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Abstract

In this paper internal boundary value problem of elastic equi-
librium of the homogeneous isotropic body bounded by coordinate
lines of the parabolic coordinate system is considered, when on the
parabolic border normal stress is given. The exact solution is obtained
by the method of separation of variables. Using the MATLAB soft-
ware, the numerical results are obtained at some characteristic points
of the body and relevant 2D and 3D graphs are presented.
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1 Introduction

To solve the boundary value problems and boundary contact problems in
areas with a curved boundary, it is more purposeful to consider such prob-
lems in the corresponding curvilinear coordinate system. For example, for
a circle and its parts the tasks are considered in the polar coordinate sys-
tem [1-5], for the ellipse and its parts, and area bounded by hyperbola
the tasks are considered in the elliptical coordinate system [6-15], for an
areas with a circle with different centers and radiuses the tasks are con-
sidered in the bipolar coordinate system [16-18], and the problems for the
areas with parabolic boundaries are considered in the parabolic coordinates
[15], [19-20]. The above-mentioned tasks are solved by both analytical and
numerical methods.

In the current paper the boundary value problem is considered in the
parabolic coordinate system £, 1; —o00 < £ < 00, 0 < 7 < oo (see ap-
pendix A). In the parabolic coordinates the equilibrium equations system
and Hooke’s law are written. Analytical (exact) solution of 2D elastic-
ity problems is built in a region bounded by the coordinate lines of the
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parabolic coordinate system. Here is presented internal boundary value
problem of elastic equilibrium of a homogeneous isotropic body bounded
by the coordinate lines of the parabolic coordinate system, when a normal
stress is given at the parabolic boundary. Exact solution is obtained using
the method of separation of variables. Numerical results and corresponding
graphs of above-mentioned problem are presented.

2 Equilibrium equations and Hooke’s law in
parabolic coordinates

In parabolic coordinates &, 7, equilibrium equations with respect to the
function D, K, @, v and Hooke’s law can be written as [21]

a) D¢ — K, =0, C) Ug+V, = %h%D, W
b) D,+ K¢ =0, d) O¢—uy = hpK,
Ty = hall (Mie + (A +20) 0y + [(A+ p) — phy z] (Ea+no)],
Oge = hg_l[(/\ +2u) g + /\27 + [(A 4 w) + phy?] (Ca+nv)] , (2)
Ten = phg [(U,E +uy) —hy” (§0+ 77@)] ,

where @ = %, U= %; ho = /&2 +n?,h = hg = hy = c\/£2 + n? are Lamé
coefficients, u, v are components of the displacement vector at tangents

to the coordinate lines 1, ¢&; "TQD is the divergence of the displacement
m

vector, £ is the rotor of the displacement vector; Oge, Opy and Tey = Tpe

are normal and tangential stresses; subscripts &,  denote partial derivatives
with respect to the corresponding coordinates; A = (1+u§3(11/—2u)’ W= 2(1€u)
are elastic Lamé constants; kK = 4 (1 — v); v is the Poisson’s ratio and F is
the modulus of elasticity.

3 Statement and solution of problem

3.1 Boundary conditions

Now let us formulate the following boundary value problem: in the domain
O ={0< &< &, 0<n<ml}(see Fig.1) find a solution of the system of
equilibrium equations (1) with respect to the unknowns D, K, wu, v using
the boundary conditions:

h h
for n=mn;: ﬂgnn =P, ZT&] =0. (3)
for n=0: u=0, v,=0. (4)
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Figure 1: Area Q1 = {0 <& < &, 0<n <mn} bounded by the parabola
and the line y=0.

Boundary conditions on the linear parts £ = 0 and 1 = 0 of considera-
tion area enables us to continue the solutions continuously in the domain,
that is the mirror reflection of the consideration area in a relationship y = 0
line (see Fig.2).

Figure 2: Area D1 = {—& < £ <&, 0<mn<mn} bounded by parabola.

