors u and v respectively,

u3 and v3 denote the normal components of these vectors, ε =
h

R0

is a small parameter,

R0-the radius of the middle surface of the cylinder.
The system of equilibrium equations of the two-dimensional non-shallow cylindrical

shells may be written in the following form [4], [5]:

µ∆
k
u1 + (λ + µ)∂1

k

θ +λ∂1
k
v3 =

k

X1,

µ∆
k
u2 + (λ + µ)∂2

k

θ +λ∂2
k
v3 =

k

X2, (1)

µ∆
k
v3 − 3

[
λ

k

θ +(λ + 2µ)
k
v3

]
=

k

X3,

µ∆
k
v1 + (λ + µ)∂1

k

Θ−3µ(∂1
k
u3 +

k
v1) =

k

X4,

µ∆
k
v2 + (λ + µ)∂2

k

Θ−3µ(∂2
k
u3 +

k
v2) =

k

X5, (2)

µ∆
k
u3 + µ

k

Θ =
k

X6,

(k = 0, 1, 2, ...),
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where

k

X1 = X1 − µ

(
k−1
v1 +

∂22
k−1
v1

3

)
+

[ k−1
2 ]∑

s=0

(
λ + 2µ

2s + 3
∂11

k−2s−1
v 1 − λ + 3µ

2s + 1
∂1

k−2s−1
u 3

)
−

− µ

[ k−1
2 ]∑

s=1

k−2s−1
v 1

2s + 1
−

[ k
2 ]∑

s=1

(
λ + 2µ

2s + 1
∂11

k−2s
u 1 − λ + 3µ

2s + 1
∂1

k−2s
v 3 − µ

2s− 1

k−2s
u 1

)
,

k

X2 = X2 − λ∂2
k−1
u3 − λ + 2µ

3
∂22

k−1
v2 − µ




[ k
2 ]∑

s=1

∂11
k−2s
u 2

2s + 1
−

[ k−1
2 ]∑

s=0

∂11
k−2s−1

v 2

2s + 3


 ,

k

X3 = X3 + 3λ
k−1
u3 + (2λ− µ)∂2

k−1
v2 − µ∂22

k−1
u3 + 3

[ k−1
2 ]∑

s=0

(
µ

2s + 3
∂11

k−2s−1
u 3+

+
λ + 3µ

2s + 3
∂1

k−2s−1
v 1

)
− 3(λ + 2µ)

[ k−1
2 ]∑

s=1

k−2s−1
u 3

2s + 1
−

− 3

[ k
2 ]∑

s=1

(
µ

2s + 1
∂11

k−2s
v 3 +

λ + 3µ

2s + 1
∂1

k−2s
u 1 − λ + 2µ

2s− 1

k−2s
v 3

)
,

k

X4 = X4 − µ∂22
k−1
u1 + 3

[ k−1
2 ]∑

s=0

(
λ + 2µ

2s + 3
∂11

k−2s−1
u 1 − λ + 3µ

2s + 3
∂1

k−2s−1
v 3+

+
µ

2s + 1

k−2s−1
u 1

)
− 3

[ k
2 ]∑

s=1

(
λ + 2µ

2s + 3
∂11

k−2s
v 1 − λ + 3µ

2s + 1
∂1

k−2s
u 3 − µ

2s + 1

k−2s
v 1

)
,

k

X5 = X5 − (λ + 2µ)∂22
k−1
u2 − (2λ− µ)∂2

k−1
v3 −

− 3µ




[ k
2 ]∑

s=1

∂11
k−2s
v 2

2s + 3
−

[ k−1
2 ]∑

s=0

∂11
k−2s−1

u 2

2s + 3


 ,

k

X6 = X6 + λ
(

k−1
v3 + ∂2

k−1
u2

)
− µ

3
∂22

k−1
v3 +

+

[ k−1
2 ]∑

s=0

(
µ

2s + 3
∂11

k−2s−1
v 3 +

λ + 3µ

2s + 1
∂1

k−2s−1
u 1

)
− (λ + 2µ)

