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Abstract

The purpose of this paper is to construct explicit solutions of the
Dirichlet type and the Neumann type boundary value problems of the
theory of elasticity for a sphere and for a space with spherical cavity
with a double voids structure. The solutions of considered boundary
value problems are presented as absolutely and uniformly convergent
series.
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1 Introduction

Porous materials have applications in many fields of engineering, such as
the petroleum industry, material science and biology. This theory studies
the behavior of elastic porous materials like the rock, the bone and the
manufactured porous materials. Below, we will consider a few works, which
give the main results and bibliographical data.

Theory of poroelasticity is presented in the works by Biot [1,2]. Later
the non-linear version of elastic materials with voids was proposed by Nun-
ziato and Cowin [3] and the linear version was developed by Cowin and
Nunziato [4] to study mathematically the mechanical behavior of porous
solids. By using the mechanics of materials with voids the theories of elas-
ticity and thermoelasticity for materials with double porosity structure are
presented by Ieşan and Quintanilla [5]. The basic equations of this theory
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involve the displacement vector field and the volume fraction fields associ-
ated with the pores and the fissures. Ieşan in [6] established a variational
theory for thermoelastic materials with voids.

The basic results on the theory of porous materials can be found in the
books ([7],[8],[9],[10]).

Many problems are investigated by several researchers in the elastic
materials with voids, using the theory developed by Cowin and his co-
workers, by applying different methods such as an analytical, numerical
and the complex variable technique to investigate the two-dimensional and
three-dimensional boundary value problems of the theory of elasticity and
thermoelasticity. Some of these results are presented in [11-31] and in
references therein.

The purpose of this paper is to construct explicit solutions of the Dirich-
let type and the Neumann type boundary value problems of the theory of
elasticity for a sphere and for a space with spherical cavity with a double
voids structure. The solutions are presented as absolutely and uniformly
convergent series.

2 Basic Equations and Formulation of the Prob-
lem

Let us assume that D is a ball of radius R centered at point O(0, 0, 0) in
the Euclidean 3D space E3 and S is a spherical surface of radius R. Let
D− be the whole space with spherical cavity and with boundary S. Let
x = (x1, x2, x3) ∈ E3. Let us assume that the domain D(D−) is composed
of an isotropic homogeneous elastic material with double voids structure.

The basic system of linearized equations of motion in the theory of elas-
ticity for homogeneous and isotropic materials with double voids structure
can be written as [5]

µ∆u + (λ+ µ)graddivu + bgradϕ+ dgradψ = 0,

(α∆− α1)ϕ+ (β∆− α3)ψ − b divu = 0,

(β∆− α3)ϕ+ (γ∆− α2)ψ − d divu = 0,

(1)

where u := (u1, u2, u3)> is the displacement vector in a solid, ϕ(x) and
ψ(x) are the changes of volume fractions from the reference configuration
corresponding to macro- and micropores, respectively, λ, µ, β, α,b, d, γ, α1,
α2, α3 are constitutive coefficients, ∆ is the Laplacian operator. Through-
out this paper the superscript ”>” stands for the transpose operation.
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Definition: A vector-function U = (u, ϕ, ψ) is called regular in the
domain D(D−), if

U ∈ C2(D) ∩ C1(D), (U ∈ C2(D−) ∩ C1(D−)),

in the case of the domain D−, U additionally should satisfy the following
conditions at infinity:

U(x) = O(|x|−1)
∂U

∂xj
= O(|x|−2) |x|2 = x2

1 + x2
2 + x2

3 >> 1,

j = 1, 2, 3.

In the sequel, we consider the following boundary value problems (BVPs):
Problem 1: (The Dirichlet type BVP.) Find a regular solution U =

(u, ϕ, ψ) of the system (1) in the domain D, satisfying the following bound-
ary conditions on S :

u+(z) = F+(z), ϕ+(z) = f+
4 (z), ψ+ = f+

5 (z), z ∈ S.

Problem 2: (The Neumann type BVP.) Find a regular solution U =
(u, ϕ, ψ) of the system (1) in the domain D− satisfying the following bound-
ary conditions on S :

[PU]− = F−(z),

[
∂ϕ

∂n

]−
= f−4 (z),

[
∂ψ

∂n

]−
= f−5 (z), z ∈ S.