3.2 Solution of system of partial differential equations

We solve the system of partial differential equations (1).
We have introduce ¢; harmonic function and if we take

a) D= % (P1,9m — ©1£€),
b) K =35 (pral+erem),
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then (la) and (1b) equations will be satisfied identically, while (1c) and
(1d) equations will receive the following form:

a) Uy +0e=(k—2) (01— ¢18), ®)
b) ve—1u,=k(p1n€+ P1ren),

a) Ug+0y=(k—2) (P11 — p1£5), (©)
b) (v —rpin) ¢ = (a+ rprf) ),

(9b) implies that theare exists a harmonic function ¢ of such type for
which fulfil the following

U= dg¢— rpi&, U= dn+ K1 (10)
Considering (10), from equation (9a) we will obtain

R2AG = ¢ e + Gy = K1 + K1 € — K1 — K140 (11)
+ (5 = 2) (11 — ¢1,66) = 2 (16§ — ©1.97) -

General solution of the system (8) can be written in the form u =
Y1, U =1, where

P1e + oy =0, o ¢ — Y1,y = 0.

The full solution of the equation system (8) is written in the following
form

U= ¢¢— rkp1€ + Y1, V= ¢+ kp1n + e, (12)

where ¢ is the partial solution of (11).
If we take k = const, then

52_772

0="7

®1

and (12) formula will receive the following form:

52_,'72 52_772
2 2

p1e— (k= 1) 1€+, U= 01+ (k= 1) p1n+a.

From here

2_ 2
u= <5 7 -PLe + 577901,n) = &npiy = (k= 1) 1€ + ¢,
_ 2,2
v= (5 5 Ply — 577901,g> +E&nere + (K —1) g1 + Y.

Without loss of generality the expression in brackets can be taken to be
zero, because we already have in @ and v of the solutions Laplacian (we
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mean 11 and 1y ). Therefore, the solution of system (1) are given in the
following form:

a) hgD = kp (o191 — ¢14€)
b) WK = k(P16 + @1em) (13)
c) u=—Enp1y — (k—1) 1€ + ¢,
d) v=_Enp1e+ (k—1)p1n+ o
Now we have to write down three versions of 11 and 1 function represen-
tation. In the first version

Y1 = @1y + Py + 2.1, (14)
VY2 = Pre+ Qe+ pae,

P1,P1, 2 are harmonic functions, in addition, @1, ¢ are selected so that
at n = a, where @ = 11 or a = 19, satisfy the following equations

_577901,77 - ("5 - 1) ©1§ + P1n + P17 =0,
Enpre+ (K —1)pin+ @1e +P1e =0.

In the second version

2
V¢ + ENpan,

2 2_
P = —« (75 (-2) p1et 577<Pl,n> + 50

(. (15)
Ya = a (Snsol,g — %wl,ﬁ + 5 o — Enag
where s is the harmonic function.
In the third version
Y= —a? (5 4/715 + £n<p1,n> + 5 9025 + Env2m,; (16)
Yy = (577901,5 - SOI,n) + 5 502,17 &2,
Inserting (14) in (13c,d), we will get
a) U= —Enp1y — (k= 1) 1€ + @1y + 1. + 2.1 (17)

b) v =Eneie+ (k= 1)1+ Gre + Pre + P2e.
Inserting (15) in (13c,d), we will have
2 N2
g+ 577901,77) —&nery — (k= 1) i€

2
+£ 77 V2. + 577902,777 (18)
_e2-(n-w)? 1
=« f"7<P1 £ 501 ) +Enpre 4+ (k= 1) 11
2
+E Gy — Enpae.

a) ﬂ:—a(

b) v
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Inserting (16) in (13c,d), we will get

( o1 & T Ene1 n) — o1y — (kK —1) p1€
+& T ¢ + fnwz,n, (19)
b) 7 = a? g — & +¢ +(k—1)
NP1, 501 nP1,e ©1n
2,2
+55 T 0n , — ENpa.