[ k−1
2 ]∑

s=1

k−2s−1
v 3

2s + 1
−

−
[ k
2 ]∑

s=1

(
µ

2s + 1
∂11

k−2s
u 3 +

λ + 3µ

2s + 1
∂1

k−2s
v 1 − λ + 2µ

2s− 1

k−2s
u 3

)
,

(
k = 1, 2, ...;

k
u 3 =

k
v 3 =

k
u α =

k
v α = 0, if k < 0; α = 1, 2,

k

θ = ∂1
k
u 1 + ∂2

k
u 2,

k

Θ = ∂1
k
v 1 + ∂2

k
v 2, ∂α =

∂

∂xα

)
.
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Here λ and µ are Lame’s constants, Xi (i = 1, ..., 6) - the components of external
force.

For each fixed k equations (1) and (2) coincide with equations of I. N. Vekua which
is obtained for prismatic shells with constant thickness in case of approximation N = 1.
The right part of equations (1) and (2) is well-known quantity, defined by functions
0
u i, ...,

k−1
u i,

0
vj, ...,

k−1
vj (i, j = 1, 2, 3).

The general solutions of systems (1) end (2) are written in the following form:

2µ
k
u + = æ

k
ϕ(z)− z

k
ϕ ′(z)−

k

ψ(z)− λ

6(λ + µ)

∂
k
χ(z, z̄)

∂z̄
+

k̂
u+,

2µ
k
v 3 = − 2λ

3λ + 2µ

(
k
ϕ

′
(z) +

k
ϕ ′(z)

)
+

k
χ(z, z̄) +

k̂
v3,

2µ
k
v + =

4(λ + 2µ)

3µ

k

f ′′(z) + z
k

f ′(z) +
k

f(z)− 2
k
g ′(z) + i

∂
k
w(z, z̄)

∂z̄
+

k̂
v+,

2µ
k
u 3 = −1

2

(
z̄

k

f(z) + z
k

f(z)

)
+

k
g(z) +

k
g(z) +

k̂
u3,

(
k
u + =

k
u 1 + i

k
u 2,

k
v + =

k
v 1 + i

k
v 2, z = x1 + ix2,

∂

∂z̄
=

1

2

(
∂

∂x1
+ i

∂

∂x2

)
,

∂

∂z
=

1

2

(
∂

∂x1
− i

∂

∂x2

))
,

where æ =
5λ + 6µ

3λ + 2µ
,

k
ϕ(z),

k

ψ(z),
k

f(z) and
k
g(z) are any analytic functions of z,

k
χ(z, z̄)

and
k
w(z, z̄) are the general solutions of the following Helmholtz’s equations, respec-

tively:

∆
k
χ − η2

k
χ = 0

(
η2 =

12(λ + µ)

λ + 2µ

)
,

∆
k
w − γ2 k

w = 0
(
γ2 = 3

)
.

Here
k̂
u+,

k̂
v3 and

k̂
v+,

k̂
u3 are particular solutions of the non-homogeneous equations (1)

and (2), respectively.
Let’s consider the following boundary value problems for system (1),(2).
Find the solutions of the homogeneous system of equations (1) and (2) compatible

with the kinematic boundary conditions:

k
u + =





k

F
′
+, | z |= R1,

k

F
′′
+, | z |= R2,

k
v 3 =





k

F
′
3, | z |= R1,

k

F
′′
3 , | z |= R2,

(3)

k
v + =





k

G
′
+, | z |= R1,

k

G
′′
+, | z |= R2,

k
u 3 =





k

G
′
3, | z |= R1,

k

G
′′
3 , | z |= R2,

(4)
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where
k

F+,
k

F3,
k

G+,
k

G3 are the known functions of
0
ui, ...,

k−1
ui,

0
vj, ...,

k−1
vj (i, j, = 1, 2, 3).

