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1. A complete system of non-linear of equation of the three-dimensional shallow shell-
type elastic bodies can be written as [1]: 

a) Equilibrium equations have forms:  
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where )3,2,1j,i(  jiij ==σ rσ are contra variant components of the stress tensor, 

b b bαβ
αβ

α
β( , ) -covariant (contra variant, mixed) components of the curvature tensor of the 

mid surface S of the shell Ω , Φ i i( , , )= 1 2 3 are contra variant components of  the external 
force, ∇ =α α( , )1 2 - symbols of covariant derivatives on  the surface S, x3  is a thickness 

coordinate. Then − ≤ ≤h x h3 and h is a semi-thickness of the shellΩ . 

b) The equation of state (dependence between the stress σ ij  and the strain eij  tensors) 

takes the form [2] 
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e qpqppqpq UUUrUr ∂∂+∂+∂=  are covariant components of the strain tensor, ir  

and ir  are covariant and contra variant base vectors of mid surface S, moreover 
nrr == 3

3  is a normal of S, U is the displacement vector, ikpqE -contra variant components 

of the elasticity tensor, defined by the formula 
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c) The stress vector )l(σ , acting on the lateral surface with tangential normal l has 

the form 
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2. There exist several methods of reduction of the three-dimensional problems to the 
two-dimensional one (Kirchoff-Love, E. Reissner, K. Fridrixs, A. Green, A. Goldenveizer, 
I. Vorovich, I. Vekua, etc). 

Following I. Vekua [1] we assume the validity of the expansions 
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where mP  are  Legendre polynomials of order m. 
Substituting the above expansions in the relations (1),(2) and (3), having satisfied 

beforehand the conditions of the face surfaces hx3 ±=  
       )(
3 213 ,)h,x,x(

±

=± σσ  

we obtain the following infinitive complete system of two-dimensional equations [3]: 
 a) Equilibrium equations take the form 
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where 
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h=ε  is a small parameter, with characteristic radius R of curvature; then 
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b) The equation of the state can be written as [] 
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c) The vector )l(σ  has the form 
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3. The passage to the finite systems is performed by considering a finite expansions 
(4), where m=0,1,....N   (N=0,1,...). 

Another basic assumption in the validity of the following expansions: 

σ σ εij
m

i
m

i
m

ij
m n

i
m n

n

nU F U
( ) ( ) ( ) ( , ) ( , )

, , , ,
   

       

i
(m,n)

F












 =













=

∞

∑
1

 .                  (8) 

Substituting expansions (8) in the equations (5) and (6), we obtain the following 
system of equations of the equilibrium: 
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Approximation of order N=0: By introducing the following notations 
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we obtain the equation of equilibrium for approximation of order N=0: 
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Substituting (12) in (11) we obtain the system of differential equations in terms of the 
displacement vector components 
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 The general solution of the homogeneous system (14) is expressed by three arbitrary 
analytic functions of z: 
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Approximation of order N=1: By introducing the following notations 
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we obtain the system of equations in a  complex  form: 
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The general solution of the homogeneous systems (16) and (17) are expressed as 
follows 
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where  (z)  (z),  ),z( Φψϕ and )z(Ψ  are analytic functions of z. 
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