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Equations of statics of the theory of a thermoelastic mixture have the following
form [1]:

a1 Au + bygraddivu™ 4+ cAu® + dgraddivu® = v, gradus,

cAuM + dgraddive™ + a;Au® 4 bygraddivu® = v,gradus, (1)
AUg = O,
where (¥ = (ug),ug)) are the vectors of particular displacements; us is the scalar

function denoting temperature variation; aq,as, by, be, ¢, d are elastic constants of the
mixture; 1,72 are temperature constants, i = 1, 2.

Consider the disc D(0, R) of radius R with boundary C, occupied by the elastic
mixture.

Problem. Find in the disc D a regular solution U(z) = (u'¥, u3) satisfying the
boundary conditions

u(z) = fO(2), (2)

dug(z)
56 _ g2, ®)

where © = (71,79) € D, z € C, fO = (f1 ,f2 ), dﬂn is the heat flow, n = (ny,nsg)

is the outer normal to the circumference C f1 , f2 , f3 are the continuous functions
given on C', and

/ f3(y) d,C = 0. (4)
C

Suppose that the function f; expands into a Fourier series. The unknown func-
tion uz(x), as a solution of the Neumann problem for the Laplace equation with the
condition (3), with regard for (4), can be represented in the form [2]

i B @) + Ko, (5)

S

or in the form of Dini’s formula

3=

/ f3(y) In 1 d,C + Ko, (6)
c P

uz(z) =
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where z = (7",%0)» z = (R7¢> S 07 Yy = (R,@) S Ca p = |(L'—y|, r? = J?%‘I—ZE%’
r1 =1cosY, xo =rsiny, y; = Rcosh, ys = Rsinb,

fnli) = 2 (5)" [ cosmtv ~ oys0) a0 @)

is a homogeneous harmonic function of the m-th order, K is an arbitrary constant.
A solution u® = ( Y), ug)) will be sought in the form of the sum of two vectors

() = wi’ +ul’, =12, ®)
where wy) is the solution of the problem

alAwﬁl) + blgraddivwgl) + cAw?) + dgraddivw?) = v gradug,
cAw%l) + dgraddivwgl) + aQAw?) + ngraddivw§2) = yogradus,
Y } —0 10
{wl@] =0, (10)
and wg) is the solution of the problem
a, Awél) +b graddivwgl) + cAwéZ) + dgraddivw§2) =0,

cAwél) + dgraddivwél) + agAw§2) + bggraddivwg) =0,

(@} =19, zec (12)
A solution wy) (x) of the problem (9)—(10) we seek in the form
w%i) (z) = (R* — T2)gradz oWfy (x), i=1,2, (13)
m=1

where oY) are unknown constants, and fs,, is defined by formula (7).

In equation (9) we substitute the expressions (5) and (13). For every m we obtain
a system of equations with respect to the unknowns afqi). Solving this system and
substituting the obtained solutions in (13), we find that

2w X m
0

b = m? \R
11b + 2e3(2¢ + d) 2
h _ = 75(2a; + 1) — 1 (2 =2[(2 -
where e; a0 ez = 72(2a1 + 1) = 11(2c+d), b [(2¢ + d)
(2&1 + b1)<2&2 + bg)]
Using the equalities . T~ = —In(1 — 7), |7| < 1 [5], we can obtain [6]
m=1
1 ™ '1 R
ZW (E) cosm(@z)—@):/o n lnR—lthMl(x,y), (14)

m=1
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where 7 = %t, t€0,1], £ =re, ¢ = Re?, R? = R* + t?r? — 2Rrt cos(y) — 0).

Thus (R )

i — )6
wf (@) = % grad [ M) d.C, (15)
C

where d,C' = Rdf, i =1,2.

