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Abstract

The statics boundary value problem of theory of elasticity is considered, when it is given the
ultimate the normal constituent of displacement vector and the tangent constituent of rotation.

It is proved, that the problem has a singular solution. The solution is presented in
the form of absolutely and uniformly convergent series.

Keywords and phrases: lsotropy, elasticity, Green's formula, displacement.
AMS subject classification (2000): 35J55; 75H20.

The homogeneous system of differential equations of statics for isotropic elastic solid reeds
as follows [3]:

A(0x)u(z) = pAu(x) + (A + p) grad div u(z), (1)

where A is the Laplace operator, u = (u, ug,us) ' is the displacement vector, A and p-Lame
constants satisfy the in equality u > 0, 3A 4+ 2u > 0, T is the symbol of transposition.

Let Q7 be the sphere bounded by spherical surface 9 with the center in the origin and
radius R, 9~ = R3 QF.

Problem (N)*. Find a regular (u € C?(Q%F) N C1(QF)) solution u(z) of the system (1)
in the domain Q% (Q™) satisfying the following condition on the boundary 9

[n(2) - u(2)]* = fa(2), [n(2) x ot u(2)]* = f(2), z€0Q (2)

where f(2) = (f1(2), f2(2), f3(2))T,  fj(2), j = 1,2,3,4 are the given functions on the
boundary 99, n(z) is the out ward unit normal vector to Q2 at the point 2z € 9.

In case of problem (N)~ in the vicinity of infinity the vector u(z) satisfies the following
conditions:

Ou, ()

uj() = O ™), Zp2

=o(|z|™"), k,j=1,2,3. (3)

Theorem . The problem (N)* permits not more that one regular solution.
Proof. The theorem will be proved, if we show, that the corresponding homogeneous
problem (N)g (fj =0, j=1,2,3,4) has only trivial solution. as

u - Av = div(udivv) — divudive + divju X rot v] — rot u - rot v,
u - grad dive = div(udiv o) — divudivo,
)T

where u = (u1, uz, uz)", v = (vi, v2, v3)" are theree-dimensional vectors, therefore
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u- A(0z)u = div[(A + 2p)udivu + p(u X rot u)]
—[(X + 2u) (div u)? 4 p(rot u)?].

applying Gauss-Ostrogradski formula to the last equality, we’ll have

/wmmmm:/wﬁﬁwwwm@ﬁ@—/E%mm, (@)
Q+ oN Q+

where

6(8% n)u(z) = (A + 2u)ndivu(x) — u[n x rotu(z)],
E(u,u) = (A 4 2u)(divu)? + p(rot u)?.

We’ll have the similar formula for the Q= domain

/wmmmmz—/wmﬂw@mm@r@—/Emmm, (5)
Q- a9 Q-
From the homogeneous boundary conditions (2)(f; =0, j=1,2,3,4) follows

[u(2)]* - [P(9z,n)u(2)]* = 0. (6)

Keeping in mind equalities (1) and (6) in formulas (4) and (5),we’ll have.
Then we’ll have
E(u,u) dz =0
O+
and
divu(z) =0, rotu(z) =0, z¢cQF.

u(r) = grad ®(z), Ad(z) =0, zcQF. (7)
as [n(z) - u(2)]* = 0, therefore the function ®(z) satisfies the Neiman condition on boundary
00 and ®(x) = C = const x € OF.

If we use this value of function ®(z) in (7),we’ll have u(z) = 0, z € QF. O
The solution of the problem we are looking in the form [1]

u(z) = grad ®1(z) — a grad r? <r§r + 1) Dy () (8)
+ rot rot(zr?®y(x)) + rot(z®s3(z)),
where 5
a=pA+2u)"" A®(z) =0, j=1,2,3, r=|z|, "o = grad .
We write down the functions ®;(z), j =1,2,3 in the form
N () O
2@ =3 Y (%) v\ 0.9al j=123, (9)

k=0m=—k



30 Giorgashvili L. Meladze R.

where A%ﬁ—desired constants, (r, 6, p)-spherical coordinated of the point x,

m 2%k+1 (k—m) om .
Yk( )(9780)—\/ = .Ek—i-milpé )(cosﬁ)e L8

P,gm)(cos 0)-Lejandr’s added function.
If the value of functions ®;(z) put from (9) to (8), we’ll have:

0o k
l’) = Z Z {umk(T)ka(ea 30) + k(k + 1)[Umk(r)ymk(97 30) (10)

k=om=—k

+Wmk (T)ka (0, (P)]}a

where
Uk (1) = %(%)k 1A(1) + R(k+1)(kb — 2a ( ) ik? k>0,
Ui (7) = %(%)k_lAﬁ,iL + R[b(k+1) +2] (R)k+ AP k>,
r\k (3)
Wik (1) = E> Asnk? k>1 b=1-—a,

{ Xk (0,0), Yor(0,0), Znk(6,9), }‘ka =0 is the full system of ortonormalized vec-
tors in Lo(X1) class.[4,5]
From (10) we’ll have

[e%s) k
n(z) xrotu(@) = > > VE(k + Dol (1) Ymk(0,0) + win () Zue(0,9)] (1)
k=1 m=—k

where

) () — V@
o) (r) = 2(2k+3)<R) A®

1 k+1 r 3

Let’s spread out the function f4(z) and the vector f(z) by Fourie-Laplass series. as
n(z) - f(z) = 0, we'll have

k> 1.

) k

k=1m=—k

[e'e) k
:Z Z akak(m)(H,go)

k=0m=—k

proceeding to limit in both sides of (10) and (12) equalities, we’ll have the following
system for desired constants:

%A%L + R(k + 1)(bk — 20)A%) = ap, k>0,
202k +3)A%) = —Bk, k> 1,
k41
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Putting the solutions of this system in (10), we’ll have

[e%S) k N 1
u(z) = Z Z (E> {akamk(H, )+ Vk(k+1) [(Eamk
k=om=-—k
a 2
- k((k;Zi);)_ " ik Yok 0,) - 1y k09 } (13)
R2_2 2 & r\ k-1 (1)
o> S (5) T [RXk(09) + VR T 1Yok (8, 0)| AL

k=1m=—

The series (13) and its derivative series will be absolutely and uniformly convergent in
the domain Q+, if

Amk = O(k_4)a Bmk = O(k_4)a Tmk = O(k_4)' (14)

we'll have this estimates, if [2]

fa(z) € CHON), f(2) € C3(0Q).
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