The vector PU is defined in the following form

P(∂x,n)U = T(∂x,n)u + n(bϕ+ dψ), (2)

where T(∂x,n)u is the stress vector in the classical theory of elasticity

T(∂x,n)u = 2µ
∂u

∂n
+ λndivu + µ[n · rotu],

the vector-function F(z) = (f1, f2, f3), and the functions f4(z), f5(z)
are prescribed functions on S, at z. The symbol U+(U−) denotes the limits
of U(x) = (u, ϕ, ψ) on z ∈ S from D(D−)

U+(z) = lim
D3x→z∈S

U(x), U−(z) = lim
D−3x→z∈S

U(x).

Throughout this paper assume that b2 + d2 > 0 and the following inequal-
ities are true [5]

µ > 0, α > 0, α0 = αγ − β2 > 0, α1 > 0, β0 = α1α2 − α2
3 > 0,

(3λ+ 2µ)β0 > 3γ1, µ0 = λ+ 2µ > 0, γ1 = α2b
2 + α1d

2 − 2bdα3.
(3)
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Theorem 1. If the conditions (3) are satisfied, then the Problem 1
(the Problem 2) admits at most one regular solution in D(D−).

Theorem 1 can be proved similarly, as the corresponding theorems are
proved in [32],[33].

3 Preliminaries

In this section, we cite some basic theorems without proof, (its are proved
in [30],) which are useful in our subsequent.

Theorem 2. If U := (u, ϕ, ψ) is a regular solution of the homogeneous
system (1) then u, divu, ϕ and ψ satisfy the conditions[30]

∆∆(∆ + λ2
1)(∆ + λ2

2)u = 0,

∆(∆ + λ2
1)(∆ + λ2

2)Φ = 0,

where Φ = (divu, ϕ, ψ), λ2
j , j = 1, 2 are roots of equation

α0µ0ξ
2 +A1ξ +A2 = 0,

A1 = µ0β2 − β1, µ0 = λ+ 2µ, β2 = γα1 + αα2 − 2βα3

β1 = γb2 + αd2 − 2bdβ, A2 = µ0β0 − γ1, β0 = α1α2 − α2
3

α0 = γα− β2, γ1 = α2b
2 + α1d

2 − 2bdα3,

Theorem 3. The regular solution U = (u, ϕ, ψ) of system (1) admits
in the domain of regularity a representation [30]

u = Ψ− grad

[
(m0 − 1)h0 +

2∑
j=1

hj
λ2
j

]
,

ϕ = B0h+
2∑
j=1

Bjhj , ψ = C0h+
2∑
j=1

Cjhj ,

(4)

where

divu = h+
2∑
j=1

hj , ∆Ψ = 0, divΨ = m0h, m0 =
A2

µβ0
,

∆h0 = h, ∆h = 0, (∆ + λ2
j )hj = 0,
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B0 =
dα3 − bα2

β0
, C0 =

−dα1 + bα3

β0
,

Bj =
B0β0 + d1λ

2
j

δj
, Cj =

C0β0 + d2λ
2
j

δj
,

d1 = dβ − bγ, d2 = bβ − dα, bB0 + dC0 = −γ1

β0
,

bBJ + dCj = −µ0, δj =
γ1 + β1λ

2
j

µ0
.

(5)

Let us introduce the spherical coordinates equalities

x1 = ρ sinϑ cos η, x2 = ρ sinϑ sin η, x3 = ρ cosϑ, x ∈ D,

y1 = R sinϑ0 cos η0, y2 = R sinϑ0 sin η0, y3 = R cosϑ0, y ∈ S,

|x|2 = ρ2 = x2
1 + x2

2 + x2
3, 0 ≤ ϑ ≤ π, 0 ≤ η ≤ 2π 0 ≤ ρ ≤ R.

(x ·g) =
3∑

k=1

xkgk and [x ·g] denotes the usual scalar product and the vector

product of the two vectors x and g respectively.

Operator
∂

∂Sk(x)
is defined as follows:

[x · ∇]k =
∂

∂Sk(x)
, k = 1, 2, 3, ∇ =

(
∂

∂x1
,
∂

∂x2
,
∂

∂x3

)
.

