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Abstract

In this paper the micropolar porous elastic body is considered.
The two-dimensional system of equations corresponding to a plane
deformation case is written in a complex form and its general solution
is presented with using of two analytic functions of a complex variable
and two solutions of the Helmholtz equations. One boundary value
problems are solved for a circle.
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1 Introduction

The foundations of the theory of elastic materials with voids were first
proposed by Cowin and Nunziato [1, 2]. They investigated the linear and
nonlinear theories of elastic materials with voids. In these theories the in-
dependent variables are displacement vector field and the change of volume
fraction of pores. Such materials include, in particular, rocks and soils,
granulated and some other manufactured porous materials. In many cases,
it is also important to calculate porous materials based on the theory of
micropolar elasticity [3-§]
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Various questions of elastic equilibrium of porous bodies with empty
pores in the case of a classical elastic medium are further discussed in
[9-15]. The problems of porous elasticity for micropolar media with voids
were considered in [16, 17].

The present paper deals with plane strain problem for micropolar porous
elastic body with voids. The boundary value problem is solved for a circle.

2 Basic equations

Assume an elastic body with voids occupies the domain £ € R3. Denote
by = (x1, x2, x3) a point of the domain  in the Cartesian coordinate
system. Assume the domain € is filled with an elastic Cosserat media
having voids. Denote the volume of the macro point of = by V(x), and the
volume of pores at this point by V,(z). The value v(x), which is defined by
the equality v(z) = Vj(z)/V (z), is called the relative volume of pores. In
general, as a result of deformation of the body the relative volume of pores
changes, too. The solid body characterized by the displacement vector
u = (u1, ug, usg), the rotation vector w = (wi, we, ws) and the change
in volume fraction from the reference volume fraction [1, 2]

p(r) = v(z) — vr(z).

In this case, a system of static equilibrium equations is [2, 3, 16]

—0ipij (x) — €k oire () = pGj (x), (1)
—0ih; (x) — g(x) = pl(x),

where o;; are stress tensor components; p is material density; F); are the
components of the mass force vectors; ji;; are moment stress tensor compo-
nents; €;; is the Levi-Civita symbol; G; are the components of the mass
moment vectors; h; is the equilibrated stress vector; g is the intrinsic equi-
librated body force; [ is the extrinsic equilibrated body force; 0; = 0/0z;.

In the above formulas, the Latin indices take the values 1, 2, 3 and it
is assumed that summation is carried out over the repeated indices. The
same is also assumed below.

Formulas that interrelate functions o;; , wi; , hi , g to the functions
uj , wj and ¢ have the form [2, 3, 16]

oij = (Adiv u +v9) 6;5 + (1 + «) Qju; + (u — «) Oju; — 2a€jiwy,

pij = o div w 035 + (v + B) Qiw; + (v — ) Ojwi, @)
hi = 00;¢,

9= =8¢ — vydiv u,
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where A\ and p are the Lamé parameters; o, [, v, o are the constants
characterizing the microstructure of the discussed elastic media; §, &, ~
are the constants characterizing the body porosity; d;; is the Kronecker
delta.

From the basic three-dimensional equations, we obtain the basic equa-
tions for the case of plane deformation. Let {2 be a sufficiently long cylin-
drical body with generatrix parallel to the Oxs-axis. Denote by D the
cross-section of this cylindrical body, thus D € R? . In the case of plane de-
formation ug = 0, w; = 0, ws = 0, while the functions ui, uo, ws and ¢
do not depend on the coordinate z3 [18]. We also assume uj, u2, ws, ¢ €
C? (D)n CY(D).

As follows from formula (2), in the case of plane deformation

O-a3:0)o-3o¢ :Onufaﬁzo),u33 :07h3 :0,0é: 152552 172

Therefore the homogeneous system (F, = 0,G, = 0,1 = 0) of equilibrium
Egs. (2) takes the form

Oo11 + Geo1 = 0,

01012 + 02092 = 0,

O1113 + Oapizz + (012 — 021) = 0,
O1h1 + O2ha + g = 0,

where Ay = 011 + Oa2 is the two-dimensional Laplace operator.
Relations (2) are rewritten as (4)

