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Abstract

This paper is devoted to the tale of correction of the Galerkin
method as facilitated by Bastatsky and Khvoles nearly half a century
ago, in 1972 and expanded recently by the present writer and his col-
laborators. It is dedicated to the centenary of Alexander Rubenovich
Khvoles-a great scientist and man.

1 Introduction

Galerkin method is a widely used method in mathematical physics sug-
gested in 1915 by Galerkin. The books by Michlin (1971) and Svirsky
(1968), for example, can be consulted with its description and convergence.
The centenary of the method and its achievements are discussed by Repin
(2017). Singer (1962) and others showed that it coincides with the Ritz
method if the utilized coordinate functions satisfy all boundary conditions.
Timoshenko (1953) failed to mention this method among the important
contributions to mechanics, in his history book. Moreover, in his textbook
Timoshenko unjustifiably maintained that the Galerkin method constitutes
a second form of the Ritz Method. It was shown by Elishakoff, Kaplunov,
and Kaplunov (2020), and by Reddy and Srinivasa (2020) that the Ritz
and Galerkin methods are two distinct methods.

Two scientists working in Georgia, Bastatsky and Alexander Ruben-
ovich Khvoles (1972) a problem of application of the Galerkin method to
stepped structures. They showed that the nave application of Galerkin
method does not yield results produced by the Ritz method. This writer
was a new arrival to Israel in general and in Technion-Israel Institute of
technology in particular. The Department of Aeronautical engineering was
getting some journals in Russian, like Mechanics of Solids, and Mechanics
Referee Journal. From the latter I found that the journal Structural Me-
chanics and Analysis of Constructions, published the paper on the Galerkin
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method. Being interested in this method, I went to the faculty of Civil En-
gineering, whose library was receiving this journal.

Present writer was impressed both by the beautiful idea and clear pre-
sentation of application of generalized functions, namely the Heavisde unit
function, Dirac’s delta function, and the doublet function, namely the
derivative of the Dirac’s delta function. I did not have a chance to return
to these problems until recently, publishing several sequels.

Present writer contacted Alexander Rubenovich asking if he had any
further ideas on the Galerkin method’s extension or on applicability of
the methodology that he had suggested with Bastatsky. He responded
that at that time he didn’t have. Here is his response, dated August 16,
2002, obtained via Anna Afonchenko: Present writer tried to work on this

I'myboxoyBaxaeMbIH Mcaak SIHMIIAKOB!
Bame nHcbMO 0T 26.07.02. H KONHKO padoTel «O HEKOTOPBIX 0CODEHHOCTAX ...» d IMOIYYIHT —
cmacHbo. Jpyrad paboTa ¢ bacTankuM «K Bompocy o IpHMeHeHHH MeTona b.-I'. ...». B cOOpHHEe
«COTPOTHBICHHE MATepHAIOB H TEOPHA coopyxeHHH»., Kmes, 1972, Brm. 6. cip. 76-78. Hu
MepBOH, HH BTOPOH padoTH A y ce0d He 0OHapy:KHT. (H Hamén B cHHCKe MOHX paboT.) Tak Kak
3TH palGoTel OIMyOIHKOBAHBEl B 1972 1., To mpomto 30 1eT. Bo3MoXHO, Teneps f NoJ0meEn Ol
HHa4e. EciH noABHTICA Hied, 00A3aTenisHo BaM coobmy. TIpomry cooSmHTE Bame oTIecTBO.
Bcero camoro XopoImero.
Bam A.P.XBoxec
method, thinking to get it done by his centenary celebration. Whereas
this event is taking place now, by the generosity of spirit of his Georgian

colleagues, he is not with us anymore, physically. It is with delight that I
dedicate this account to his blessed memory.

2 Basic Equations

We are interested to evaluate the natural frequencies of a multi-step beam
as shown in Fig.1.
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Figure 1: Schematic of 13-stepped beam of length L

The beam is a cantilever made of a single material so the elastic modulus
FE and the mass density p are constants. The beam is composed by two
alternating sections, namely section A and section B. We study the free
vibrations of this beam in both vertical z — y and horizontal x — z planes
as shown in Fig. 2.