Below we introduce the following identities:

∂

∂n
gradg =

1

ρ
grad

(
ρ
∂

∂ρ
− 1

)
g, divng =

(
∂

∂ρ
+

1

ρ

)
g,

div[n · rotu] = − ∂

∂ρ
divΨ, if ∆Ψ = 0, (x · grad) = ρ

∂

∂ρ
,

div
∂u

∂n
=

(
∂

∂ρ
+

1

ρ

)
divu− 1

ρ

(
n · ∂u

∂n

)
,

3∑
k=1

∂uk
∂Sk(z)

=
3∑

k=1

∂Ψk

∂Sk(z)
,

3∑
k=1

∂(Pu)k
∂Sk

= µ

(
∂

∂ρ
− 1

ρ

) 3∑
k=1

∂Ψk

∂Sk
,

(6)
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(
n · ∂u

∂n

)
=

1

ρ

(
x · ∂Ψ

∂n

)
− ∂2

∂ρ2

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j

 ,
(

x · ∂Ψ

∂n

)
=

(
∂

∂ρ
− 1

ρ

)
(x ·Ψ).

We introduce the following functions

(x · F)± = q±1 (y), ϕ+ = q+
2 (y),

ψ+ = q+
3 (y), (divF)± = q±4 , y ∈ S.

3∑
k=1

∂uk
∂Sk(z)

=
3∑

k=1

∂Ψk

∂Sk(z)
= q+

5 ,

3∑
k=1

∂(Pu)k
∂Sk

= µ

(
∂

∂ρ
− 1

ρ

) 3∑
k=1

∂Ψk

∂Sk
= q−5 .

(7)

In what follows we assume that the functions qk, k = 1, .., 5, are repre-
sentable in the form of the series

q±k (y) =

∞∑
n=0

q±kn(ξ0, η0), (8)

where q±kn k = 1, .., 5 are the spherical harmonics of order n

q±kn =
2n+ 1

4πR2

∫
S

Pn(cos γ)q±k (y)dSy,

Pn is Legender polynomial of the n-th order, γ is an angle formed by the
radius-vectors Ox and Oy,

cos γ =
1

|x||y|

3∑
k=1

xkyk.

Substituting (4) in (2) and using the identities (6), the vector PU takes
the form

P(∂x,n)u = 2µ
∂Ψ

∂n
− 2µ

1

ρ
grad

(
ρ
∂

∂ρ
− 1

)(m0 − 1)h0 +

2∑
j=1

hj
λ2
j


+n[λdivu + bϕ+ dψ] + µ[n · rotΨ],

(9)

where

λdivu + bϕ+ dψ = µ(m0 − 2)h− 2µ

2∑
n=0

hj .
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4 The Solution of Problem 1

We are looking for a solution of system (1) in the form (4). Taking into

account the identity (x · grad) = ρ
∂

∂ρ
, from (4) we obtain

(x · u) = (x ·Ψ)− ρ ∂
∂ρ

(m0 − 1)h0 +
2∑
j=1

hj
λ2
j

 . (10)

On the basis of the identity

∆(gq) = g∆q + q∆g + 2gradggradq,

for the function (x ·Ψ) we shall have

∆(x ·Ψ) = 2divΨ = 2m0h,

the general solution of which is defined as a sum of homogeneous and par-
ticular solutions of nonhomogeneous equation ,respectively

(x ·Ψ) = Ω + 2m0h0, (11)

where Ω is an arbitrary harmonic function ∆Ω = 0 and ∆h0 = h.
From (4), (10) and (11), we get

(x · u) = Ω + 2m0h0 − ρ
∂

∂ρ

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j

 ,
3∑

k=1

∂uk
∂Sk(z)

=

3∑
k=1

∂Ψk

∂Sk(z)
,

ϕ = B0h+
2∑
j=1

Bjhj , ψ = C0h+
2∑
j=1

Cjhj , divu = h+
2∑
j=1

hj .