Let us introduce the functions
k
ϕ(z),

k

ψ(z),
k
χ(z, z̄),

k

F + and
k

F 3 by the series

k
ϕ(z) = Azlnz + αlnz +

∞∑
n=1

k
anzn,

k

ψ(z) = βlnz +
∞∑

n=0

k

bnzn,

k
χ(z, z̄) =

∞∑
−∞

(
k
αnIn(ηr) +

k
α

′
n Kn(ηr)

)
einθ,

k

F+ =
∞∑
−∞

Aneinθ,
k

F 3 =
∞∑
−∞

Bne
inθ,

(5)

where In(ηr) and Kn(ηr) are Bessel’s modificed functions.
By substituting (5) into (3) we obtain the system of algebraic equations:

A = 0, æα + β̄ = 0,

2ælnR1α− 2R2
1

k
a 2 − λη

12(λ + µ)

(
I0(ηR1)

k
α−1 −K0(ηR1)

k
α

′
−1

)
+ æ

k
a0 −

k

b 0 = A
′
0,

2ælnR2α− 2R2
2

k
a 2 − λη

12(λ + µ)

(
I0(ηR2)

k
α−1 −K0(ηR2)

k
α

′
−1

)
+ æ

k
a0 −

k

b 0 = A
′′
0 ,

−α + æR2
1

k
a2 − λη

12(λ + µ)

(
I2(ηR1)

k
α1 −K2(ηR1)

k
α

′
1

)
−R−2

1

k

b −2 = A
′
2,

−α + æR2
2

k
a2 − λη

12(λ + µ)

(
I2(ηR2)

k
α1 −K2(ηR2)

k
α

′
1

)
−R−2

2

k

b −2 = A
′′
2 ,

æRn
1

k
an + (n− 2)R−n+2

1

k
a −n+2 − λη

12(λ + µ)

(
In(ηR1)

k
αn−1 −Kn(ηR1)

k
α

′
n−1

)

−R−n
1

k

b −n = A
′
n,

æRn
2

k
an + (n− 2)R−n+2

2

k
a −n+2 − λη

12(λ + µ)

(
In(ηR2)

k
αn−1 −Kn(ηR2)

k
α

′
n−1

)

−R−n
2

k

b −n = A
′′
n,

I1(ηR1)
k
α1 + K1(ηR1)

k
α

′
1 −

2λ

3λ + 2µ

(
2R1

k
a2 − α

R1

)
= B

′
1,

I1(ηR2)
k
α1 + K1(ηR2)

k
α

′
1 −

2λ

3λ + 2µ

(
2R2

k
a2 − α

R2

)
= B

′′
1 ,

In(ηR1)
k
αn + Kn(ηR1)

k
α

′
n −

2λ

3λ + 2µ

(
(n + 1)Rn

1

k
an+1 − (n− 1)R−n

1

k
a −n+1

)
= B

′
n,

In(ηR2)
k
αn + Kn(ηR2)

k
α

′
n −

2λ

3λ + 2µ

(
(n + 1)Rn

2

k
a n+1 − (n− 1)R−n

2

k
a −n+1

)
= B

′′
n,

(n = ±1, −2, ±3, ...).
(6)

For coefficients
k
an and α we have:

k
a2 =

E1C2 − E2C0

E1T2 − E2S0

, α =
C0T2 − C2S0

E1T2 − E2S0

,

k
an =

T−n+2Cn − SnC−n+2

TnT−n+2 − SnS−n+2

,
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where

E1 = 2æln
R2

R1

− λ2η(I0(ηR2)− I0(ηR1))(R1K1(ηR1)−R2K1(ηR2))

6(λ + µ)(3λ + 2µ)R1R2(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))

+
λ2η(K0(ηR2)−K0(ηR1))(R1I1(ηR1)−R2I1(R2))

6(λ + µ)(3λ + 2µ)R1R2(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
,

E2 = R2
1 −R2

2 −
λ2η(R2

2I2(ηR2)−R2
1I2(ηR1))(R1K1(ηR1)−R2K1(ηR2))

6(λ + µ)(3λ + 2µ)R1R2(I1(ηR2)K1(ηR1)− I1(ηR1)K2(ηR2))

