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Abstract

The present work considers the operators which map some space E onto itself. If
the operator A, A(p) = 1), then v preserves some property of the point ¢, ¥ € E.

In the paper we study the operators preserving some properties of points from the
domain of definition of the given operator.
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1 Auxiliary Notation and Theorems

By C(0,1) we denote the class of continuous on [0, 1] functions. w(d, f) is
a modulus of continuity of functions f(x) € C(0,1). If w(d, f) = O(5%),
then f(x) € Lip a, o € [0,1]. V(0,1) is a class of all functions of bounded
variation on [0, 1].

Assume that (p,,) is a system, orthonormal on [0, 1] (ONS). The num-
bers

1
Bulf) = /O f@) on(@)de (n=1,2,...) (1)

are called the Fourier coefficients of f(x) € L(0,1).

Definition 1. Let the operator A map the space E onto itself. The op-
erator A preserves information at the point ¢ € E, if A(p) = 1), ¢ possesses
some property B, and the point ¢ € E possesses the same property B.

Definition 2. Assume that P is a space of all complete in Ly(0,1)
orthonormal systems (CONS). We say that the point ¢ € P possesses the
property w if for any f(z) € C(0,1) the relation

Bulh)l < Bu (= f) 2)

holds (see (1)), where B > 0 does not depend on n.
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Definition 3. Let p > 1, ¢ € P be the complete orthonormal system
on [0,1]. Assume

Ay(p) = {f : 2 1Gal )P < +oo}.

We say that the point ¢ € P possesses the property A, if for any f(z) €
V(0,1) follows f(x) € Ap(e).
Let (ay) € ¢4 be an arbitrary number sequence. Assume

Qmlz,0) =Y apn(z)
k=1

and .
0

We have the following (see [1], [2])
1
Theorem 1. Let (¢,,) be the orthonormal on [0, 1] system and [y, (z)dz =
0

0 (n =1,2,...). Then for inequality (2) to be valid, it is necessary and
sufficient that

k

/on on(z) dx

where h > does not depend on n.
Theorem 2. For ¢ € P to possess the property A, for p > 1, it is
necessary and sufficient that for any (ay) € £, the condition

n—1

D

k=1

< h,

max
z€[0,1]

[ antto) dt\ — o)

be fulfilled.
Theorem A (see [4], p. 433). If (fn(x)) is the sequence of linear on E
(E is Banach space) functionals and for any x € E

o0

Y@l < too (p=1),

n=1

then there exists M > 0 (absolute constant) such that

D 1 fa(@) P < MP|a|f,
n=1
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The following equality is valid (see [2]):
n—1

[ s =35 (1(5) = 1(55) [ oo

n

+ ;/fl (f(x) - f(ﬁ))son(x) dr =TI +1, (3)

where the function f(x) takes finite values at every point of the segment
[0, 1].

2 The Basic Results

Theorem 3. Let the operator A map the space P onto P and A(p) = .
The operator A at the point ¢ preserves information A, if for any (ay) € £,
(% + % = 1) the condition (see Byy,)
Ns
Jm D Bl < © @)

m=1

18 fulfilled, and Ng T 0o is some sequence of natural numbers.
Proof. Assume the for any (a,) € ¢4 the condition (4) is fulfilled.
The equality (see Byun)

[o@)
= Z Bps om(x), ( 2 is equality in the sense of Lg).

is valid, whence we have

/0 Qu(t, ) dt = /0 mZ:lesgpm(t)dt. (5)

Using Parseval’s identity we have for all = € [0, 1]
(e’e] T 2

Z (/ om(t) dt) = 22,
m=1 0

Consequently, according to Dini’s theorem about the uniform convergence
this series above is uniformly convergent on [0, 1].
Then we can choose the number Ny such that

f: (/Oxsom(t) dt>2 < é (6)

m=Ng+1
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uniformly on [0, 1].
By continuity there exists x5 € [0,1] such that

z Ns

/ZBmsgom dt’ ‘/ ZBmsgom()dt’

From here of p > 1 and % + % =1, we obtain (see (4))

max
xz€(0,1]

‘ Z Bms o) dt‘ < (gNj \Bms\‘I)l

Q|
i M=

where X(S)(t) = X(07$5)(t).
It should be noted that x*)(t) € V(0,1) and |[x®)(t)]|y < 1 (s =
1,2,...). Consequently by statement of Theorems A and 3

o0

)dt < MP- IOy < MP.

m=

From here it follows

max
z€(0,1]

v N % 1
/ > Buspml(t) dt‘ < c¢iM.
0 m=1

From equality (5), by virtue of (6) and the statement of Theorem 2, we

obtain
/ Om(t) dt’ <
0

‘/ Qut dt‘ ‘/xiBmssom )dt’ S 1Bl

m=Ns+1
</ Qx daz)mﬁ <0(1) + <;ag> 1/218 <
< O(1) + /s max |a,|—= = O(1). (7)

1<n<s f

By equality (7) and the statement of Theorem 2 we can see that Theo-
rem 3 is valid.

o4
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Lemma 1. If for some (ax) € ¢,

Ns 1/q
tim (32 |Bal?) = ©

then there exists the function f(x) € Ay(p) such that f(x) & Ap(v¥) ((INs)
depends on (@), see (6)).

