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Abstract

In this paper the conditions for the existence of a neutral surface of
elastic shells is consider, when the neutral surfaces are not the middle
surface of the shell, it is the equidistant surface of the middle sur-
face. Boundary value problems of the theory of generalized analytic
functions are used for convex shells.
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AMS subject classification (2010): 74B20.

1 Mixed Form of Stress-Strain Relation

Let us write the stress-strain relations in the form [1]

pij = λθgij + 2µeij (i, j = 1, 2, 3, gij = δij) (1.1)

where pij and eij are the mixed components, respectively, of stress and strain
tensors, θ is the cubical dilatation which will be written as

θ = eii = θ′ + e3
3, θ′ = eαα, (α = 1, 2) (1.2)

when j = 3 from (1.1) we have

pα3 = 2µeα3 , p3
3 = λθ + 2µe3

3 = λθ′ + (λ+ 2µ)e3
3. (1.3)
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from (1.3)

eα3 =
1

2µ
pα3 , (1.3a)

e3
3 = − λ

λ+ 2µ
θ′ +

1

λ+ 2µ
p3

3. (1.3b)

By inserting expression (1.3b) into (1.2), we obtain

θ =
λ′

λ
θ′ +

λ

λ+ 2µ
p3

3, (1.4)

where

λ′ =
2λµ

λ+ 2µ
.

Substituting expression (1.4) into (1.1) we get

pij = T ij +Qij ,

where
Tαβ = λ′θ′gαβ + 2µeαβ , T i3 = T 3

i = 0,
(
θ′ = eαα

)
,

Qαβ = σ′p3
3g
α
β , Qi3 = pi3, Q3

i = p3
i ,

(
σ′ =

λ

λ+ 2µ

)
.

2 Derivation of the Basic Equation

Now assume that on some coordinate surface Ŝ : x3 = const, belonging to
the shell Ω, the tangential stress field is identically zero, i.e.

Tαβ = 0, (on Ŝ : x3 = const). (2.1)

Then relations

1

2
(∇̂αUβ + ∇̂βUα)− b̂αβU3 =

1

2ν
Tαβ −

λ′

4µ(λ′ + µ)
T γγ gαβ

imply that the displacement field satisfies the equations

1

2
(∇̂αUβ + ∇̂βUα)− b̂αβU3 = 0. (Ŝ : x3 = const). (2.2)

Thus, the coordinate surface Ŝ : x3 = const, for which this condition
holds, is a neutral surface of the shell.

We now pass to the study of the conditions ensuring the existence of a
neutral surface among the coordinate surface Ŝ : x3 = const.

The vectorial equation of equilibrium

4
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1
√
g
∂i(
√
gpi) + Φ = 0, g = det{gij}3i,j=1 (2.3)

may be written as

1
√
g
∂α(
√
gT α) +

1
√
g
∂i(
√
gQi) + Φ = 0. (2.4)

Let
◦
T α = (T α)x3=0,

◦
Qα = (Qα)x3=0. (2.5)

Then on the middle surface Ŝ : x3 = 0, equation (2.4) becomes

1√
a
∂α(
√
a
◦
T α) +

1√
a
∂α(
√
a
◦
Qα) +

( 1
√
g
∂3(
√
gP 3)

)
x3=0

+
◦
Φ = 0, (2.6)

where
◦
Φ = (Φ)x3=0. (2.7)

Let the middle surface S : x3 = 0 be the neutral surface of a shell. Then

◦
T α = 0, i.e

◦
T αβ = 0 on S (2.8)

and equation (2.6) becomes

1√
a
∂α(
√
a
◦
Qα) +

(
1
√
g
∂3(
√
gP 3)

)
x3=0

+
◦
Φ = 0. (2.9)

Thus, the satisfaction on this equation is the condition necessary for
the surface S : x3 = 0 to be neutral.

In the sequel we consider thin shell of constant thickness 2h. Denote

the stress forces acting on the face surfaces S+ and S− by
(+)

P and
(−)

P . If
(+)

P and
(−)

P are the pressure forces, then we egree to denote

(+)

P = −pn,
(−)

P = qn. (2.9a)

where p and q are positive scalars. Accordingly, in the general case we
assume that

(+)

P = −(P 3)x3=h,
(−)

P = (P 3)x3=−h. (2.10)

If we approximately represent the transverse stress force by the formula

P 3(x1, x2, x3) ∼=
◦
P 3(x1, x2) + x3

1
P 3(x1, x2) (2.10a)

5
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where
◦
P 3 = (P 3)x3=0,

1
P 3 = (∂3P

3)x3=0, (2.10b)

due to (2.10), we have

◦
P 3 =

1

2

((−)

