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Abstract

The purpose of this paper is to consider the linear theory of elasticity for solids

with double porosity. From this system of the equations, using a method of a reduction

of I. Vekua, we receive the equilibrium equations. Using the analytic functions of a

complex variable and solutions of the Helmholtz equation. The Dirichlet boundary

value problem are solved explicitly for approximation N = 1.
Key words and phrases: Double porosity, the Dirichlet boundary value prob-

lem.
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1 Introduction

In the last decade there has been interest in investigation of problems of
the theories of elasticity and thermoelasticity for solids with double poros-
ity based on the Darcys law. The first theory of consolidation for elastic
materials with double porosity was presented in [1-3]. The Aifantis theory
unifies the earlier proposed models of Barenblatt et al. [4] for porous me-
dia with double porosity and Biot [5] for porous media with single porosity.
The fundamental solutions in the theories of elasticity and thermoelasticity
for materials with double porosity are constructed by Scarpetta et al. [6],
Svanadze [7], Svanadze and De Cicco [8].
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2 Basic Equations

Let an elastic body with double porosity occupy the domain Ω ⊂ R3.
Denote by (x1, x2, x3) a point of the domain Ω in the arbitrary curvilinear
system of coordinates. Let the domain Ω be filled with an elastic isotropic
homogenous medium having double porosity. The considered solid body is
characterized by the displacement vector u = (u1, u2, u3), and also by the
fluid pressures p1(x

1, x2, x3) and p2(x
1, x2, x3) occurring respectively in the

pores and fissures of the porous medium.
Then a homogeneous system of static equilibrium equations is written

in the form [7]
∂iσij = 0, (1)

where ∂i ≡ ∂
∂xi

, σij are components of stress tensor, the summation over
the recurring index i is assumed to be made from 1 to 3.

Formulas that interrelate the stress components, the displacement vec-
tor components and the pressures p1, p2 have the form [7]

σij = (λ∂kuk − β1p1 − β2p2)δij + µ(∂iuj + ∂jui). (2)

where λ and µ are the Lamé parameters; β1 and β2 are the effective stress
parameters; δij is the Kronecker delta.

In the stationary case, the values p1 and p2 satisfy the following system
of equations{

(k1∆3 − γ)p1 + (k12∆3 + γ)p2 = 0,
(k21∆3 + γ)p1 + (k2∆3 − γ)p2 = 0

in Ω, (3)

where k1 = κ1
µ′ , k2 = κ2

µ′ , k12 = κ12
µ′ , k21 = κ21

µ′ ; µ′ is fluid viscosity; κ1 and
κ2 are the macroscopic intrinsic permeabilities associated with matrix and
fissure porosity; k12 and k21 are the cross-coupling permeabilities for fluid
flow at the interface between the matrix and fissure phases; γ > 0 is the
internal transport coefficient and corresponds to fluid transfer rate with
respect to the intensity of flow between the pore and fissures; ∆3 is the
three-dimensional Laplace operator.

It is easy to show that if γ > 0, k1k2 − k12k21 > 0, then the system of
equations (3) is equivalent to two independent equations: to the Laplace
equation

∆p̃1 = 0 in Ω (4)

and to the Helmholtz equation

∆p̃2 − ζ2p̃2 = 0 in Ω, (5)

where
p̃1 := (k1 + k21)p1 + (k2 + k12)p2, p̃2 := p1 − p2,
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ζ2 :=
γ(k1 + k2 + k12 + k21)

k1k2 − k12k21
> 0.

3 Approximation N = 1

In [9] we apply I. Vekua’s method for a reduction of the equations (1-5)
[10].

Consider approximation of the order N = 1.
We introduce the complex variable z = x1 + ix2 (i2 = −1) and the

operators ∂z = 0.5(∂1 − i∂2), ∂z̄ = 0.5(∂1 + i∂2) (z̄ = x1 − ix2). The two-
dimensional Laplace operator is expressed as ∆ = 4∂z∂z̄.