The solution is constructed using its general representation by two har-
monic functions ¢1, 2. From formulas (17)-(19), after inserting oo = m;
and making simple transformations, we will obtain:

u=—[n(p1y—p2¢) +(k—1)p1] &+ [% (p1e + P2)

—2("€ — 1) 2] n, (20)
7= 71 (P1,y — p2,6) + (K — 1) 901} n+ [ (p1e + p2)
— (k= 1) 2] &
D= *0 5 [(p1n — p2,6)m — (01,6 + 92.0) €],
K== [((,0177] ©a2¢) &+ (P1e+ w2.n)n],

where ,712 (cpiéf +@im) =0, i=1,2.
The stress tensor components can be written as:

ﬁa - _ ﬁ( _ kK _ K2
5:0m = — |7 (Pree + vaen) — 501 — 502 | 1)

[ 2(901 en — P2m) + HTQ‘/’M - %902,77] §
2 gz;rn (P19 = P2.6) 0 — (P16 +p2.) €]
Hren = | (1o — paee) + 7016 — §02n| 0
+ [77 (pree + Paen) — So1n — B3¢0 € (21)
- ZH, (D1, = P2,6) €+ (1,6 + 2.0) 7],
%Us& = | (pree T p2.e0) — 1y — “T“s@,s] U
- ?72(901 e — P2ee) + 201 — E5hoan] €
+ s [(P1n — w2.6) 1 — (P1e + w2,0) €],

The boundary conditions (4), (5) are satisfied if
[ee]
0i=Y i, =12 (22)
n=1

where
©1n = Aqp sinh (nn) sin (nf) ,
pan = Aoy, cosh (nn) cos (nf) .
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By inserting (22) in (20) and (21) we will receive the following expressins
for the displacements:

8

u= =i{ [nn€ cosh (nn) (A1n + Aap) + (k — 1) Esinh (nn) Ayy,] sin (nf)
Oo[nnl sinh (nn) (A1n + A2n) — (k — 1) ncosh (nn) Az ] cos (né) }, (23)
v =y {[nnf cosh (nn) (A1 + Agy) + (k — 1) psinh (nn) A1p] sin (ng)

n=1

+ [nn€ sinh (nn) (A1n + A2n) — (k — 1) £ cosh (nn) Agy] cos (né)},

and for the stresses the following:

%Jnn = io:l { [”277% sinh (nn) (A1n + A2y,)
+n7;cosh (nm) (5A1, — 552 Asy,)] sin (n€)
+ [n2n§ cosh (nn) (A1p, + Az2p)
+né sinh (nn) (“T_QAM — gAgn)] cos (ng)
_ 2’%;22 [nn cosh (nn) (A1, + Asgp) sin (nf)
—n§ sinh (nn) (A1, + Aap) cos (n€)]},

h2
2. Ten = Z {[n®n3 cosh (nn) (A1 + Azp)

—i—m] smh (nn) ( 72A1n — AQn)] cos (n&)

[n né sinh (nn) (A1, + A2n) (24)
+n& cosh (nn) (ﬁAm — KT_QA%)] sin (n&)

gz n 5 [n& cosh (nn) (A1p + Ay ) sin (nf)
+m7 smh (nn) (A1n + Agy) cos (n§)]},

2,uU§§ Z {~ [n*n? sinh (nn) (A1, + Aay)

+m7 cosh (nn) (552 Ay, — 552 Ay, )] sin (ng)
[n né cosh (nn) (A1 + Aap)

+n&sinh (nn) (Z£2 Ay, — 552 Agp)] cos (né)
11 [y cosh () (Avy + Agy) sin (n€)

—n& sinh (nn) (A1, + A2p) cos ()]} .

Instead of conditions (3) we have to take their equivalent following

expressions

o (O - — 0en - §) = =M (Pree + P2.69) — 5910 — 202, (25)
3 (O - &+ 0en-m) = m (Pren — P2ee) + SR p1e — S

The constants Ay, and As, are defined if the boundary conditions (3) are
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satisfied. Thus, from the (3), (6) (22), (25) we receive following equations:

[(n?n 1 sinh (nm1) — nf§ cosh (nm)) Ain i
+ ( m sinh (nny) + n52 cosh (nm)) Agn] = F1,,

[(n®n1 cosh (nm1) + n52 2 smh (nm)) A i (26)
+ (n*ny cosh (nm1) — n% sinh (ny)) Ay | = Fop,
n=172,...

where Fln and Fy,, are the coefﬁcients of expansion into Fourier series

fi(§ = Z Fy,, sin (n€) and fo (&) = Z Fy, cos (n&) , respectively, f1 (§) =

P/ (§2 + 171) and fy (§) = P¢/ (€ + 171) functions.