+
λ2η(R2

2K2(ηR2)−R2
1K2(ηR1))(R1I1(ηR1)−R2I1(R2))

6(λ + µ)(3λ + 2µ)R1R2(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
,

Cn = A
′′
nR

n
2 − A

′
nRn

1

+
λη(Rn

2In(ηR2)−Rn
1In(ηR1))(B

′′
n−1Kn−1(ηR1)−B

′
n−1Kn−1(ηR2))

12(λ + µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

− λη(Rn
2Kn(ηR2)−Rn

1Kn(ηR1))(B
′′
n−1In−1(ηR1)−B

′
n−1In−1(ηR2))

12(λ + µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))
,

Tn = æ(R2n
2 −R2n

1 )

− λ2ηn(Rn
2In(ηR2)−Rn

1In(ηR1))(R
n−1
2 Kn−1(ηR1)−Rn−1

1 Kn−1(ηR2))

6(λ + µ)(3λ + 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

+
λ2ηn(Rn

2Kn(ηR2)−Rn
1Kn(ηR1))(R

n−1
2 In−1(ηR1)−Rn−1

1 In−1(ηR2))

6(λ + µ)(3λ + 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))
,

Sn = (n− 2)
[
R2

2 −R2
1

+
λ2η(Rn

2In(ηR2)−Rn
1In(ηR1))(R

−n+1
2 Kn−1(ηR1)−R−n+1

1 Kn−1(ηR2))

6(λ + µ)(3λ + 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

− λ2η(Rn
2Kn(ηR2)−Rn

1Kn(ηR1))(R
−n+1
2 In−1(ηR1)−R−n+1

1 In−1(ηR2))

6(λ + µ)(3λ + 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

]
.

Let
k

f(z) = Czlnz + γlnz +
∞∑

n=1

k
c nz

n,
k
g(z) = δlnz +

∞∑
n=0

k

d nzn,

k
w(z, z̄) =

∞∑
−∞

(
k

β nIn(γr) +
k

β
′
nKn(γr)

)
einθ,

k

G + =
∞∑
−∞

Mneinθ,
k

G 3 =
∞∑
−∞

Nneinθ.

We now find the coefficients
k
cn,

k

dn,
k

βn and
k

β
′

n from following system of algebraic
equations

iγ

2

(
I1(γR1)

k

β0 −K1(γR1)
k

β
′

0

)
+ R1

(
k
c1 +

k
c1

)
− 2δ

R1

= M
′
1,

iγ

2

(
I1(γR2)

k

β0 −K1(γR2)
k

β
′

0

)
+ R2

(
k
c1 +

k
c1

)
− 2δ

R2

= M
′′
1 ,
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iγ

2

(
In(γR1)

k

βn−1 −K1(γR1)
k

β
′

n−1

)
+ Rn

1

k
cn +

4(λ + 2µ)

3µ
(n− 1)(n− 2)R−n

1

k
c −n+2

−(n− 2)R−n+2
1

k
c −n+2 + 2(n− 1)R−n

1 d−n+1 = M
′
n,

iγ

2

(
In(γR2)

k

βn−1 −K1(γR2)
k

β
′

n−1

)
+ Rn

2

k
cn +

4(λ + 2µ)

3µ
(n− 1)(n− 2)R−n

2

k
c −n+2

−(n− 2)R−n+2
2

k
c −n+2 + 2(n− 1)R−n

2 d−n+1 = M
′′
n ,

k

d0 +
k

d0 − R2
1

2

(
k
c1 +

k
c1

)
+ 2δlnR1 = N

′
0,

k

d0 +
k

d0 − R2
2

2

(
k
c1 +

k
c1

)
+ 2δlnR2 = N

′′
0 ,

Rn
1

k

dn + R−n
1

k

d −n − 1

2

(
Rn+2

1

k
cn+1 + R−n+2

1

k
c−n+1

)
= N

′
n,

Rn
2

k

dn + R−n
2

k

d −n − 1

2

(
Rn+2

2

k
cn+1 + R−n+2

2

k
c−n+1

)
= N

′′
n .
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