P −
(+)

P
) 1
P 3 = − 1

2h

((+)

P +
(−)

P
)
. (2.11)

Consequently

( 1
√
g
∂3(
√
gP 3)

)
x3=0

∼= H
((+)

P −
(−)

P
)
−

(+)

P +
(−)

P

2h

=
1

2h
(2hH − 1)

(+)

P − 1

2h
(2hH + 1)

(−)

P . (2.12)

Here we have made use of the formula( 1
√
g
∂3(
√
g)
)
x3=0

= (∂3 ln Θ)x3=0 = −2H (2.13)

and the boundary conditions (2.10), where H is middle curvatures of the
shell. In view of equality (2.11) we have

◦
Qα = σ′

◦
P

33rα +
◦
P
α
3n = −1

2
σ′
((+)

P
3 −

(−)

P
3
)
rα − 1

2

((+)

P
α −

(−)

P
α
)
n, (2.14)

where
(+)

P i and
(−)

P i are the contravariant components of the vectors
(+)

P and
(−)

P
respectively. In view of equalities (2.14) and (2.11) we may write equation
(2.9) as

1√
a
∂α

{√
a
[
σ′
((+)

P
3 −

(−)

P
3
)
rα +

((+)

P
α −

(−)

P
α
)
n
]}

+
1

h
(1− 2hH)

(+)

P +
1

h
(1 + 2hH)

(−)

P − 2
(0)

Φ = 0. (2.15)

Thus, if the middle surface of the thin elastic shell is neutral then the

stresses
(+)

P and
(+)

P , applied to the face surfaces of a shell, must satisfy the
vector equation (2.15).

Then we have the equation

1√
a
∂α[
√
a(σ′prα + pαn)] +

1

h
(1− 2hH)(pn+ pαrα) + Φ̃ = 0, (2.16)

6
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where

p =
(+)

P
3 −

(−)
p 3 pα =

(+)

P
α −

(−)
p α (2.16a)

Φ̃ = −2
◦
Φ +

2

h

(−)

P . (2.17)

Equation (2.16) is equivalent to the system of equations

σ′∂αp+
1

h
[(1− 2hH)aαβ − hbαβ]pβ + Φ̃α = 0, (2.18a)

1√
a
∂α(
√
apα) +

1

h
[1− 2h(1− σ′)H]p+ Φ̃3 = 0, (2.18b)

where

Φ̃β = −2
(◦)
Φ β +

2

h

(−)

P β (2.18c)

Φ̃3 = −2
(◦)
Φ 3 +

2

h

(−)

P 3 (2.18d)

We assume that, on the face surface S, only normal forces act, of the form
(i.e.pressure)

(−)

P = qn (2.18e)

where q is some scalar function of the point at the surface S−. Then
formulae (2.18c,d) take the form

Φβ = −2
(◦)
Φ β, Φ3 = −2

(◦)
Φ 3 +

2

h
q. (2.18f)

From the system of equations (2.18a) it is easy to derive the formula

pα =
(+)
p α −

(−)
p α = −dαβ(σ′∂βp+ Φβ) (2.19)

where

dαβ =
h[aαβ(1− 4hH) + hbαβ]

1− 2hH + kh2 + 4hH(2Hh− 1)
, (k = b11b

2
2 − b21b12). (2.20)

Inserting expressions (2.19) into (2.18b) we obtain the equation

σ′∇α(dαβ∇
β
p)− 1

h
[1− 2(1− σ′)hH]p+ φ = 0, (2.21)

where
φ = −φ3 +∇α(dαβφβ)

7
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= −2

h

(−)
p 3 +

2

h
∇α(dαβ

(−)
p β) + 2

(◦)
φ β − 2∇α(dαβ

(◦)
φ β). (2.22)

If the stresses on S− have the form (2.18e) then, in view of (2.18f) equality
(2.21) takes the form

φ =
2

h
q + 2

(◦)
φ 3 − 2∇α(d̃αβ

(◦)
φ β) (2.22a)

In this way, in order to determine the normal component
(+)
p 3 = p+

(−)
p 3

of the stress force
(+)
p applied to the face surface S+, we have the second-

order partial differential equation (2.21). It is easily seen that for thin and
shallow shells equation (2.21) is of the elliptic type.