The homogenous system of equation of the elastic plate may be written
in the following complex form [10]:

µ∆
(0)
u++2(λ+ µ)∂z̄

(0)

ϑ −2λ

h
∂z̄

(1)
u3−2∂z̄

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
= 0,

µ∆
(1)
u3−

3λ

h

(0)

ϑ −3(λ+ 2µ)

h2
(1)
u3+

3

h

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
= 0,

(6)



µ∆
(1)
u++2(λ+ µ)∂z̄

(1)

ϑ −6µ

h
∂z̄

(0)
u3−

3µ

h2
(1)
u+

−2∂z̄
(
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
= 0,

µ∆
(0)
u3+

µ

h

(1)

ϑ = 0.

(7)

∆
(0)

p̃1 −
3

h2

(0)

p̃1 = 0, ∆
(0)

p̃2 −
(

3

h2
+ ζ2

)
(0)

p̃2 = 0, (8)

∆
(1)

p̃1 −
15

h2

(1)

p̃1 = 0, ∆
(1)

p̃2 −
(15
h2

+ ζ2
) (1)

p̃2 = 0, (9)

where

(k)

p̃α(x
1, x2) =

(
k +

1

2

)
1

h

h∫
−h

p̃α(x
1, x2, x3)Pk

(
x3

h

)
dx3,

(k)
ui =

(
k +

1

2

)
1

h

h∫
−h

ui(x
1, x2, x3)Pk

(
x3

h

)
dx3,

(k)
u+ =

(k)
u1+i

(k)
u2,

(k)

ϑ = ∂z
(k)
u++∂z̄

(k)
u +, k = 0, 1,
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β∗1 =
β1 + β2
k0

, β∗2 =
β1(k2 + k12)− β2(k1 + k21)

k0
,

k0 = k1 + k2 + k12 + k21,

Pk

(
x3

h

)
is the Legendre polynomials of order k.

The general solution of the equations (6-9) have the following form

(0)

p̃1 =
(0)
χ1(z, z̄),

(0)

p̃2 =
(0)
χ2(z, z̄),

(1)

p̃1 =
(1)
χ1(z, z̄),

(1)

p̃1 =
(1)
χ1(z, z̄), (10)

2µ
(0)
u+ = κ∗φ(z)− zφ′z − ψ(z)− λh

6(λ+ µ)
∂z̄χ(z, z̄)

+
4h2

3
a0∂z

(0)
χ1(z, z̄) +

4h2

3 + ζ2h2
b0∂z

(0)
χ2(z, z̄),

(11)

2µ
(1)
u3 = χ(z, z̄)− 2λh

3λ+ 2µ
(φ′(z) + φ′(z)) + a1

(0)
χ1(z, z̄) + a2

(0)
χ2(z, z̄), (12)

(1)
u+ = i∂z̄τ +

4h2(λ+ 2µ)

3µ
f ′′(z) + zf ′(z) + f(z)− 2hg′(z)

+
1

2(λ+ 2µ)h

(
4h2

15
β∗1∂z̄

(1)
χ1(z, z̄) +

4h2

15 + ζ2h2
β∗2∂z̄

(1)
χ2(z, z̄)

)
,

(13)

(0)
u3 = − 1

2h
(z̄f(z) + zf(z)) + g(z) + g(z)

− 1

4(λ+ 2µ)

(
4h2

15
β∗1

(1)
χ1(z, z̄) +

4h2

15 + ζ2h2
β∗2

(1)
χ2(z, z̄)

) (14)

where κ∗ = 5λ+6µ
3λ+2µ ., φ(z), ψ(z), f(z), g(z) are an arbitrary analytic func-

tion of z, aα = 12µh
9λ+6−δα2ζ2(λ+2µ)h2β

∗
α, (α = 1, 2), a0 = 4µh2

3(3λ+2µ)β
∗
1 , b0 =

4µh2

3+h2ζ2
3−h2ζ2

9λ+6µ−ζ2(λ+µ)h2β
∗
2 , χ(z, z̄), τ(z, z̄),

(0)
χ1(z, z̄),

(0)
χ2(z, z̄),

(1)
χ1(z, z̄),

(1)
χ2(z, z̄)

are the general solutions of the following Helmholtz equations

∆χ− η2χ = 0, ∆τ − γ2τ = 0, ∆
(0)
χ1−η21

(0)
χ1 = 0, ∆

(1)
χ1−η22

(1)
χ1 = 0,

∆
(1)
χ1−η23

(1)
χ1 = 0, ∆

(1)
χ2−η24

(1)
χ2 = 0, η2 =

12(λ+ µ)

(λ+ 2µ)h2
,

γ2 =
3

h2
, η21 =

3

h2
, η22 =

(
3

h2
+ ζ2

)
, η23 =

15

h2
, η24 =

(
15

h2
+ ζ2

)
.