To solve the problem (11)—(12) we make use of the representation of the solution
of the system of equations (11) in the plane domain [4]:

wél)(x) =grad®, +r’grad { [(al + %) r % + 2a1] by + 51 (r % + 2) (I)3} —
—xr % [(2c; — 1)@y + 231 P3] + Aoz + BoZ,

(16)
wi? (z) = grad®,+12grad {as (r £ +2) By + [(Ba+ 1) v 2 +26,] 5} —
—ar 2 [205%5 + (202 — 1)®5] + Cox + Do,
where oy = ﬁ (cd—brag—Ay), By = ﬁ (cb—agd), Ay = ajay—c?, ag = ﬁ (cb—ayd),
Be = ﬁ (cd — arby — A1), T = (—x9,21), Pp(x) are arbitrary harmonic functions,
k= 17273747 7”% :xlaim +$28im

We rewrite the boundary condition (12) in the normal and tangential components
as follows:

{w o= 19, {wd}o =11, (17)
where f{) = nlfl(i) + n2f2(i), @ —’I'Lgfl(i) + nlfQ(i), i=1,2,n=(ny,ny) and s =
(—ng,ny) are, respectively, the normal and the tangent with respect to the circle C'.

Harmonic functions ®;, will be sought in the form

HOESY (%)m (Xt - vm(¥)), k=1,2,3,4, (18)

m=0
where X,,; are unknown two-component vectors, v,,(1) = (cosmi, sin ma).
Assume that the functions f(®)(z) from (12) satisfy all the conditions for their
Fourier series expansion

o0

N | | <
= (o ), 10 =TS 0 ), 19

where anL) and ﬁ,(ﬁ) are the Fourier coefficients.

We substitute (18) into (16). From the condition (17), taking into account (19) and
passing to the limit as » — R, for the definition of unknown vectors X,,, we obtain for
every m the system of linear equations whose determinant is equal to D,,, = Aym+ A,
where A; = =21, Az = (204 — 1)(1 — 205) + 4asf1; aq,az, B, P2 are the given
constants, m = 1,2,.... From the uniqueness of the above-formulated problem [3] we
can conclude that D,,#0. The solution of that system we substitute into (18) and for
every @, we obtain the expression in the form of a series. Summarizing this series and
reasoning as when deducing formula (14), we obtain [7]

1 rym R ("1 R
Z m—l)m <E> COS’)’)’L(@D — 9) = A—l/ov W h’lR—ldt = MQ({E,y),

m=1
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where p = ﬁ—f, R? = R* + t*r* — 2Rrt cos(¢) — 6).
Now we can write the representations (16) and hence the solution of the problem
(11)-(12) in the form of the following integral:

W u?) = [ Ve )F@aC e D, (20)
c
where ¥(z,y) = [|apgllaxa, F(y) = ||@pllax1s

—[i 2, - —ﬁi{ A
an = ox; 1r6r 2= R? 0z aTy T@r ar

0 Z 0 Ll 2,
"‘6 (TE +2> 20[2} — —AgT—}Mg(ﬁ,y) + 5R i

R? or
ap = —ap + A iM(:;c )+ (z +§)R_2
12 = 11 28:5; 20T, Y ! ! 5
R?>—1r% 0 0
a3 = —ay = 20 TR 0_xl (TE + 1) My(z,y), 1=1,2;
R2—r2 9 0
(g = —ak2 = 20 R2 Oz, (T or + 1) M(z, y);
2
0 0 r2 0 0
ags = [(%kg (tQTE + Ay — 77> TR m{QO&Qﬁl (TE + 2) +
x a x
+[(B2+3) r & + 20, 77} + %AQTE} My(z,y) + 2 ° R?,
Apa = —Qpz + Ag 0 M2(flf,y)+wR2, k=3,4;
OTp—2 2

n=1=2a1,7y=1-20,1 = 0417‘1‘ +204251, ty = Bon+ 24200015 F' = (o1, 02, 03, 0a),
P = f,E”, pg = fs(l), p3 = fn , Py = fs The functions f,gi) and fs(i) are defined in
(17),i=1,2, d,C = Rdb.

Finally, the solution of the above-posed problem can be represented as follows:

/Ka:y y) d,C + Ko,

where K(z,y) = [[Kllsxs, Ma(2,9) = llapgllaxa; ®(y) = (f3(y), F(y)),

(R? —1%)e, O 1

Kij (@, y)=(1=05)01; —— 8x5M1(x’y) (1=05)(1— 513>ak]+65k51] ln;

. . | 1itj=1,2; ] 1ifj=1,3;
dx; is the Kronecker symbol, k,j = 1,2, 3,4, 5, a{ 2if =3 4: ﬁ{ 2if j=2 4.
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