Reports of Enlarged Session of the

Seminar of I. Vekua Institute
of Applied Mathematics

Volume 20, N°2, 2005

THE STATIONARY CURRENT OF THE MICROPOLAR VISCOUS
INCOMPRESSIBLE FLUID OUTSIDE OF AN INFINITE PIPE

Kharashvili M.

Georgian Technical University
Abstract

There obtained the general representation formula to the homogeneous system of stationary
oscillation equations of the micropolar viscous incompressible fluid written in the from of one
harmonic and two metaharmonic functions. Using this representation formula it is solved the
exterior problem to circle when the limiting values of velocity and rotation are given on the
boundary. The solution is obtained in the from of absolutely and uniformly convergent series.
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The homogeneous system of stationary oscillation equations of viscous incompress-
ible fluid reeds as follows [1]

divu(z) =0,
(u+ @)Au(z) — 2arot w(z) — grad p(x) + pou(x) = 0, (1)
(v + B)Aw(z) + 2arot u(z) + (Zo? — da)w(z) =0,

Where A is the laplace operator, u(z) = ( ui(z), us(x) )" is the velocity, p(x)
and w(z) are pressure function and rotation function respectively, 0> = —ir, 7 is the
oscillation (frequency) parameter, p is the density, I is the moment of inertia, o, 3, u, v
are positive physical parameters and

ow 8w>T

rotu = — — — 1rotw:(__7 -
(%2 8x1

here superscript T denotes transposition.

Let Q1 be the circle with the center in the origin and radius R

Q- =R*\QF.

Problem. find a regular solution U’ = (wu,w,p )" of the system (1) in the domain
Q™ satisfying the only one of the following two conditions on the boundary 052

()] = f(2), W) = fs(2) (2)

or
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[H(0z,m)U'(2)]” = f(2), [T(0z,n)w(2)]" = fa(2), (3)

where f(2) = (fi(2), f2(2)), fi(2), Jj = 1,2,3 are the given functions on the
boundary 9Q n(z) = (n1(2),n2(2))" is the outward unit normal vector to QF at the
point z € 99, s(z) = (—na(2),n1(2))".

In the vicinity of infinity the vector U’(x) satisfies the following conditions

Ouy(x)

pa) = oflel ™) o) =00), 2 ey (@)
o) =ofle ™), 2 —oqiaf ), k=12

let us denote by (I9)~ and (11°)~ the problems (1)-(2) and (1)-(3) respectively.
The stress vector has the following from

ou

H(0x,n)U'(z) = 2@6— — s(x)[(p — ) rot u + 2aw] — n(zx)p,

T(0z,n)w(z) = (v + )

Theorem 1.The problems (1)~ and (I17)~ are uniquely solvable.

Proof. The theorem will be proved if we show, that the corresponding homogeneous
problems (/7)~ and ([I?)” f; =0, j =1,2,3 have only trivial solutions.

Green’s formula has the following form in the domain Q= [3]

/memﬁw:—/w@]mmumﬁ@]@—/mamm, (5)

Q- o0 Q-

where U = (u,w)", E(u,u) >0, [3]

(u+ a)Au — 2arot w — grad p H(dx,n)U'

M(0z)U" = , T (0x,n)U =

(v + B)AW + 2arot T — daw T'(dz,n)w

using the equality M (0z)U’ = o?[ pu, Iw | and the boundary conditions of the
problems (17)q and (117)g, we have

o? /[ plul® + Iw|* |dz + /E(U,U)dx = 0.
Q- 0-

This last equality emplies that
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and consequently u(z) = 0, w(x) =0, x € Q. If we use these equalities in
(1),we have that gradp(z) =0, =z € Q~ As p(z) vanishes in the vicinity of infinity,
we conclude that p(z) =0, z€ Q. 0O

Theorem 2.The vector U' = (u,w,p)’ is the solution of the system (1) in the
domain QF if and only if can be represented in the following form

u(z) = gradws(z) + Z kf rotw;(z), w(z)= ij (z), p(z) = poiws(x), (6)

where

po*(Io? — 4a)
(h+a)(v+5)

Aws() =0, (A+X)wi(r) =0, j=1,2, A\ A=

AL+ A5 = (u+a)(y+ﬁ)[(y+6)pa + (p+a)(Io” — 4a) + 407,
£ = 5=+ )+ X+ 1+ ) (0% — da) + o),

Suppose that ImA; >0, j =1,2. Let us solve the problem (I/7)~. We are looking for
the solution of this problem in the form (6), where [4]

w;(z) = Z hk()\jr)(a,(j) cos kg + b,(Cj) sinky), j=1,2, (7)
k=0
X/ R\K . .

w3(r) = <7> (0¥ cos ko + b sin k),
k=0

here a,(cj ), bg ), j = 1,2,3 are the sought for constants, (r, ¢) is the polar coordinates
of the point z,

H (A7)

hi(X\:r) =
K H"(\R)

where H ,gl)(:v) is the Hankel function of first Kind.
Let us chainge the boundary condition (2)by its equivalent condition

[un(2) |7 = Fi(2), [us(2)|” = Fa(2), [w(z)]” = F3(2) (8)
where

Up = MU + NoUa, U = —NoUy +NiUe, F1=n1fi +nofe, For=—nofi +nifo,
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If we substitute the functions w;(x) from (7) into (6) we have

up(x) = Z(u,(:) (r) cos ko + v,(:)(r) sin k),
k=0
us(z) = Z(ug) (r)cos ko + v,(f)(r) sin k), (9)
k=0
oo 2 ' .
w(z) = Z Z hi(Ar)(aY cos ko + b sin k),
k=0 j=1
[ W S I C) 2 k2 ()
uy (1) k RNk | a ; bt
=—=(= — S .
I v,gl)(r) ] R(’r) bl(f) ; r k(A7) —@;(3)
I 3)
(2) k1| a (4)
—v o (r) |k R\RF k B 5 d by
u® ry | R < r > (3) Z g d ha(Ast) at?
L k bk: 7=1 k

Let us expand the functions f,,(z), fs(z) and f3(z) into fourier series [3]

[e.e]

Fi(z) = Z(a,(j) cosky + 5,53') sinky), j=1,2,3, (10)
k=0

Taking limit in the both side of the equality (9), as z — 2z € 92 (r — R) and
using the boundary condition (8) and equality (10), we obtain the system of algebraic
equations to sought for constants

[ 3) T 2 2 i 1
o]l ][]
R I by = R —akf — B
Lk a](c?)) 2 , d i) 12
— — k: hi( AR k = k , 11
R i b](f) ]Z:; de k( ] ) CL,(CJ) Oé](f) ( )
2

b,(j) 5(3) L0
_a(J) _a(3) ’ =

j=1 k k

Lemma.To each trivial vector U' = (u,w,p)’,represented in the form (6) there

corresponds the trivial vector (wq,ws, wg)T and vise-versa.
Due to this lemma and the Theorem 1 the system (11) is consistent. Substituting
the solution of this system in the representations (7) and (6), we obtain the solution

of the problem (I)?. If we require that f;(z) € C*(0Q), j = 1,2,3, then the series
(9) and its derivative series will be absolutely and uniformly convergent in the domain

Q-.
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