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1. A complete system of non-linear of equation of the three-dimensional shallow shell-
type elastic bodies can be written as[1]:
a) Equilibrium equations have forms:

0,0 blo"% 9,0%+ ®P= 0,
0,0°% byo®+ 0,0% ®°= 0,
0
a,p= :L21 a = _J ’
where o' =o¢'r! (i,j=123)are contra variant components of the stress tensor,
Dog (b, b ) -covariant (contra variant, mixed) components of the curvature tensor of the

D

mid surface S of the shell Q, ®'(i =1,2,3) are contra variant components of the external
force, [, (o= 1,2) - symbols of covariant derivatives on the surface S, X, is a thickness
coordinate. Then —h < x, < hand h is a semi-thickness of the shell Q .
b) The equation of state (dependence between the stress ¢ and the strain e; tensors)
takes theform [2]
o' = E"™e,(a, +r'd,U), )

where e, = %(rqapu +r,0,U +0,Ud,U) are covariant components of the strain tensor,

and r' are covariant and contra variant base vectors of mid surface S, moreover
r®=r,=n isanorma of S, U isthe displacement vector, E** -contra variant components
of the elasticity tensor, defined by the formula
Eikpq :)\aikapq +u(aipakq +aiqakp)
@ =r'r’,a =rr').
c) The stress vectors ,,, acting on the lateral surface with tangential normal | has
the form
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o = 0'(”)| +0,yS+0y,N=

— ~0B — ~0B — ~03
Oqy =0 IGIB, Oy =0 Iasﬁ, Oy =0 l o 3

(Iy=1Ir,, s, =%

a (o} a’

| xs=n)

2. There exist several methods of reduction of the three-dimensiona problems to the
two-dimensional one (Kirchoff-Love, E. Reissner, K. Fridrixs, A. Green, A. Goldenveizer,
I. Vorovich, I. Vekua, etc).

Following I. Vekua[1] we assume the validity of the expansions

L © ((m) (m) (m)
(OIJ,UI,CDI):Z(O-”,Ul,q)ljpm(x—;) -
m=0
(m) (m) (m) R
OIJ,UI,q)I :2m+1J‘(0_|J’UI’q)I)Pm(§jdX3 (4)
h = h
whereP, are Legendre polynomials of order m.
Substituting the above expansions in the relations (1),(2) and (3), having satisfied
beforehand the conditions of the face surfaces x, = +h
(*)
6’(x',x*xh)=¢°,
we obtain the following infinitive complete system of two-dimensional equations [3]:
a) Equilibrium equations take the form

(m) (m) (D) (3 (m)
hO, 0 ®-¢RbP 0 ®-(2m+1)| o® + o® +..[+h F? =0,

(m) (m) (my (3 (m)
hO, 0 ®+eRb 0 *-(2m+1)| o® + o® +..[+h F® =0,

(m=031,..)
©)
where € = ? isasmall parameter, with characteristic radius R of curvature; then
m () (+) )
. :@+2m+1[6 ()" ]

b) The equation of the state can be written as|]

(m . (m)
3 ~ij — ik 2
h*o’ =E pf*{h (hO, U, -

(m) . hd (my) (my)

eRUMr,)a, +h > [h(mp U, —eR U,r,)x
m;,m,=0

(my)

(my) . (my) (my)
x(hO, U'-eR U D]]kr')+%(th U, r*+erR U, 0Or™)x
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(m)

o rpl+sRUD]]qrql)><

x (h0, U qul+sRU qul)ak}lmlmu Z(hD

ml m,,my=0

( ) (ms) mg )
x(hO, U, r* +&R U M r*™)(hO, U -R U D]]kr‘)lmlmm}
(6)
where
(m)
. (LrJn) _ O,U, p=a
P -a (m) + 1/ (m+D)  (m+3)
0,0, = 2m 1(U U, +. ) p=3
Oafg =bgn, p=a, q=0,
O,y ={0,n=-bfr,, p=a, q=3
afg =0, p=3
2m+1 min(my m;) 0, m#n
| MM = P, dx O O™ 20130 =
2 I m2 m 3 Z mym,r=m ( m {1’ m:nJ
+ min(my,m,) min(my,m,ms)
Imlmsz = 2m 1 Pm Pm Pm Pmdx = z amlmzfl zam1+m2-2r1,m3,r26m1+m2+m3_2(r1+r2)'
n=0 r,=0
q. = A _AA . 2(m+n)—4r+1 A = 10BOMPm-1
m A .. 2m+n-2r+1 " m! '
c) Thevector o, hasthe form
(m) (m) (m) (m) (m) (m)
0,= 0%, o,=0%s, 0,= c¥ln (7)

3. The passage to the finite systems is performed by considering a finite expansions
(4), wherem=0,1,....N (N=0,1,...).
Another basic assumption in the validity of the following expansions:

(m (m) (m) o | (mn) (mn) (mn)
o' ,U,F|=>|ad", U F |e". (8)
n=1
Substituting expansions (8) in the equations (5) and (6), we obtain the following
system of equations of the equilibrium:
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(m,n) (m-1,n) (m-3,n) (m,n) (m,n-1)
hd, o®- (2m 1)( o®+ o% +[m]j) =-h F* +Rb? o* ,