3 Formulation of Boundary Value Problems

We now proceed to equations of equilibrium of a continuous medium with
respect to the components of the stress tensor and write them in the vector
form (2.3)

1
√
g
∂i(
√
gpi) + Φ = 0. (3.1)

Since P i = P ijRj we may rewrite this equation as

1
√
g
∂α(
√
gpαβRβ) +

1
√
g
∂α(
√
gpα3n)

+
1
√
g
∂3(
√
gp3) + φ̄ = 0, (α, β = 1, 2). (3.2)

The vector P 3 is previously fixed. Therefore the expression

X =
1
√
g
∂α(
√
gpα3n) +

1
√
g
∂3(
√
gP 3) + Φ, (pα3 = p3α) (3.3)

represents the given vector field in the domain Ω. Consequently, we can
write equation (3.2) on every coordinate surface Ŝ : x3 = const in the
following form:

1
√
g
∂α(
√
gT α) +X = 0, (on Ŝ : x3 = const) (3.4)

where the formula
T α = pαβRβ, pαβ = pβα, (3.4a)

8
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expressed the desired tangential stress field, which is unknown.
Let us choose arbitrarily the coordinate surface Ŝ : x3 = const and

consider the following boundary value problems:
Problem A:

1
√
g
∂α(
√
gT α) +X = 0 (on Ŝ : x3 = const), (3.5a)

P`` ≡ pαβ`α`β = f1 (on dŜ (`α = lrα), (3.5b)

Problem B:

1
√
g
∂α(
√
gT α) +X = 0 (on Ŝ : x3 = const), (3.5a)

P`s ≡ pαβ`αsβ = f2 (on dŜ (sβ = srβ, ) (3.5c)

where P`` - expresses the normal stresses and P`s- the tangential stresses
acting on the lateral surface of a shell.

Problem A′0:

1

2
(∇̂αVβ + ∇̂βVα)− b̂αβV3 = 0 (Ŝ : x3 = const) (3.6a)

V(S) ≡ V αSα = 0 (on ∂Ŝ). (3.6b)

Problem B′0:

1

2
(∇̂αVβ + ∇̂βVα)− b̂αβV3 = 0 (Ŝ : x3 = const) (3.6a)

V(`) ≡ V α`α = 0 (on ∂Ŝ). (3.6c)

where boundary DŜ of the surface Ŝ : x3 = const, are prescribed for any
coordinate surface. In other words, f1 and f2 are given functions of the
point of the lateral surface of a shell. Moreover, by A0 and B0, we denote
the homogeneous boundary value problems corresponding to Problems A
and B:

Problem A0:

1
√
g
∂α(
√
gT α) = 0 (in Ŝ : x3 = const), (3.6d)

P`` = pαβ`α`β = 0 (on ∂Ŝ). (3.6e)

Problem B0:

1
√
g
∂α(
√
gT α) = 0 (in Ŝ : x3 = const), (3.6f)

9
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P`s = pαβ`αsβ = 0 (on dŜ). (3.6g)

It will be shown below that A0 and A′0 as well as B0 and B′0 are mutually
adjoint homogeneous boundary value problems. Then from formula∫∫

Ŝ

XV dŜ +

∫
∂Ŝ

(P(``)V(`) + P(`s)V(s))ds = 0 (3.7a)

it immediately follows:
1) For the solvability of ProblemA, i.e. problem (3.5a,b), it is necessary

that the following condition∫∫
Ŝ

XV dŜ +

∫
∂Ŝ

f1V(`)ds = 0 (on Ŝ : x3 = const) (3.7b)

be satisfied, where the vector V is any solution of the homogeneous problem
A′0, i.e problem (3.6a,b)

2) For the solvability of problem B, i.e. problem (3.6a,c) it is necessary
that the condition∫∫

Ŝ

xvdŜ +

∫
∂Ŝ

f2V(S)ds = 0 (on Ŝ : x3 = const) (3.7c)

be satisfied, where the vector V is any solution of the homogeneous problem
B′0.

Conditions (3.7a.b) are to be fulfilled for any coordinate surfaces x3 =
const

Thus, problem A′0 (3.6a,b) (respectively, B′0 (3.6ac) is the adjoint ho-
mogeneous boundary value problem with respect to the boundary value
problem A : (3.5a,b) (respectively, B′0 (3.6a,c) is the adjoint homogeneous
boundary value problem with respect to the boundary value problem A :
(3.5a,b) (respectively, B : (3.5a,c)). For convex shells the boundary value
problems formulated are reduced to boundary value problems for general-
ized analytic functions.

