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Abstract

It is considered the contact problem for domains bounded by spherical surfaces. Uniqueness
theorem of the problem is proved. The solutions are represented by absolutely and uniformly
convergent series.
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We denote by Q7 the ball bounded by the sphere 02 centered at the origin and
with radius R, ie. QT ={z: 2 € R |z| < R}, 00 ={x: x € R? |z| = R}. Let
O =R3 \ﬁJr. Let us consider the following problem:

Problem (A). Find a regular vector U(z) = (u(z),w(z)) and a scalar function
v(z) in QF and Q™ respectively, which satisfy:
a) the differential equations [2]
(p+ @)Au(z) + (A + p — a) grad div u(z) + 2arotw(x) = 0,
(v + B)Aw(z) + (¢ + v — B) grad divw(z) + 2arot u(x) — daw(x) = 0, z € QF,

(1)

Av(z) =0, =€ Q; (2)

b) the contact and boundary conditions on 0f2

[H(02,m)U(2)]" = dan(2)[v(2)]” = fV(2), (3)

¢) while in the vicinity of the infinity the function v(z) meets the following asymptotic
relations

Ov(x)
8xj
where u(z) = (u1(2), uz2(x), uz(z)) is the displacement vector, w(z) = (wi(z),wa (),
ws(x)) vector of rotation, fO) = (f9, £ 9N, fu(2), f9(2), k =1,2,3, j = 1,2, are

given functions on 0. n(z) is the outward (to Q%) unit normal vector at the point

z € 09,

v(z) = O(lz| ™), = o|z|™), j =123, (4)
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Ju(x)
M@n(a:)
+2a(n(z) x w(z)],

~ B V@w(as)
T(0z,n)w(x)=2 an(r)

H(0z,n)U(x)=2 + An(z)divu(z) + (1 — a)[n(x) X rotu(z)]

+ en(z) divw(x) + (v — B)[n(x) X rotw(z)],

A, i, vy« 3, €, dy, do are the constants, which satisfy the conditions: p > 0, a > 0,
v>0,0>03\4+2u>0,3+2v >0, ddy >0.

Theorem. The general solution of the problem (A)y (fy =0, f9) =0, j =1,2) is

uz)=laxz], wikx)=a, €Q", v(®)=0 €.

Proof. We have Green’s formulas for (1),(2) system in domains QF [2]

/U(x) - M(0x)U(z) dx = / [u(z) - H(0z,n)U(z)

o+ o9
+w(z)-T(@z,n)w(z)]ers—/E(U, U)dz, (5)
Q+
/v(a:)Av(a:) dr = —/ [v(z) 8U(2>}_ds—/(gradv(x))2 dx
on(z) ’

Q- o0 Q-
where

B 2u, ., B+ pxs Ou Qw2 N2
B(U.U) = = (divu)? + = (dive)? + 23221 ( e e divu)

S 0w Ow; 2.\ ae O0u O o 2
52 (oo o o) +5 22 (52— 5 w2 e

k=1

M (0x)U(x) is the left part of the system (1).
Taking into account the conditions of the Problem(A)y. from (5) we have

EU,U)=0, gradv(z)=0.
The solutions of this equations has the form [2]
wx)=laxz]+b, wx)=a €0, v@)=c €,

where a and b are three-dimensional vectors, ¢ is a constant.
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From the conditions (4) and boundary conditions of problem (A)y we have
ur)=laxz], wikx)=a, z€Q, v(®)=0, z€Q .0
Let us seek the solutions of the formulated problem (A) in the form [3]

u(z) = grad ®,(r) — a grad r? (r% + 1)@2(:16) + rot rot(2r?®y(z)) +
+rot(x®3(x)) + 2alrot rot(z®@5(x)) + rot(zPg(z))],

w(z) = grad ®4(z) — rot [:c (27“% + 3) @Q(x)} + 1rot rot(z®3(z))

(6)
—(p+ @) [\ rot(z®5(x)) — rot rot(x®g())],
00 k
RyK+L_
@) =33 () Y"0.9) B, (7)
k=0 m=—k

where B, is sought for constant, x = (21, 9, x3), r = |z|, Ta@ = (z-grad), A®;(x) =0,
=123, (A= A)by(a) =0, (A- A),(x) = 0, j = 5,6, a— p(\+2u)",
A =da(e+2v)7 A =dap[(v + B)(u+a)] ™,

m 2k+1 (k—m)!
Yy )(19790)2\/ ( )

el e T LI LE

We look for functions ®;(x), j = 1,2

@(@:i zk: (i '

L)YV W,0)AG G =1,23
k=0 m=—k

., 6, in the following form

gk, )Y (0, 0) ALY

mk? (8)
0 k '
Oi(x) =D > g, )Y (9, 0)AY) j =56,
k=0 m=—k
where

| R ]k—i-%(/\jT) ,

k+§( iR
Upon substitution of the ®;(z) from (
have

8) into the representations u(x) and w(z), we

o
I
|
e

aw) =3 3 (a0 Xk 0, 0) + VRO + 1) (5 () Yok (9, )

mk

(1) Xk (9, 2) + v/ 1) (001 Yok (9, )
k

w(z) = i i [U(Q)
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The stress vectors has the following form

H(dz,n) Z > Ak () X (0, 0) + /R + 1) (B40) Yot (0, 9)
+C$7113q(r ka(ﬂv @))i|:
00 k
Tz, n)w(@) = 3 3 [alb ) X0, 0) + VA + 1) (B0) Vi (0, ) (10
k=0 m=—k

+£umzwwwm}

where ufﬁ{(z), vgi(z),,cffli(z), j = 1,2 are functions of-r, X,.x(9,¢), Y.(9,p),
Zmk(0, @) are orthonormal vectors from Lo(3). [1]

Let us assume that the function f;(2) and the vector fU)(z), j = 1,2, satisfy the
sufficient smoothness conditions, that allow us to represent them into a Fourier-Laplas

series

o0 k

=3 3" [0l X0, 0) + VA + 1) (B Yok (0, )

k=0 m=—k

ﬂf,g;(r)zmk(ﬁ,@))], j=1,2, (11)

ST S a0, )

k=0 m=—k

If in (7), (9), (10), we pass to the limit as z — z € 92 (r — R), with the help
of (11) and the contact and boundary conditions (3), we obtain the system of linear
algebraic equations for the sought for constants Aiﬁc, Bk,

ulh(R) — dy(k+ )R By = alny, ali(R) — dgBp = aly), k>0, 12)
bk(R) = B, cn(R) = fn,l, k=1, j=12 an(R) =af, k=0

The condition
/kXﬂW@+f®&Wk=0
o

is necessary and sufficient for the above problem to be solvable.
Substituting of functions f“)(z), j = 1,2, into the last formulae, we see that the
; (2) 1)
coefficient 3, and 7

. satisfy the following condition

B+ Byl =0, m=0,%1. (13)

Proceeding from the uniqueness theorem for the Problem (A) and condition (13),

we can infer to (12) system is solvable and the constant Afj)l is not defined. This is
natural since the solution of the Problem (A) is defined within the vector

u(z) =laxz|, wlx)=a, v(z)=0.
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If fU)(2) € C3(0Q), j = 1,2, fi(z) € C*(05), then the obtained series (7), (9), (10)
are absolutely and uniformly convergent.
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