011 = Y + A0 + 2pdu,
022 = P + A0 + 21drus,
o12 = (,u + a) Oug + (/J + a) Oy — 20uws,
091 = (u+ a) Doug + (u — «) Orus + 20ws,

033 = Y + A0,

p13 = (v + B) Ows, (4)
po3 = (v + B) Gows,

H31 = (1/ - 5) O1ws,

p32 = (v — B) Gows,

hy = 001,

h2 = 582@7

g=—Ep—10,

where 0 := 01u1 + dous.
If relations (4) are substituted into the system (3) then we obtain the
following system of equilibrium equations with respect to the functions

18
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uy, uz, w3 and @

(1 +a) Aguy + (A + p — ) 10 + 2a0sws3 + 010 = 0,
(1 + ) Agqug + (A + p — @) 020 — 200 w3 + yap = 0,
(v + B) Agqws + 2a(Oug — dauy) — daws = 0,
(0As —&)p — 40 = 0.

On the plane Oz, we introduce the complex variable z = x1 + ix9 =
re'® (z'2 = —1) and the operators 0, = 0.5 (01 — ids), 0z = 0.5 (01 +i02),
Z =21 —ix9, Ao = 40,05.

To write system (3) in the complex form, the second equation of this
system is multiplied by i and summed up with the first equation

0.(011 — 022 + (012 + 021)) + Oz(011 + 022 + (012 — 021)) =0
0. (p13 + ip23) + Oz(p13 — ip23) + 012 — 021 = 0, (5)
az(hl + ihg) + (%:'(hl — ihg) +g=0

where by formulas (4) we have

o1 — 022 +i(o12 + 021) = 4pdzuy

o11 + 022 +i(o12 — 021)

=2(A+ p — )0 — daidws + 27y¢ + 4ad,uy,

p13 +ipos = 2(v + B)0zws, (6)
w31 +ipo3 = 2(v — B)0zws,

hy + ihy = 20056,

Up 1= U] + U2, Uy = U] — U, 0:834‘82174-

If relations (6) are substituted into system (5), then system (3) is written
in the complex form

2(pu 4 @)0.0zuy + (A4 p — @) 050 — 20i0zw3 + 7029 = 0,
2(v + B)0.05ws + «i(f — 20,u4) — 2aws = 0, (7)
(4626? - £)¢ - 70 =0.

The general solution of the system of Eqs. (7) is represented using
formulas [17, 19]

2uuy = (k+ko)p(z) — (1 — ko) 2y (2) = (2) +40:(ix (2, 2) —1(2, 2)), (8)

2y =~ x(57) = TR ()~ ¢ (2) o)
_ gt g N L T
6= ST D) - g WA TP 0
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where p(z) and ¥(z) are the arbitrary analytic functions of z, x(z, Z) and
n(z, z) are the general solutions of the Helmholtz equations

Aox —(ix =0, Aoan—CGn=0

5 _ dpa s (A+2u)6 -+
Cl_(u+ﬁ)(u+a)>0’ 2= (A +2u)6 > 0.
also
oo At 7
At A+ ) (A +20)§ =)

Assume that mutually perpendicular unit vectors 1 and s be such that
I xs=e;3

where ej is the unit vector directed along the z3-axis. The vector 1 forms the
angle o with the positive direction of the xi-axis. Then the displacement
components u; = u -1, us = u-s, as well as the stress and moment stress
components acting on an area of arbitrary orientation are expressed by the
formulas [18]

w + iug = e u,
oy + 1o = 0.5[0’11 + 099 + i(Ulg — 0'21)
+(on — 092 +i(o12 + 021) )] ‘ (11)
tuz = 0.5[(p13 + ipos)e ™ + (ua3 — ipio3)e™]
h; = 0.5[(h1 + ihQ)e_Za + (hl — ’L'hg)ew‘].

3 The boundary value problem for a circle

Let us consider the elastic circle, consisting of Cosserat media with voids
bounded by the circumference of radius R (Fig. 1). The origin of coordi-
nates is at the center of the circle.