4 Isometric-Conjugate Coordinates

In the following we shall deal only with convex shells. Then the coordinate
surfaces Ŝ : X3 = const are convex and we may take on them, for Gaussian
parameters, the isometric-conjugate coordinates x, y, with respect to which
the second fundamental quadratic form is

II = ksdŜ
2 = Λ̂(dx2 + dy2) = Λ̂dzdz̄, (z = x+ iy, z̄ = x− iy) (4.1)

10
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where

Λ̂ = b̂11b̂22 =

√
gk̂, b̂12b̂21 = 0. (4.2)

Since g = aθ2 and K̂ = θ−1K, where K is the principal curvature
of the surface s, a is the discriminant of its metric quadratic form and
ϑ = (1− k1x3)(1− k2x3) the first equality in (4.2) may be written as

Λ̂ = ϑ
1
2 Λ =

√
ϑak, (4.3)

where Λ =
√
aK is the coefficient of the second fundamental quadratic

form of the base surface S : x3 = 0 with respect to the isometric-conjugate
coordinates.

For convex shells of class TS (thin and shallow), in view of approximate
equalities

1− k1x3
∼= 1, 1− k2x3

∼= 1.

Then on every coordinate surface Ŝ : x3 = const the second fundamen-
tal quadratic form ÎI may be identified with the corresponding quadratic
form II of the surface S, i.e. we may put

ÎI ∼= II = Λ(dx2 + dy2) = Λdzdz̄,

Λ =
√
aK (z = x+ iy). (4.1)

Thus, In the case of shells the isometric-conjugate coordinates of any
coordinate surface Ŝ : x3 = const may be identified with the corresponding
coordinates of the surface S, representing the parametrization base of Ω.

5 Reduction of Tatically Definable Problems of
the Tangential Stress Field to the Boundary
Value Problems for Generalized Analytic Func-
tions

Let Ĝ be a domain of the complex plane z = x + iy onto which the co-
ordinate surface Ŝ : x3 = const is topologically mappped by means of the
corresponding isometric-conjugate coordinates x and y. The value problems
A and B: (3.5 a, b, c) and also A′0 B

′
0: (3.6 a, b, c) may be formulated,

respectively, as follows:
Problem Â:

∂z̄ω
′ − ¯̂

Bω̄′ = F̂ (in Ĝ), (5.1a)

Re
[
ω′
(dz
ds

)2]
= −K̂1/4f1 −

1

2
k̂sK̂

3/4X3 (on ∂Ĝ) (5.1b)

11
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Problem B̂:
∂z̄w

′ − ¯̂
Bw̄′ = F̂ (in Ĝ) (5.1c)

Re
[
w′
dz

d`

dz

ds

]
= K̂1/4f2 +

1

2
τ̂sK̂

−3/4X3 (on ∂Ĝ) (5.1d)

Problem Ã′0:
∂z̄w + B̂w̄ = 0 (in Ĝ) (5.2a)

Re
[
w
dz̄

ds

]
= 0 (on ∂Ĝ) (5.2b)

Problem B̃′0:
∂z̄w + B̂w̄ = 0 (in Ĝ) (5.2c)

Re
[
w
dz̄

d`

]
= 0 (on ∂Ĝ) (5.2d)

where ∂Ĝ denotes the boundary of the Ĝ. It will be assumed that ∂Ĝ as
the topological image of dŜ.

Let us also consider the homogeneous problems, corresponding to prob-
lems Â and B̂

Problem Â0:
∂z̄w

′ − ¯̂
Bw̄′ = 0 (in Ĝ) (5.2e)

Re
[
w′
(dz
ds

)2]
= 0 (on ∂Ĝ) (5.2f)

Problem B̂0:
∂z̄w

′ − ¯̂
Bw̄′ = 0 (in Ĝ) (5.2g)

Re
[
w′
dz

d`

dz

ds

]
= 0 (on ∂Ĝ) (5.2h)

Using the general theorems of the theory of generalized analytic func-
tions we can derive the following necessary and sufficient conditions for the
solvability of boundary value problems Â and B̂ (see [2])

1

2i

∫
∂ĝ

√
gK̂

k̂s
[ ˆK1/4f1 +

1

2
k̂sK̂

−3/4X̂3]w̃dz̄ +Re

∫∫
Ĝ

ω̃F̂ dĜ = 0, (5.3a)

1

2i

∫
∂ĝ

√
gk̂

k̂`
[ ˆK1/4f2 +

1

2
τ̂sK̂

−3/4X̂3]w̃
dz̄

d`
ds−Re

∫∫
Ĝ

w̃F̂ dĜ = 0. (5.3b)

12
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In equality (5.3a) (respectively (5.3b)) ŵ is an arbitrary solution of
the boundary value problems Â′0 : (5.2a, b) (respectively problems B̂′0 :
(5.2c, d)).
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