(m,n) (m-3,n)

(m-1,n) ,
hd, o®°- (2m 1)( o® + o% +Dm]j =-h F¥ -Rb, 0% ,

(m=031,...,N; n=1,2,...),

(9)

where
(m,n) (m,n) (m,n-1) A N nl (myny) (my,n 1)
h® o —E'kpq{hz(hD U,-R U mMr)a +h Y Z{h(ﬂp Ug— R U rg)

my,m,=0n,=1

(my,n-ny) (m,,n-n;-1) (mg,n,-1)

x(O, U -R U mMr)+= (hD u r"+R U, 0Orh)x

(my,n-ny) (m21n n-1)

x(hd, U, O%*+R U, En‘ql)a{(}lmlm2+

(10)
1 N n-n,-1 n-2 ,,n;=1)
+= > > > (ho, u 4R U O,r®) x
2m1,m2,m3:0 n=1 n,=1
(my,n-ny—ny) 0 (my,n—n;—n,—-1) q (mg, n]z) (mg,n,-1) I\ mamm
x(hd, Uy, r*+R U, r*)(hd, U -R U r)Iem
(m,~k)
( U =0, k=01,..,or m>N).
Approximation of order N=0: By introducing the following notations
(0,n) (n) (O,n) (n) O,n) (n).
U =d, o =T, F =X/,
we obtain the equation of equilibrium for approxi mation of order N=0:
(n) (n) (n-2)
hd, T®= - hX% Rb® T,
(n) (n) (n-1) (11)
hd, T - hX* Rb,, T* ,
where
5O e [ 2 (n) () T (ny) (ny-1)
h*T'=E {h (hO, u, ~R ur%)a; +hz[h(mp u,—R u m,r,)x
n; =1l
(n_nl) (n-ny-1) n;) (n-1)
x(hO, u' -R u M r)+= (hD u r*>+R u, Or*)x (12

1n n,-1 n-2 -1)

x (ht, U ‘3o 4R u Diql)al}+az D (hO, u PR u O,r ) x

=1 n,=1
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x(hO, u, r*+R wu, Or*)(hd, u -R u r');.

(n-n;—n,) (n-n-n,-1) (n) (n,-1)
1 q;

Substituting (12) in (11) we obtain the system of differential equations in terms of the
displacement vector components

(n) (n) @@ (Y
hOo, 0 uB+()\+p)D 0= (u,u,..., u J

(13)
m MmO @ (D
hO,0% u, =M3(u, U,.. u j

(n) (n)
(e =0, u*, 0% =a”0,, n :1,2,...}

which is isometric coordinates (ds?> = A(z,z)dzdz, z=x" +ix?)written in a complex
form looks as follows:

(n) (n)
(n)
4ui{iau*}2(k+u)%—9= M.,
VA

0z| A 0z
(14)
162(u (n)
41— 3 =
ll/\azaz 3
(n) (W)

M M () (n) . M m (0
u, =u +iu,, 0= 119y, au_’ M, =M,+iM,,
/\ 0z 0z
2-0 10 50-0,0)
9z ox* ax?' a9z oxt  ox?

The general solution of the homogeneous system (14) is expressed by three arbitrary
analytic functions of z:

M A+3 OA & (Q)dEdn | (1 ¢p AdEdN ' x ——
U =S| e @ T ﬂ T} ( szj}b(z)—w(z),

U =f(2)+f@, ((=&+in0G).

Approximation of order N=1: By introducing the following notations
(0.n) (n) (Ln) (n) (©On) (n) (1.n) (n).
UI - UI, U| = VI O.lj —_ -|-|] 0.|] - SIJ’
we obtain the system of equationsin a complex form:

(n) (n) (n)
(n)
A L R AL B\
0z| A 0z 0z 9z

(16)

(n)
102V ™) _o
4uh? —— 3 - Ahe+ A+20)V
H N\ 0z0z 3{ ( W) }



78 MeunargiaT.

(17)

(
m ™ ™ ™ 1!ldv. V.
V, =V, +iv,, p=— -

The general solution of the homogeneous systems (16) and (17) are expressed as
follows

' 6()\+u) 0z 3\ + 24 TUg
()

M ___Ah_ 0w_B5r+6u 1”/\¢(z)dzdn ( ”/\ngqnjm_m1
-Z

Vy, = - 37\+2 4'(2) +'(2)),
(18)
4 0w _ 3\ +p) =0
N0dzdz (N +2u)h’ ’
v, =i % _ohw(z)- ” A(®'(2) + @ (Qdedn , 4\ +2h® o
0z g (-z 3u
U, = W)+ ¥(2) ‘;H/\(C,E)[CD'(Z) + @' (2)]Inlc - Z{dEdn.
(19

4 0°x 3
_ r—-——x=0],
(/\ o290z h2 A j

where ¢(z), Y(2), ®(z) and W(z) are analytic functions of z.
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