Proof. 1t follows form equality (8) that there exists the sequence (b,,) €
Ly (% + % = 1) such that

N
Y, 3 [bm Bns| = +oc. o)

Consider the sequence of functions

Ns
fo@) =Y b pm(@). (10)
m=1

This implies that

1 Ns
b for n <N,
on(fs) = b om () on(x) dx = " -
Bulf2) /Omz (@) (@) {0 N

Consequently,
S N,
HfSHAp(@ = Z |Pn(fs)]” = Z b [P < M < 400,
n=1 m=1

where M > 0 does not depend on s. Thus fs(z) € A,(p) (p > 1).
It should be noted that A,(y) is the Banach space with the norm

o0
HfHA (o) = > |<En(f)}p, when (¢,,) is the complete orthonormal system
P n=1

(see [3], p. 51).
From (10) follows

1 N 1 Ny
/ fs(x) Qs(ma¢) dr = me/ QS(CBJ/J) @m($) dx = meBms~
0 m=1 0 m=1
whence (see (9))

= +o0. (11)

1 Ns
0 s—00 —

S§—00
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Since

1
_/0 F@) Qo) dz, s=1,2,...

is the sequence of linear on A,(y) functionals, and H fSH Ap) < B, from
P
the condition (11), by virtue of the Banach-Steinhaus theorem, there exists

the function fy(x) € A,(p) for which the condition

1
T | [ fo(e) Quo. ) da| = 400 (12)
5—00 0
is fulfilled. Using Holder’s inequality, we obtain
‘/fo )Qute )| = | 3 an [ o) (o) | =
s 1/p
z om0 < (2 \am\q) (z \wmmw) ,
m=1 m=1
whence
W WP 15| [ foe) @t ] (13)
where
00 » 1/q
- (3 lenr)
m=1
(12) and (13) result in
lim > i (fo)|” = +oo,
m=1
e fol@) & Ap(1).
Lemma 2. Let fp(z)€Llip 1 (n=1,2,...) and hm an HLlp L=

0. Then
A (@) = Jo(@) 4, ) = 0

if the orthonormal system () possesses the property w.
Proof. If (p,) possesses the property w, then for any f(z) € C(0,1)
(see [1]) we have

. 1
Gu(h) < Cw(= . 1), (14)
Thus if f(z) € Lip 1, then it follows from (14) that
Pn(f)| < C-n7H,
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where C' > 0 does not depend on n.
This implies that for p > 1,

o0 N [e's) 1
1£1]y, ) = D 1Bu(D" < CP Y — < oo
n=1 m=1

Consequently, fn(x) € Ay(¢) (n=1,2,...) and fo(x) € Ap(y).
Analogously,

1 <& _
e nk:lxeﬁ@fk}} % ’J/ [on(a)|d <
1 1 1/2
< n«rf\\mm( [ i) = 2y, (15)

Now in equality (3) we put f(z) = Fp(x) = fm(z) — fo(z) and from
(16) and (17) we find that

! h+1
Fm)‘ = ’/ Fm(ﬂj) (pn(‘r) dr| < —— HFmHLlp 1’
0 n
whence for p > 1 we obtain
1
1l 4, 0 anm < (P Bl D <
n=1

<3+ 1P [l .

Consequently, if lim HF HLp . = 0, then limy, HFmHA (o) = O

Theorem 4 Let @ € P possess the properties w and A, (p > 1).
Ap ) Y, where A is the operator mapping P onto P. If for some (ay) € {4
(p + 5 =1),
N
i 3 [Bal? = o0 (6)
then the operator A does not preserve information A, at the point ¢ (N
see (6)).

Proof. Equality (18) and Lemma 1 imply that there exists the function
fo(z) € Ap(p) such that fo & Ap(¢p). From the proof of Lemma 1 and
from the condition of the Banach-Steinhaus theorem it follows that there
exists the set B C A,(p) such that B is the set of the second category and
Ap(¢)\B is that of the first category. Consequently, for any f € B we have

f & Ap(y).

o7
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Since (¢p) possesses the property w, therefore Lip 1 C A,(y), and by
Lemma 2, if

n’%i—{noonm(x)_f(x)HLipl =0, (17)
then
Jim (@)~ S =0 as)

From here f(z) € Lip 1 and f(x) € Ap(¢p). Next, there exists a sequence
By, (z) € B such that

lim HBm(az) - f(:c)HAp(w) =0

m—0o0

and

> [n(Bm)|" = +o0. (21)
n=1

Now suppose the contrary that f(x) € A,(y). We have (1 <p < 2, (¢y) is
ONCS)

|1Bun(@) — f@)|[, =3 @2(Bu— ) < [(Bm — £)" =
n=1 n=1
= [|Bu(@) ~ 7@ 4 -

From here if

lim HBm(x) - f(as)HAp(@) =0,

then
Jim [[Bu(e) - @), =0,
Consequently
1 1
lim B (), (x) d:c:/ f(x)y(z) de. (22)

Using (22) for any N we obtain (f(z) € Ap(¢))

p

N R N 1
Jim S RuBP <3| [ @yt dal <] <+
n=1 n=1

This implies that

D [9n(Ba)l" < Mo (23)
n=1
(where M)y is an absolute constant), but (23) contradicts (21).
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Thus there exists the function f(x) € Lip 1 (i.e., f(z) € V(0,1)) such
that f(x) € Ap(p) and f(z) & A,(¢). Consequently, the operator A does
not preserve information A, at the point ¢.
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