(@

Figure 2: of the stepped beam in the plane z — y (a) and z — z (b)

The Euler-Bernoulli differential equation governing the flexural vibra-
tions in one principal plane of the non-uniform beam reads:

2 20 2w
ooz (F@I0) 55 ) + )G =0, (1)

where w(x, t) is the vertical displacement, I(x) the moment of inertia, A(z)
the cross-sectional area, x the axial coordinate and t is the time. For each
segment of the stepped beam, one can write:

*w 9*w

Ejlj5 + Pl =0, (2)
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where j is an integer which identifies the segment of the beam. We rewrite
the vertical displacement as follows:

w(z,t) = W(z)sin(wt), (3)

where w is the sought natural frequency of the beam. Substituting Eq.
(3) in the differential equations (2) we easily obtain the following set of
equations valid for any time instant:

d*W

4 _
e —a;W =0, (4)
where a; reads:
1| PiA;W?
= . 5
As well known, the mode shapes W;(z) are given by:

Wj(xz) = Dy jsin(ajx) + Do jcos(ajx) + D3 j cosh(ajx) + Dy jsinh(ajx).

(6)
These satisfy the differential equations in Eq. (4), where D; ; are constants
of integration. We now take advantage of the Krylov-Duncan functions to
rewrite Eq. (6). The Krylov-Duncan functions are four functions defined
as follows:

Ki(ax) = %[cosh(ozx) + cos(ax)], (7a)
Ks(ax) = %[sinh(aw) + sin(az)], (7b)
Ks(ax) = %[cosh(aac) — cos(ax)], (7c)
Ky(ax) = %[Sinh(a:r) — sin(ax)]. (7d)
One notes that:
K1(0) =1, (8a)
K>(0) =0, (8b)
K3(0) =0, (8¢)
K4(0) =0 )

The second property of these functions is that the first derivative of K;

is equal to K;_1:
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Krylov-Duncan
Ki(x) K (x) K3 (x) Ky (x)
Function
First derivative Ky (x) K (x) K, (x) K;(x)
Second derivative Ka(x) K, (x) K, (x) K, (x)
Third derivative K, (x) K3(x) Ky (x) K (x)

Table 1: Derivatives of Krylov-Duncan functions

We can use these functions into equation (6) in order to simplify the rep-
resentation of the boundary conditions. This will lead us to the following
equation:

Wj(x) = My ;K1 (oyz) + My jKo(ax) + M j Ks(ojx) + My j Ky (o), (9)

where M; ; are constant of integration.

3 Exact Solution

The evaluation of the exact solution consists in the demand that not all
four coefficients M; ; for each component vanish simultaneously. In our
study we have 13 different segments for the multi-step beam resulting in
52 unknowns. The solution should satisfy continuity conditions between
the segments and the boundary conditions at the outer sections of the
beams (first and the 13" components). For each discontinuity, we have four
compatibility conditions namely continuity of vertical displacement, slope,
bending moment and shear force, for a total of 48 equations of compatibility
given the 12 discontinuities in the beam. In particular, they read:

Wiz = Lj) = Wit (z = L) (10a),
Mow=ry)= Tt = 1) (100),
Eﬂjcigj(x =Lj) = Ej+1fj+1%(w = Lj), (10¢)
Ejfjcigj(fﬂ =Lj) = Ej+1fj+1%($ = Lj). (10d)

By adding the 4 boundary conditions at the extremes of the beam we can
formulate a problem with 52 equations for 52 unknowns. In particular, in
the following, to compare our results with those of Jarowski and Dowell
(2008) we consider the case of the cantilever beam which boundary condi-
tions read:
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Constrain conditions x=20 x=1
W, =0 Ei3li3 PR 0
Cantilever
dW,
—= d*Wys
dx 513113F =0

This system of equations has the following form:
Az =0, (11)

where A is the coefficient matrix,  the vector of unknowns and 0 denotes
the zero vector. The non-trivial solutions of the homogeneous system in eq
(11) lead to the natural frequencies w of the problem.