(12)

Let us assume that functions h, Ω,
3∑

k=1

∂Ψk

∂Sk(z)
and hj (j = 1, 2) are

sought in the form [34],

h(x) =
∞∑
n=0

ρn

Rn
Zn(ϑ, η), Ω =

∞∑
n=0

ρn

Rn
Z1n(ϑ, η),

hj(x) =
∞∑
n=0

φn(λjρ)Yjn(ϑ, η), j = 1, 2,

3∑
k=1

∂Ψk

∂Sk(z)
=
∞∑
n=0

ρn

Rn
Z2n(ϑ, η), ρ < R,

(13)
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where Zn Zjn and Yjn j = 1, 2 are the unknown spherical harmonic of
order n,

φn(λjρ) =

√
RJn+ 1

2
(λjρ)

√
ρJn+ 1

2
(λjR)

,

Jn+ 1
2
(ρ) is the Bessel function.

Taking into account (13), we can write the particular solution of equa-
tion ∆h0 = h in the following form

h0(x) =
1

2

∞∑
n=0

ρ2

3 + 2n

( ρ
R

)n
Zn(ξ, η). (14)

From (12), passing to the limit as ρ → R, and bearing in mind (7),
for the determination of the unknown functions we arrive at the following
system of algebraic equations

Ω+ + 2m0h
+
0 −R

 ∂

∂ρ

(m0 − 1)h0 +
2∑
j=1

hj
λ2
j


ρ=R

= q+
1 ,

Z2n = q+
5n,

B0h
+ +

2∑
j=1

Bjh
+
j = q+

2 , C0h
+ +

2∑
j=1

Cjh
+
j = q+

3 ,

h+ +
2∑
j=1

h+
j = q+

4 .

(15)

Obviously, in view of Theorem 1 we conclude that the determinant of sys-
tem (15) is different from zero. Therefore, system (15) is uniquely solv-
able.We find

h+ =
1

µm0
[bq+

2 + dq+
3 + µ0q

+
4 ] = G+,

h+
j =

(−1)j

d

[
B1B2

Bj
(q+

4 −G
+)− q+

2 +B0G
+

]
= G+

j .

(16)

where

d = B1 −B2 = −(λ2
1 − λ2

2)K0dβ0

µ0δ1δ2
=

(λ2
1 − λ2

2)dα0µ0

K0β0
,

δ1δ2 = −β
2
0K

2
0

µ2
0α0

, K0 = B0(bβ − αd) + C0(γb− dβ),
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On the other hand, as seen from relations (13) and (16),for determining
unknown functions, we get

Zn = G+
n , Yjn = G+

jn, j = 1, 2,

where

G+
n =

2n+ 1

4πR2

∫∫
S

Pn(cos γ)G+(y)dSy,

G+
jn =

2n+ 1

4πR2

∫∫
S

Pn(cos γ)G+
j (y)dSy.

Since the functions h, h0 and hj are already determined, let us calculate
the function Ω+ from equation (15)1. We get

Ω+ = −2m0h
+
0 +R

 ∂

∂ρ

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j


ρ=R

+ q+
1 = G+

3 .

For determining unknown function Z1n, from (13) we get

Z1n = G+
3n,

where

G+
3n =

2n+ 1

4πR2

∫∫
S

Pn(cos γ)G+
3 (y)dSy.

This finally leads that the functions h, hj , Ω, h0,
3∑

k=1

∂Ψk

∂Sk(z)
are defined

as

h(x) =
∞∑
n=0

ρn

Rn
G+
n (ξ, η) =

1

4πR

∫∫
S

R2 − ρ2

r3(x,y)
G+(y)dsy,

hj(x) =
∞∑
n=0

φn(λjρ)G+
jn(ξ, η), ρ < R,

Ω(x) =
∞∑
n=0

ρn

Rn
G+

3n(ξ, η) =
1

4πR

∫∫
S

R2 − ρ2

r3(x,y)
G+

3 (y)dsy,

3∑
k=1

∂Ψk

∂Sk(z)
=
∞∑
n=0

ρn

Rn
q+

5n(ξ, η) =
1

4πR

∫∫
S

R2 − ρ2

r3(x,y)
q+

5 (y)dsy,

(17)
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h0(x) =
1

2

∞∑
n=0

ρ2

3 + 2n

( ρ
R

)n
G+
n (ξ, η), r(x,y) =

3∑
n=0

(xj − yj)2.

Substituting (17) into (4), we get the solution of Problem 1.
For absolutely and uniformly convergence of obtained series, together

with their first derivatives, it is sufficient to assume that

fj ∈ C5(S), j = 1, 2, .., 5.