As seen, the main matrix of the system (26) has a block-diagonal form.
The dimension of each block is 2 x 2 and the determinant is not equal to
zero, but in infinite the determinant of block strive to the finite number
different to zero. Thus, two equations will be solved, to two unknowns A1,
andAs,. After solving this system, we find coefficients Ay, andAs,, and
put them into formulas (23) and (24), we get displacements and stresses at
any points of the body.

It is very easy to establish convergence of (23), (24) functional series on
the area D1 = {—& <€ <&, 0<n<m} by construction of the corre-
sponding uniform convergent numerical majorizing series. So we have the
following

Proposal 1. The functional series corresponding to (23), (24) are ab-
solutely and uniform by convergent series on the area Dy = {—¢; < € < &,
0<n<m}

4 Computer implementation

Numerical results are obtained at points of the body (see. Fig. 1) for the
following data: v = 0.3, E = 2 % 105kg/em?, P = —10kg/cm?, m = 2,
& = 27. Numerical calculations and construction relevant 2D and 3D
graphs are made by MATLAB’s software.

Figures 3 show the graphs of o¢¢, oy, Tey stresses and u, v displace-
ments, respectively on the line n = n; , when (3), (4), (5) boundary condi-
tions are valid and normal stress is applied to the parabolic boundary, while
tangential stress equals zero. Figure 4 show the distribution of stresses and
displacements in the region bounded by curved lines n = n; and £ = ;.
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Plot graph of o, for 0<t<t , 7=y,

Plotgraph of o, for 0<<, =1,
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Figure 3: Schedules of (a) normal oy, (b) shearing o¢, (c) tangential 7¢,
stresses and (d) normal u, (e) tangential v displacements in point M (&, 1)
for ;m; = 0.1; 0.5; 1; 1.5; 2; 2.5, when 0.1 < ¢ < &;.
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(e)

Figure 4: Distribution of (a) normal o,,, (b) shearing og¢, (c) tangential
Tey stresses and (d) normal u, (e) tangential v displacements in the region
bounded by curved lines n = n; and & = &;.

5 Conclusion

The main results of this work can be formulated as follows.
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¢ The equilibrium equations are written in terms of parabolic coordi-
nates.

¢ The solution of the equilibrium equation (1) is obtained by the method
of separation of variables. The solution is constructed using its gen-
eral representation by two harmonic functions.

¢ In the parabolic coordinates exact solution of two-dimensional static
boundary value problem for the elasticity is constructed for the homo-
geneous isotropic body occupying the domain bounded by coordinate
lines of parabolic coordinates.

o 2D and 3D graphs for some numerical values of BVP are given and
considered. The graphs are obtained by using computer software
MATLAB.

Appendix A.
Some main expressions in parabolic coordinates

In orthogonal parabolic coordinate system &, 7 (—oo < £ < 00,0 <7 <
o0) [22, 23] we have

he = hy = h = c\/€ + 12, $:%@%4ﬂ, y = i,

where he, hy, are Lame’s coefficients of the system of parabolic coordinates,
c is a scale coefficient, z, y are Cartesian coordinates.
The coordinate axis are parabolas

2
y? = —2c€2 (z — %) , & = const,

2
y? = —20778 T+ %) , 1o = const.

Laplace’s equation Af = 0, where f = f (£, 7n), in the parabolic coordi-
nates has the form

1
Z@ 1 et fm) =0,

We have to find solution of the equation in following form
f=X(&)-Y (),

Then by separation of variables we will receive.

1 X// Yl
— | =Y+ =] =0.
62(£2+772)[X *Y]
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From here
X"+ mX =0,

Y" —mY =0,

where m any constant, their solutions are [24]

X = C cos (m&) + Cysin (mf) ,
Y = C3e¢™ + Cye™™" = C7 cosh (mn) + C} sinh (mn) .

So
f(&m) = (Cse™ 4 Cpe™™1) (Cy cos (m&) + Co sin (mf))

or

f (& n) = (C5 cosh (mn) + Cj sinh (mn)) (Cy cos (m&) + Casin (mf)) .

Figure 5: Parabolic coordinate system.

€¢, €y are unit vectors.
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