The matrix A is sparse and the non-zero terms appear around the main
diagonal.

4 Straightforward Galerkin Method

The Galerkin method is a numerical strategy to solve differential equations
in a discrete manner:

4
2,1, 8"

I gt T ijJ'WQW =0, zj1<z<ux. (12)

By introducing the axial coordinate in non-dimensional form eq (12) can
be represented as:

d*W 974

Ej]jdifél — ijjw LW =0, ¢&-1< E< fj. (13)

In order to apply the Galerkin method in its straightforward version, we
have to express the vertical displacement W in terms of the so-called com-
parison functions v, (§) as:

W (&) =Y ayhp(9), (14)
p=1

where a, are unknown constants. Now we substitute the expression of W (§)
in the differential equations obtaining residuals €;(£) since the functions
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YPp(§) do not necessarily satisfy the differential equations:

n

4 n
EIJZ ak ;@ oA TS apy() = £5(6), &1 < €< €. (15)

We now multiply the error £;(§) by 14(§), we sum it up for all the compo-
nents and we integrate within j** span:

n 13 &1 d
> Z[ | E e
p=1 | j=1 J
13 £]+
> [ /5 pJApr(i)wq(ﬁ)dfl} —0. (16)
j=1 L7&
By defining;:
13 §iv1 dA i
Ky = /5 E;I; §§£€)¢q(§) dg|, (17a)
=1 L7& |
B[ r&m i
My, = /é i AL () E)de | (170)
=1 7% |
we obtain: .
> (Kpg — w*Mpg)a, = 0. (18)

Eq. 18 can be rewritten in matrix notation as:
(K —w?*M)a =0 (19)

where K represent the stiffness matrix of the problem, M the mass matrix
of the problem and a the vector of the unknown scale factors a,.

This non-trivial solution of eq. (19) lead to the eigenvalues w? and the
scale factors a, of the problem.

5 Application of Rigorous Galerkin Method by
Bastatsky/Khvoles

The rigorous version of the Galerkin method does require generalized func-
tions over the entire domain of the beam length (0 < = < L). Starting
from Eq. (1) and (3) we obtain:
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d2 2 ) 5 )
) < (x) (x)dxz> sin(wt) — w”p(x) A(z)W (x) sin(wt) = 0. (20)
Introducing a non-dimensional axial coordinate £ and looking for a solution
true for any time value, we obtain:

d? d*wW

e (Foro%y ) -wroaewe -0 @

In order to implement the rigorous Galerkin method we represent the flex-
ural rigidity and the mass of the system as generalized functions:

12
D(¢)

= BI(§) = Exli - U(©) + Y [Ejaljn — Bjly) - HE = )], (22a)
j=1

12
M(&) = p()AE) = p1 AU+ _lpjr1djpa —pid;) - H(E - )], (220)

=1

where H(§ — &) is the unit step function or Heaviside function which has
the following properties:

H(E o) {1 oo (230)
0 otherwise
d
dfgﬂ(é—a) =0(§ — o), (230)
d

d*§5(§ —a)=0(¢—a), (23¢)

where §(€) is the Dirac’s delta function, and §' (£ —«) is the doublet function.
Now, rewriting the equation (21) with these considerations we obtain:

2 2
e (PO%s ) ~riewe —o,

We evaluate the derivatives to get:

(24)

AW d B LB, -
D(ﬁ)dfg 2d—€D(§)d—£3+d—£2D(§) g2 L* MW () =0. (25)

We substitute the approximation in series of W (§) (Eq. (14)) arriving at:

n

4 3
S [D@)d U6 5 d p PUplE)

p:1d2 djj(ﬁ) ) N -
DO g~ LM (€)| ap =0,
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We next multiply the differential equation by 1,(£) and we integrate it
from zero to one, to get:

