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1. We consider the (B, S)-financial market consisting of two kinds of assets: the
bank account (bonds) B = (B,,) and the stocks S = (S,,), n = 0,1,..., N. According to
the well known Cox—Ross—Rubinstein binomial model, the behavior of these variables
with respect to time can be expressed in terms of the recurrent relations

Bn:(l + T)Bn_l, S, = (1 + Pn)Sn—I; By > 0, So > 0, (1)

where r > 0 is an interest rate and p = (p,) is a sequence of independent, identically
distributed random variables taking only two values a and b, —1 < a < r < b, n =
0,1...,N.

The European type standard option with the payoff function

fv = f(Sny) = max(Sy — K, 0) (2)

is a bank-eligible security which can be used to buy a stock at a fixed time moment N
and at an a priori prescribed price K > 0.

Let us assume that the investors initial capital is Xg = = > 0 and we have a
sequence of positive functions g = (¢g,), n =0,1,..., N, go = 0.

Assume that at a time moment n — 1 the investor constructed the strategy m,_1 =
(Bn-1, Yn—1) (portfolio), where /3,,_1 and ~,_; are respectively the number of bonds and
the number of stocks. If at a time moment n — 1 the process of bonds and stocks are
respectively B, 1 and S,,_1, then the investors capital has the form

Xy 1= Bn1Bn1+ 1501 (3)
We will construct a new minimal strategy ' = (5%, ;) such that the equalities

X7y = By Bn 4+ 75Sn-1 + gn, (4)

X% = BBy +3Sn = f(Sn) (5)

be fulfilled. As to the option price, it is an initial sum such that guarantees the
fulfillment of equality (5). The option price is denoted by Cly.
2. Suppose we consider the standard option with the payoff function (2) and

In = 100 Brn_1+ c27Sn-1, 0<c1 <1, 0<cy < 1. (6)

Lemma 1. At each time moment n, n = 0,1,...,N — 1, a minimal strategy
1 = (B 1, 7h41) 45 defined by the equalities

o _ A+ +a)S,) — (1 +a)f((1+5)Sh)
P = (1+7)(b—a)B, ’ @)
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o JUL+a)Ss) — f((1+0)Sy)
Tn+1 = (b — @)Sn . (8)

Proof. Assume that at some moment of time n we have the portfolio m,, = (5, V»).
We need to construct a portfolio 7,11 = (811, Yns1) such that

X;Z—I—l = ﬁn-&—an—‘rl + '7n+15n+1 = f(Sn-l-l)

be fulfilled at a moment of time n + 1.

Then, taking into the financial (B, S)-market model (1), for the unknown values
Bni1 and 7,41 we obtain a system of two unknown linear equations, the solution of
which (8., 8;,,) is given by equalities (7) and (8).

Lemma 2. The capital of the minimal strategy constructed by equalities (7), (8) is
defined by the equality

X7 = T+ 08 + (=) (0 + 0)S.)) o)

where
. r—ca(l+a)+ce(ltr)—a

p= b—a)(1+a)

(10)

Proof. Assume that the portfolio 7,11 = (841, Yns1) is constructed at a moment
of time n. Then its corresponding capital can be written in the form

X;; = BnJran + 7n+1Sn-

If in this expression the values n+1 and n+1 are replaced by the values 3;;,; and 7,
defined by equalities (7) and (8), then we easily obtain the capital process expression (9)
which actually represents the corresponding amount of the portfolio 7, = (35,1, 75.1)
at the moment of time n.

Lemma 3. The following recurrent equalities are valid:

1+Cl
1+r

CN-kj = D" Cn—kt1+1 + (1 = ") CNn_py14], (11)
where k = 1,...,N, 5 =0,1,...,N — k, the value p* is defined by equality (10) and
0070 = CN-

Proof. We use the method of construction of a binomial tree with N steps and
the terminal node N + 1. At a moment of time n = 1,2,..., N the stock cost can be
calculated by the equalities Sy = Sy, = So(1 +0)/(L +a)¥ 7, j=0,1,...,N.

At the terminal moment of time n = N, the option prices at a node N + 1 are
calculated by the equalities fy = fn; = f(Sn;), 7=0,1,..., N.

Now, at a moment of time N — 1, the current option prices at the preceding node
N are calculated by the equalities

14+c¢ ., . .
Cn-1j = —;[P Sy + (1 =p)fnyl, 5=0,1,...,N—1.
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Analogously, at a time moment N — 2 we will have at an N — 1 node

1—{—01
1+r

Continuing this procedure, we easily obtain relation (11) for a node N — k + 1. If
we continue the procedure in this manner, then at a moment of time n = N — N =0
we reach the initial node or the vertex of the binomial tree with /N steps, where the
true price of the option is calculated by the equality

Cn_a; = [p*CN—l,j-H + (1 — p*)ON—l,j]u j=0,1,....,N =2

1+ C1
=00= * 1—p* .
CN =00 117 [p*Cry+ (1 —p")Chy]
Theorem. An option price is defined by the equalities
N
(Tt e)(I+a)\N/1+b\*
Cn SokEkOCN(p) ( p*) 1+r 1+a (12)

Cy
< 1+r ) Z P
where ko is the smallest integer number for which there holds the inequality

> K.

s+ (1)

+a

Proof. Assume that f is some payoff function and p is a number such that 0 <
p < 0. Let us introduce the notation

Z f( (1+0)"(1 4 a)"*C*p*(1 — p)”_k>.

In that case, if f is a payoff function of a European type standard put option, then
we have

FN(SO;p*) =

Iicjl% F(1 - p)N* max (0 So(1 + a)N<i::__b)k(1+cl)N—K>,

a

If kg > N, then it can be easily shown that Fy(Sop;p*) = 0, while if ky < N, then
relation (12) is fulfilled.

The lemmas are proved by means of the so-called binomial trees and the reciprocal
portfolio principle, while the theorem is proved by using [1] and [2].

3. Let us now consider the binomial trees and, using the obtained formulas, solve
the one-step N =1, n = 0,1 and two-step N =2, n =0, 1,2 problems. We introduce
the notation

Sl Sl] - SO(l +b) (]. ‘l‘(l)l ]7 fl - fl,j = f(Sl,j)a j = Oa 1a (13)
Sy =S, =S(1+bY(1+a)*7, fo=fo;=1Ff(S2), j=01,2. (14)
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It is assumed that By = 20, r = %, K =100, Sy = 100, p, = b = %, or p, =a = —%,
n=0,1,2

Example 1. N =1, n=0,1; ¢, = %, Co = %. We have Cy = 82 pgr = 3
M=5 9= X = O

1) if S; = 811 = 160, then XT = f(S;) = 60;

2) if Sl = Sl,O = 60, then X{r* = f<51> =0.

Example 2. N =2, n=0,1,2; ¢; = %, Ccy = 5—10. We have
C,_ 09:203:13 . 60913 . 60913
27 740000 0 YT T 74000 0 T 710000
609 -13 -3 .
= Xﬂ' = C .
9 40000 0 2

Case I. S} = 51, =160, 35 = —%a Ve = %7 92 = %g'
1) if Sy = Spp = 256, then XJ = f(S,) = 156;

2) if Sy = Sy1 = 96, then X7 = f(S,) = 0.

Case II. S; = 5,0 =060, 55 =7 = g2 = 0.

1) if Sy = So1 = 96, then XJ™ = f(S,) = 0;

2) if Sy = Sy = 36, then XJ™ = f(S,) = 0.
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