The constructed general solution enables one to solve analytically a
sufficiently wide class of boundary value problems of the elastic equilibrium
of porous plates with double porosity.

Let’s consider the following boundary value problems for system (6)-(9).
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Find the solutions of the homogeneous system of equations (6)-(9) com-
pitible with the kinematic boundary conditions:

(0)
u+ ||z|=R = F+,

(1)
u3 ||z|=R = F3

(0)

p̃1 ||z|=R = H1,
(0)

p̃2 ||z|=R = H2,

(15)

(1)
u+ ||z|=R = G+,

(0)
u3 ||z|=R = G3

(1)

p̃1 ||z|=R = H3,
(1)

p̃2 ||z|=R = H4,

(16)

where F+, F3, G+, G3, Hi are the known functions.
Let us introduce the functions φ(z), ψ(z), χ(z, z̄), F+ and F3 by the

series:

φ(z) =
∞∑
n=1

anz
n, ψ(z) =

∞∑
n=0

bnz
n, F+ =

∞∑
−∞

A′
ne

inθ, F3 =
∞∑
−∞

B′
ne

inθ,

χ =
∞∑
−∞

αnIn(ηr)e
inθ,

(0)
χj =

∞∑
−∞

αjnIn(η1r)e
inθ, Hj =

∞∑
−∞

Ajne
inθ,

where In(·r) are Bessel’s modificed functions, j = 1, 2.
By substituting (10-12) into (15) we obtain the system of algebraic

equations:

5λ+ 6µ

3λ+ 2µ
Ra1 −Rā1 −

ληh

12(λ+ µ)
I1(ηR)α0 = A1,

I0(ηR)α0 −
2λh

3λ+ 2µ
(a1 + ā1) = B0,

5λ+ 6µ

3λ+ 2µ
Rnan − ληh

12(λ+ µ)
In(ηR)αn−1 = An (n ≥ 2),

−(n+ 2)Rn+2ān+2 −Rnb̄n − ληh

12(λ+ µ)
In(ηR)α−n−1 = A−n (n ≥ 0),

In(ηR)αn − 2λh

3λ+ 2µ
(n+ 1)Rnan+1 = Bn (n ≥ 1).

where

An = A′
n − 2h2η1a2

3
α1nIn(η1R)−

2h2η2b0
3 + ζ2h2

α2nIn(η2R),

Bn = B′
n − a1α1nIn(η1R)− a2α2nIn(η2R).

For coefficients an, bn and αn we have:

α1n =
A1n

In(η1R)
, α2n =

A2n

In(η2R)
, (n = 0,±1,±2, ...),
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an =

(3λ+ 2µ)

(
An +

ληhIn(ηR)

12(λ+ µ)In−1(ηR)
Bn−1

)
Rn−1

(
(5λ+ 6µ)R− λ2ηh2(n+ 1)In(ηR)

6(λ+ µ)In−1(ηR)

) (n ≥ 2),

αn =
1

In(ηR)

Bn +

2λ

(
An+1 +

ληhIn+1(ηR)

12(λ+ µ)In(ηR)
Bn+1

)
(n+ 1)

(5λ+ 6µ)R− λ2h2ηIn+1(ηR)

6(λ+ µ)In(ηR)
(n+ 1)



bn = −(n+ 2)

(3λ+ 2µ)

(
An+2 +

ληhIn+2(ηR)

12(λ+ µ)In+1(ηR)
Bn+1

)
Rn−1

(
(5λ+ 6µ)R− λ2h2ηIn+2(ηR)

6(λ+ µ)In+1(ηR)
(n+ 2)