4 3
[/ D)0y, (e)ae + / 29 pieyT0ele)y, (e)ae

et ac T
+ /O PO ey - [ M@ e a 0
=0.
By defining:
Kim= [ DO 0 0at0), (28a)
Ko pg = /0 22D(£)d33§§€)wq(£)d§, (28b)
Kom= [ 00T v, c)ie, (280)
Mpq = /0 LM () (28d)
we can rewrite eq. (27) as
i(Kl,pq + Ko pg + K3pq — w*Mpg)a, =0 (29)
Z

or in more compact matrix form as:
(K14 Ko+ K3 —w?*M)a =0 (30)
Non-trivial solutions of the equation:
(K —w?M)a =0 (31)

where K = K| + Ky + K3, lead to the frequencies of vibration w? and the
scale factors a, of the problem.

We observe that the matrix Kj coincides with the K matrix for the
straightforward implementation of the method. Thus, the rigorous imple-
mentation of Galerkin method yields to two additional stiffness matrices,
K5 and K3, which provide superior performances to the method w.r.t. its
straightforward version.
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6 Superiority of Bastatsky/Khvoles Method

The first three frequencies of vibration in the x — y and x — z planes,
computed by using the exact formulation are shown in Table 3.

Exact Solution [rad/sec]
Mode x — y Plane x — z Plane
1 342.4121 67.5133
2 2166.4943 423.9471
3 6143.9243 1191.0450

Table 3: Exact solution

The rigorous Galerkin method, for 1, 2, 3, 25, 50, 75 and 100 terms,
leads to the frequencies in Table 4 for the frequencies of vibration in the
x —y and x — z plane, respectively. The relative error between the nat-

Frequencies [rad/s]

Mode | 1 Term 2 Terms 3 Terms 25 Terms | 50 Terms | 75 Terms | 100 Terms

1 532.3005 | 525.2584 | 525.2059 | 385.5029 | 362.8573 | 353.8210 | 352.2366

3303.9364 | 3302.5800 | 2590.9190 | 2296.1458 | 2238.5734 | 2229.1627

]
'

3 - 0288.0450| 7360.6548 | 6511.9947 | 6377.2805 | 6322.6071

Table 4: Frequencies of vibration for the x-y plane obtained with rigorous Galerkin method

ural frequencies computed via the Galerkin method and the exact ones,

computed as:

c— WqGalerkin — WEzact . 100% (32)
WEzact

is reported in Table 5.
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Relative error [%0]
Mode 1 Term 2 Terms 3 Terms 25 Terms | 50 Terms | 75 Terms | 100 Terms
1 53.41% 53.40% 53.38% 12.61% 5.97% 3.33% 2.87%
2 52.50% 52.44% 19.59% 5.98% 3.33% 2.89%
3 51.17% 19.80% 5.99% 3.80% 2.91%

Table 5: Relative error between the rigorous Galerkin method and the exact solution for the
frequencies of vibration in the x-y plane.

Advantages of application of Bastatsky /Khvoles formulations are trans-
parent. The rigorous method was applied to static problems (Elishakoff et
al, 2019), buckling of stepped columns (Elishakoff et al, 2020), and vibra-
tions problems (Elishakoff et al, 2021a, 2021b).

7 Acknowledgements

Author acknowledges cooperation with Prof. Alessandro Marzani and Mr.
Marco Amato, numerical results have been drawn from their joint paper
(Elishakoff et al, 2021b); he is also grateful to Professor Tamaz Vashak-
madze for kind invitation to contribute to this noble endeavor.

References

1.

Gander M.J. and Wanner G., From Euler, Ritz, and Galerkin to Mod-
ern Computing. SIAM Review. 54, 4 (2012), 627-666.

. Brgermeister G. and Steup H. Stabilittstheorie. Berlin: Academie Ver-

lag,(1957), 195-197, (in German).

Bastatsky B.N. and Khvoles A.R. On Some Specifics of Applying
Bubnov-Galerkin Method to Practical Analysis of Structures. Stroitel-
naya Mekhanika i@ Raschet Sooruzhenii, (Structural Mechanics and
Analysis of Constructions), Issue 2, (1972), 55-59, (in Russian).