Figure 1: The elastic circle.
On the circumference, we consider the following boundary value prob-
lem

Opr — 10 =N —1T, w3=M, ¢=F, onr =R (12)

20
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where N, T, M and F' are sufficiently smooth functions.
Substituting the formulas (8)—(10) into (6) and (11) we have

O — iova = (1= ko) (¢'(2) + ¢/ (2)) + (Fix(z, %) + 7¢En(z, %)
— M[(1 — ko)Zp" (2) + ¥/ (2) +40:0:(ix(2,7) + (2,2))].  (13)

The analytic functions ¢'(z),%’(z) and the metaharmonic functions
Xx(z,%Z),m(z,Z) are represented as the following series

= i anz™, Y'(2) = i by 2" (14)
n=0 n=0

Zan n Clr ma7 Zﬁn n CQT ma (15)

where I,((17) and I,,(¢or) are the modified Bessel function of the first kind
of n-th order.

Substituting (14), (15) in (9), (10), (13), taking into account the bound-
ary conditions (12) and assuming that the series converge on the circum-
ference r = R, one finds

(]. — K’O) Z Rn((l _ n)aneina + ane—ina) - Z Rnbnei(n+2)a

n=0
oo
S = V(G h (G RYin + Gl 1 (GR)S)E = N~ i (16)
§ox ;
5 Z I,(G1R)ape ™+

K41, . )
5 zZ R™(ane™® —ane ") =2uM, (17)

2 +00
MPZI (G2R) Bne

“+oo
Y n ino — _—ina
- R"(an n =F (18
(HM)%Q;] (ane™™ + @) (18)
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As a conclusion of the previous relations, we used the following well-

known formula
2n

In1(%) — Ina(z) = ;In@f)

Expand the function N —¢T', 2uM and F', given on r = R, in a complex
Fourier series

“+o0 A —+o0 A —+oo )
N —iT = Z Ape™®, 2uM = Z Bne'™®, F = Z Ceme.
—0oQ —0oQ — 0

Oicx

Comparing in (16)—(18) the coefficients of e
sumed that ag is a real value [18])

we have (it is also as-

21~ mo)ao + 2 I (GR)Bo = No, (19)
A A2
0\%—23)5422% + (4'2%57[0@2}%)% = I, (20)
R v+ ﬁ
oy =

_ = My.
20L(GR) " 4ulo(GR)
In order for the problem to have a solution, the following condition must

be met
4pRIo (G R)

2+ B (GR) "
From Egs. (19), (20) we determine the coefficients ag and Sy

My =—

2
QE20E 1 (G R)No — A ¢l (G2R) Fy

_ po
90 = B (O (GR) | HPL(GR)
(Atp)po (A+p)dC2R)
2y _
ﬂ _ (>\+M)5C§NO+2(1 Ro)F()
07 202 (e (GR) | 476 (GR) -
(Atp)po (A+p)dC2R)

comparing the coefficients of e® (n # 0), we have
(1—n)(1 — ko)R"ay — R" 2b,_o—

2 (n = DGl 1(GRYion + Gl 1 (G R)G) = N, > 2

(21)

(1 - KO)Rnan - %(n + 1)(Clln+1(C1R)Z’O‘n - C271n+1(<2R)ﬁn) (22)

=N_,,n>0
A GR)an+ T irra, = My, 0> 1 (23)
iR"a
L Bn 141)0p B n ns =

22
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(A +2m)€—*,
(16 "

From (21)—(24) one finds

g n.

o N—n + klnMn - k2nFn

T 0= k)R — ko + kan
v+ k+1., )
ap=—+——|\M,——iR"a, |, n>1
4NIH(C1R) ( 2
po Y
Bn = <Fn + R”an) , n>1.
(A +2u)€ =) 1n(CR) (A + 1)oc3

bn2 = R*™((1 —n)(1 — o) R"ay,

2 (0= V(G L1 (GRYian + Gyl 1(GR)B) — Ny 2 2
where
(n+ 1)l 1 (QR)(v + B)i

2uRI (G R) ’

 2(n+ 1)Gyudln1(GeR)
T 2O+ 20)€ = PRI (GR)’
(n + 1)(1 (K + 1)(V + B)R"InH(ClR)
4uRIL (G R) 7

2(n + )72l (G R)R”
(A +2)6 =2 (A + p)GRI(GR)

It is easy to prove the absolute and uniform convergence of the series
obtained in the the circle (including the contours) when the functions set
on the boundaries have sufficient smoothness.

kln =

k?m =

k4n =
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