)
− ληhIn(ηR)

12(λ+ µ)RnIn+1(ηR)
(Bn+1

+

2λ

(
An+2 +

ληhIn+2(ηR)

12(λ+ µ)In+1(ηR)
Bn+1

)
(n+ 2)

(5λ+ 6µ)R− λ2h2ηIn+2(ηR)

6(λ+ µ)In+1(ηR)
(n+ 2)

− A−n

Rn
(n ≥ 1),

a1 =

ReA1 +
ληhI1(ηR)

12(λ+ µ)I0(ηR)
B0

2(λ+ 2µ)

3λ+ 2µ
R− λ2h2ηI1(ηR)

3(λ+ µ)(3λ+ 2µ)I0(ηR)

+
3λ+ 2µ

8(λ+ µ)
iImA1,

α0 =
B0

I0(ηR)
+

4λ

(
ReA1 +

ληhI1(ηR)

12(λ+ µ)I0(ηR)
B0

)
2(λ+ 2µ)I0(ηR)R− λ2h2ηI1(ηR)

3(λ+ µ)

.

Let

f(z) =
∞∑
n=1

cnz
n, g(z) =

∞∑
n=0

dnz
n, G+ =

∞∑
−∞

M ′
ne

inθ, G3 =
∞∑
−∞

N ′
ne

inθ,

τ =

∞∑
−∞

βnIn(γr)e
inθ,

(1)
χj =

∞∑
−∞

βjnIn(η3r)e
inθ, Hj+2 =

∞∑
−∞

Aj+2 ne
inθ.

We now find the coefficients cn, dn and βn from following system of
algebraic equations:

iγ

2
I1(γR)β0 +R(c1 + c̄1) =M1, d0 + d̄0 −

R2

2h
(c1 + c̄1) = N0,
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iγ

2
In(γR)βn−1 +Rncn =Mn (n ≥ 2),

iγ

2
In(γR)β−n−1 − 2(n+ 1)Rn+1d̄n+1 + (n+ 2)c̄n+2+

+
4h2(λ+ 2µ)

3µ
(n+ 1)(n+ 2)Rnc̄n+2 =M−n (n ≥ 0),

Rndn − Rn+2

2h
cn+1 = Nn (n ≥ 1),

(17)

where

Mn =M ′
n − h

λ+ 2µ

(
η3β

∗
1β1n
15

In(η3R) +
η4β

∗
2β2n

15 + ζ2h2
In(η4R)

)
,

Nn = N ′
n +

h2

λ+ 2µ

(
β∗1β1n
15

In(η3R) +
β∗2β2n

15 + ζ2h2
In(η4R)

)
.

The solutions of the system (17) have the following forms:

β1n =
A3n

In(η3R)
, β2n =

A4n

In(η4R)
, (n = 0,±1,±2, ...),

cn =

M̄−n+2 +
In−2(γR)

In(γR)
Mn +

2(n− 1)

R
Nn−1(

In−2(γR)

In(γR)
+ 1

)
Rn +

4h2(λ+ 2µ)

3µ
(n− 1)nRn−2

(n ≥ 2),

dn =
Nn

Rn
+

R2

(
M̄−n+1 +

In−1(γR)

In+1(γR)
Mn+1 +

2n

R
Nn

)
2

(
In−1(γR)

In+1(γR)
+ 1

)
Rn+1 +

8h2(λ+ 2µ)

3µ
n(n+ 1)Rn−1

(n ≥ 1),

βn =
2

iγIn+1(γR)

Mn+1 −

(
M̄−n+1 +

In−1(γR)

In+1(γR)
Mn+1 +

2n

R
Nn

)
R2(

In−1(γR)

In+1(γR)
− 1

)
R2 +

4h2(λ+ 2µ)

3µ
n(n+ 1)

 ,

(n ≥ 1),

c1 + c̄1 =
ReM1

R
, d0 + d̄0 =

ReM1

2h
R+N0, β0 =

2ImM1

γI1(γR)
.

It is easy to prove the absolute and uniform convergence of the series
obtained in the circular ring (including the contours) when the functions
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set on the boundaries have sufficient smoothness.
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