Under these conditions the resulting series are absolutely and uniformly
convergent.

5 The Solution of Problem 2

In this section we can construct a solution of Problem 2 for an elastic porous
space with spherical cavity.

On the basis of the identities (6), from (9), after some lengthy calcula-
tions, we obtain

(x ·Pu) = 2µ

(
x · ∂Ψ

∂n

)
− 2µρ

∂2

∂ρ2

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j


+ρ[λdivu + bϕ+ dψ],

3∑
k=1

∂(Pu)k
∂Sk

= µ

(
∂

∂ρ
− 1

ρ

) 3∑
k=1

∂Ψk

∂Sk
,

(18)

divPu = µm0
h

ρ
− 2µ

ρ2

(
x · ∂Ψ

∂n

)
+

2µ

ρ

∂2

∂ρ2

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j

 ,
(

x · ∂Ψ

∂n

)
=

(
∂

∂ρ
− 1

ρ

)
(x ·Ψ),

where
(x ·Ψ) = Ω + 2m0h0, (19)

Ω is an arbitrary harmonic function ∆Ω = 0 and the function h0 is a
bi-harmonic function and chosen such that ∆h0 = h.
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From (4) and(18) we obtain the following relations

divPu =
µm0h

ρ
− 2µ

ρ2

(
x · ∂Ψ

∂n

)
+

2µ

ρ

∂2

∂ρ2

(m0 − 1)h0 +
2∑
j=1

hj
λ2
j

 ,
divPu +

1

ρ2
(x ·Pu) =

2µ

ρ

(m0 − 1)h−
2∑
j=1

hj

 ,
∂ϕ

∂n
= B0

∂h

∂n
+

2∑
j=1

Bj
∂hj
∂n

,
∂ψ

∂n
= C0

∂h

∂n
+

2∑
j=1

Cj
∂hj
∂n

,

3∑
k=1

∂(Pu)k
∂Sk

= µ

(
∂

∂ρ
− 1

ρ

) 3∑
k=1

∂Ψk

∂Sk
.

(20)

We introduce the following functions:

(z · F)− = q−1 (z), divF = q−2 (z),
3∑

k=1

∂(Pu)k
∂Sk

= q−5 . (21)

Let us assume that functions qk, k = 1, 2, and fk, k = 4, 5 are repre-
sentable in the form of the series

q−k (y) =
∞∑
n=0

q−kn(ξ0, η0), f−k (y) =
∞∑
n=0

f−kn(ξ0, η0), (22)

where q−kn, (k = 1, 2), f−kn, k = 4, 5 are the spherical harmonics of
order n

q−kn =
2n+ 1

4πR2

∫∫
S

Pn(cos γ)q−k (y)dSy, f−kn =
2n+ 1

4πR2

∫∫
S

Pn(cos γ)f−k (y)dSy.

From (20), passing to the limit as ρ → R, for determining the unknown
values, we obtain the following system of algebraic equations;

when ρ = R(
∂

∂ρ
− 1

R

)
(Ω + 2m0h0) =

R2

2µ−q−2 +
µm0h

−

R
+

2µ

R

∂2

∂ρ2

(m0 − 1)h0 +

2∑
j=1

hj
λ2
j


ρ=R

= G−3 ,
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(m0 − 1)

(
∂h

∂ρ

)−
−

2∑
j=1

(
∂hj
∂ρ

)−
=

(
R

2µ

∂

∂ρ

[
divPu +

1

ρ2
(x ·Pu)

])
ρ=R

= ω−,

B0

(
∂h

∂ρ

)−
+

2∑
j=1

Bj

(
∂hj
∂ρ

)−
= f−4 ,

C0

(
∂h

∂ρ

)−
+

2∑
j=1

Cj

(
∂hj
∂ρ

)−
= f−5 ,

µ

(
∂

∂ρ
− 1

ρ

)
3∑

k=1

∂Ψk

∂Sk
= q−5 .

