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1. Asymptotic behavior.  
Let us consider the following nonlinear integro-differential system: 

( ) 0=







∂
∂

∂
∂−

∂
∂

x

U
Sa

xt

U
, ( ) 0=








∂
∂

∂
∂−

∂
∂

x

V
Sa

xt

V
, (1) 

where 

( ) τd
x

V

x

U
t,xS

t

∫ 















∂
∂+








∂
∂+=

0

22

1  

and a  is given function, which satisfy the following conditions ( ) 00 >=≥ constaSa , 

( ) ( ) 0,0 ≤′′≥′ SaSa . 

In the cylinder  ( ) ( )∞× ,, 010  for the system (1) let us consider the following initial-

boundary value problem: 
( ) ( ) ( ) ( ) 01010 ==== t,Vt,Vt,Ut,U , 0≥t , (2) 

( ) ( ) ( ) ( )xVxVxUxU 00 0,,0, == ,  [ ]10,x ∈ . (3) 
By the system of equations (1) the penetration of the electromagnetic field in the 

substance is described [1]. 
Many scientifically works are devoted to the investigation of the proposed problem (1)-

(3) (see, e. g. [1]-[12]). In our work we have received such a priori estimations of the given 
problem, from which the solution stabilization derives when ∞→t . 

The following statement takes place. 

Theorem1. If ( ) 00 >=≥ constaSa , ( ) ( ) 0,0 ≤′′≥′ SaSa , ( )101
200 ,WV,U

o

∈ , 

then for the solution of  the problem (1)-(3) the following estimate is true 
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where 0a<ω . 

The proof of the Theorem 1 is based on some Lemmas. 
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Lemma 1. If ( ) 00 >=≥ constaSa  then for the solution of the problem (1)-(3) the 

following estimate is true 

( ) CVUe ta ≤+ 222 0 . 

Here and below C  denote positive constants dependent only on 0U , 0V  and 

consequently independent from t . 
Lemma 1 gives the stabilization of the solution of the problem (1)-(3) when ∞→t . 

Besides, in the sence of ( )102 ,L  space norm the rate of stabilization is exponential [4]. 

Lemma 2. For the solution (1)-(3) the following estimate is hold 
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where 02aω < , 1 2 5i R, i , ,... .σ ∈ =  

Lemma 3. It exists numbers +∈′< R,,,,,a ηµεεγω 0  such, that the following 

inequalities are true:  
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( )4 02 2 0aσ ω µ= − − > , 

0
25 >−= ωµσ . 

From the Lemmas 1, 2 and 3 the validity of the Theorem 1 is received. 
 

2. Difference scheme and numerical solution.  
 
Here is received the convergence of the difference scheme for the given problem. Note 

that the discrete analogues for the problem of such type are also studied in the [5],[6]. 

Let us introduce the notations 2

1+

=
α

SE , 1−≠α  and reduce the problem (1)-(3) to 
the following form: 
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( ) ( ) ( ) ( ) 01100 ==== t,Vt,Ut,Vt,U , 

( ) ( ) ( ) ( )xV,xV,xU,xU 00 00 == , ( ) ( ) δ−= 2

1

00 ]xS[,xE , 

(4)

where
1
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+
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α
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Let us construct the grids on [ ] [ ]T,, 010 ×  and follow to the standard notations and for 
the problem (4) consider the following difference scheme: 
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It is easy to establish that the rate of approximation of the difference scheme (5) on the 
smooth solutions of the problem (4) is ( )2hO +τ . 

The following statement is true. 
Theorem 2. If 1≤δ , then the rate of approximation of the difference scheme (5) is 

( )2hO +τ  and the solution of this scheme converges to the solution of the problem (4) with 

rate ( )2hO +τ  in the sence of the discrete norm 2L . 

Note that to solve the difference scheme is used the modified Newton's iterative 
process and the various numerical experiments are done. These experiments agree with 
theoretical research. 

 
 
 
 
 
 
 
 



                               Asymptotic Behavior and Numerical Solution of...                               61 
 

R E F E R E N C E S 
1. Gordeziani D.G., Jangveladze T.A.,  Korshia T.K. Existence and Uniqueness of the Solution of a 

Class of Nonlinear Parabolic Problems,  Different. Uravneniya, 19, (1983), # 7, 1197-1207. 
(Russian). 

2. Jangveladze T.A. The First Boundary Value Problem for a Nonlinear Equation of Parabolic Type,  
Dokl. Akad. Nauk SSSR,  269, (1983), # 4, 839-842 (Russian). 

3. Jangveladze T.A. A nonlinear Integro-Differential Equation of Parabolic Type, Different. 
Uravneniya,  21, (1985), # 1, 41-46 (Russian). 

4. Jangveladze T.A. Kiguradze Z.V. The Asymptotic Behavior of the Solutions of One Nonlinear 
Integro-differential Parabolic Equation, Reports of Enlarged Sessions of the Seminar of  I.Vekua 
Institute of  Applied Mathematics,  10, (1995), # 1, 36-38. 

5. Jangveladze T.A. Convergence of a Difference Scheme for a System of Nonlinear Partial Differential 
Equations, Bull. Acad. Sci. of Georgian SSR (Soobshen. Akad. Nauk Gruz. SSR), 126, (1987),  # 2,  
257-260 (in Russian).  

6. Kiguradze Z.V. Finite Difference Scheme for a Nonlinear Integro-Differential System, Proceedings 
of I. Vekua Institute of Applied Mathematics (Tr. Inst. Prikl. Mat. Im. I.N. Vekua) 50-51, (2000-
2001),  65-72. 

7. Laptev G.I. Quasilinear Parabolic Equations which Contains in Coefficients Volterra's Operator, 
Math. Sbornik,  136, (1988), # 4, 530-545 (Russian). 

8. Long N.T., Dinh A.P.N. Nonlinear Parabolic Problem Associated with the Penetration of a Magnetic 
Field into a Substance, Math. Mech. Appl. Sci.  16, (1993), 281-295. 

9. Jangveladze T.A. On one class of nonlinear integro-differential equations, Seminar of I. Vekua 
institute of applied Mathematics, REPORTS,  23, (1997), 51-87. 

10. Jangveladze T.A. Kiguradze Z.V. On the Asymptotic Behavior of Solution for One System of 
Nonlinear Integro-differential Equations, Reports of Enlarged Sessions of the Seminar of  I.Vekua 
Institute of Applied Mathematics,  14, (1999), # 1, 35-38. 

11. Jangveladze T.A. Kiguradze Z.V. Estimates of a Stabilization Rate as ∞→t  of Solutions of a 
Nonlinear Integro-Differential Equation, Georgian Mathematical Journal,  9, (2002), # 1, 57-70. 

12. Jangveladze T.A. Kiguradze Z.V. Estimates of a Stabilization Rate as ∞→t  of Solutions of a 
Nonlinear Integro-Differential Diffusion System, Appl. Math. Inform. Mech. AMIM,  8, (2003), # 2, 
1-19. 