Vainberg D.V. and Roitfarb 1.Z. Analysis of Plates and Shells with
Discontinuous Parameters. in Raschet Prostranstvennykh Konstrukzii
(Analysis of Space Structures) 10 (1965), 38-80, Moscow: “Stroiizdat”
Publishing House, (in Russian).

. Elishakoff I., Arvan P. A. and Marzani A. Rigorous Versus Nave Imple-

mentation of the Galerkin Method for Stepped Beams. Acta Mechanica,
230, 11 (2019), 3861-3873.

105



AMIM Vol.26 No.1, 2020 Isaac Elishakoff

6.

10.

11.

12.

13.

14.

15.

16.

Elishakoff I. and Boutur D. Rigorous Implementation of the Galerkin’s
Method for Uniform and Stepped Columns. AIAA Journal, 58, 5
(2020), 2261-2268.

Elishakoff I., Amato M., Arvan P.A. and Marzani A. Rigorous Im-
plementation of the Galerkin Method for Stepped Structures Needs

Generalized Functions. Journal of Sound and Vibration, 490, article
115708, 2021a.

Elishakoff 1., Amato M. and Marzani A., Galerkin’s Method Revis-
ited and Corrected in the Problem of Jaworski and Dowell. Mechanical
Systems and Signal Processing. 156, article 107604, 2021b.

Elishakoff I., Kaplunov J. and Kaplunov E. Galerkin’s Method Was Not
Developed by Ritz, Contrary to the Timoshenko’s Statement”, in Non-
linear Dynamics of Discrete and Continuous Systems (A. Abramyan,
I. Andrianov and V. Gaiko, eds.), pp. 63-82, Springer, Berlin, 2020.

Galerkin B.G. Sterzhni i plastiny. Ryady v nekotorykh voprosakh upru-
gogo ravnovesiya sterzhnei i plastin (Rods and Plates Series Occuring
in Some Problems of Elastic Equilibrium of Rods and Plates). Vest-
nik Inzhenerov i Tekhnikov, Petrograd, 19 (1915), 897-908, (in Rus-
sian), (English Translation: 63-18925, Clearinghouse Fed. Sci. Tech.
Info.1963).

Jaworski J.W. and Dowell E.H. Free Vibration of a Cantilevered Beam
with Multiple Steps: Comparison of Several Theoretical Methods with
Experiment. Journal of Sound and Vibration. 312 (2008), 713-725.

Leipholz H.H.E. Use of Galerkin’s Method for Vibration Problems. The
Shock and Vibration Digest. 8 (1976), 3-18.

Michlin S.G. The Numerical Performance of Variational Methods.
Groningen: Wolters-Noordhoff Publishing. 1971.

Reddy J.N. and Srinivasa A.R. Misattributions and Misnomers in Me-
chanics: Why They Matter in the Search for Insight and Precision of
Thought. Vietnam Journal of Mechanics. 42, 3 (2020), 283-291.

Repin S. One Hundred Years of the Galerkin Method. Computer Meth-
ods in Applied Mathematics. 17, 3, (2017) 351-357.

Ritz W. Uber eine neue Methode zur Lisung gewisser Randwer-
taufgaben. Nachrichten von der Gesellschaft der Wissenschaften zu
Gottingen, Mathematisch - Physikalische Klasse. (1908), 236-248 (in
German).

106



Galerkin’s Method as Corrected by ... AMIM Vol.26 No.1, 2020

17. Singer J. On the Equivalence of the Galerkin and Rayleigh-Ritz Meth-
ods. Aeronautical Journal. 66, 621 (1962), 592-592.

18. Svirsky I.V. Methods of Bubnov-Galerkin Type and of Successive Ap-
proximations. “Nauka” Publishing House, Moscow (1968) (in Russian)

19. Timoshenko S.P. History of Strength of Materials with a Brief Ac-
count of Theory and Elasticity and Theory of Structures. New York:
McGraw-Hill, 1953.

20. Timoshenko S.P., Young D.H. and Weaver W. Vibration Problems in
Engineering. 2nd edition. New York: Van Nostrand Reinhold Company.
1974.

107