(23)

On the basis of Theorem 1, we conclude that the determinant of system
(23) is different from zero and the system (23) is always solvable. After
some lengthy calculations, from (23) we get(

∂h

∂ρ

)−
=

1

(λ+ µ)m0

[
µ0ω

− − b f−4 − d f
−
5

]
= G−,

(
∂hj
∂ρ

)−
=

(−1)j

d

[
B0G

− − f−4 +
B1B2

Bj

(
(m0 − 1)G− − ω−

)]
= G−j ,

(24)

where

d = B1 −B2 =
(λ2

1 − λ2
2)dα0µ0

K0β0
,

K0 = B0(bβ − αd) + C0(γb− dβ).

Let us assume that the functions h, Ω and hj , (j = 1, 2) in (23) are
sought in the form [34]

Ω = −
∞∑
n=0

1

n+ 1

Rn+2

ρn+1
Yn(ξ, η),

h(x) = −
∞∑
n=0

1

n+ 1

Rn+2

ρn+1
Zn(ξ, η),

3∑
k=1

∂Ψk

∂Sk
= −

∞∑
n=0

1

n+ 1

Rn+2

ρn+1
Z3n(ξ, η),

hj(x) =
∞∑
n=0

Ψn(λjρ)Zjn(ξ, η) ρ > R.

(25)
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where Yn, Zn and Zjn, (j = 1, 2, 3) are the unknown spherical harmonic
of order n,

Ψm(λkρ) =

√
RH

(1)

m+ 1
2

(λkρ)

√
ρH

(1)

m+ 1
2

(λkR)
,

H
(1)

m+ 1
2

(z) is the Hankel’s function.

On the basis of equation ∆h0 = h, the function h0 can be represented
in the following form

h0(x) =
1

2

∞∑
n=0

ρ2

1− 2n

Rn+2

ρn+1
Zn(ξ, η). (26)

On the other hand, substitution of (25) into (24) yields

Z−n = G−n , Zjn =
G−jn(

∂
∂ρΨn(λjρ)

)
ρ=R

, Z3n =
q−5n
2µ

, (27)

where

G−n =
2n+ 1

4πR2

∫∫
S

Pn(cos γ)G−(y)dSy,

G−jn =
2n+ 1

4πR2

∫∫
S

Pn(cos γ)G−j (y)dSy.

and (25)-(26) takes the form

h(x) = −
∞∑
n=0

1

n+ 1

Rn+2

ρn+1
G−n (ξ, η),

hj(x) =
∞∑
n=0

Ψn(λjρ)
G−
jn(

∂
∂ρ

Ψn(λjρ)
)
ρ=R

, ρ > R,

h0(x) =
1

2

∞∑
n=0

ρ2

1− 2n

Rn+2

ρn+1
G−n (ξ, η),

3∑
k=1

∂Ψk

∂Sk
= − 1

2µ

∞∑
n=0

1

n+ 1

Rn+2

ρn+1
q−5n,

(28)

where G−n and G−jn are known spherical harmonics.
Since the functions h, h0 and hj having already determined, to

determination of Ω, from (23)1 we get the following BVP:
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find the harmonic function Ω in D−, with the boundary condition on S(
∂

∂n
− 1

R

)
Ω = G−3 − 2m0

[(
∂

∂ρ
− 1

R

)
h0

]
ρ=R

= G4, ρ = R.

Thus, for the Laplace equation we have obtained the Robin boundary value
problem, the solution of which is

Ω(x) = −
∞∑
n=0

1

n+ 2

Rn+2

ρn+1
G−4n(ξ, η), ρ > R,

where

G−4n = G−3n +
m0R

2n

1− 2n
G−n .

For absolutely and uniformly convergence of obtained series, together
with their first derivatives, it is sufficient to assume that

fj ∈ C5(S), j = 1, 2, .., 5.

Under these conditions the resulting series are absolutely and uniformly
convergent.

Thus, the considered problems have been solved completely.
We note that in the elasticity theory of isotropic bodies, the basic BVPs

for the sphere in the classical setting for potential methods are thoroughly
investigated in [33] (see also references therein).

6 Conclusions

In this paper the following result is obtained: the Dirichlet type and the
Neumann type BVPs for the sphere with double voids and for a space with
spherical cavity are solved explicitly.For the harmonic functions the Poisson
type formulas are obtained. The bi-harmonic and meta-harmonic functions
are presented as absolutely and uniformly convergent series.
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