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Abstract

The quadratic form of type (-2, q, 1) are derived. Explicit formulas are obtained
for ¢ = —1(mod6). These quadratic forms are reduced. Then it is shown how formulae
can be obtained for the number of representations of positive integers by means the
constructed quadratic forms.
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1 Introduction

Let
Q(x) :Q<$1,"' ,Ilff) = Z brsxrxs (11)

0<r<s<f

be an integer positive definite quadratic form in an even number f of vari-
ables. That is, b,s € Z and Q(z) > 0 if z # 0. To Q(x) we associate
the even integral symmetric f x f matrix A defined by a,, = 2b,. and

ars = Qg = byg, where r < s. If X = [x1,--- , 2]’ denotes a column vector,
where ” denotes the transpose, then we have Q(z) = %X 'AX. Let A;; de-

note the cofactor to the element a;; in D = det A and a;; the corresponding

element of A=t A = (—1)5 D denote the discriminant of the quadratic
form Q(z);

5 = ged (%ATT,ATS) (rs=1,2,- ),

N = % is the step of quadratic form Q(z); x(d) is a character of quadratic
form Q(z), e.d. if A is square, then x(d) = 1, and if A is not square, then

B (ﬁ) if d>0,
X(d)_{(—l)ix(—d) it d<o,
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where (ﬁ) is the generalized Jacobi symbol. A positive quadratic form
of weight g, step N and character y is called a quadratic form of type
(_ %7 Na X)

Below we shall use the notions, notation and some results from [1]. In
the follows ¢ is odd prime, z = exp(27i7), Im7 > 0.

A homogeneous polynomial P,(z) = P,(x1,---,xs) of degree v with
complex coefficients, satisfying the condition

E: . 0*pP 0
K 8.7}1 8xj -

1<ij<f

is called a spherical polynomial of order v with respect to Q(x) (see [2]).
It is known, that ([1], pp. 874, 817) if Q(x) is a quadratic form of type
(—k,q,1), 2|k, k> 2, then the discriminant

A=¢ 1<i<k-1 (1.2)

and

E(r, Q) = 1+ 3 (aop ()" + foya(m)=™)  (13)
n=1

is the corresponding Eisenstein series, where oj_1(n) = E d*! and
dln

o= w1 PeTa o
Pk 4 Pk q

Pk = (_1)§ (?2;)1,3' C(k), (¢(k) is theRiemann ¢ —function)

In particular,
1

P4:%-

For each positive quadratic form Q(x)

I(r,Q(z)) =1+ ) r(n,Q(x)) =" (1.4)
n=1

is the corresponding theta-series, where r(n,Q(x)) denote the number of
representation of the positive integer n by the quadratic form Q(x).
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Let quadratic form Q(x) has a form (1.1) and
4b11Q(x) = (2b1a1 + broxa + -+ bipxy)? + Glaa, -, 2 p).

Lemma 1. ([3], p.10) The quadratic form Q(x) is reduced by Hermite,
if
min Q(z) = [by1| > 0, by < |bu| (7=2,3,---,f)
) is reduced.

Lemma 2.
f wvariables

and G(xa,- -,y
([1], p. 853) Among homogenous quadratic polynomials in

A o
Pij = TiTj — ngQ(X) (i,j=1,...f)
exactly @ — 1 ones are linearly independent and form the basis of the

space of spherical polynomials of second order with respect to Q(x).

Lemma 3. ([1], p. 808, 855) Let Q(x) be a positive reduced quadratic
form of type (—%,N, X), 2|k, and P,(x) is a spherical polynomial of order
v with respect to Q(z), then for v > 0 the generalized r-fold theta-series

§(7_> Pu(x)vQ('r)) = Z Pz/(x)ZQ(m) = Z( Z Py(x))zn
ot =1 Qloy=n

is a cusp form of type (—(% +v),N,x).

Lemma 4. ([1], p. 846) Let quadratic forms Q1(z) and Qa(x) have
the same step N and characters x1(d) and x2(d), respectively, then the
quadratic form Q1(x) + Q2(x) has the step N and character x1(d)x2(d).

Lemma 5. ([1], pp. 874, 875) Let Q(x) be a positive reduced quadratic
form of type (—k,q,1),2|k, k > 2 then difference ¥(1,Q(z)) — E(1,Q(x)) is
a cusp form of type (—k,q,1) .

It is known the some reduced quadratic forms of type (—2,¢, 1) with
discriminant ¢?, when ¢ = 3,5,7 ([4]), ¢ = 11,17 ([1], pp. 901-902).

M. Eichler ([5] pp. 234-235) proof, that the cusp form of type (—k,q, 1)
is represented in the linear combination of generalized quaternary theta-
series.

In this paper is also constructed the reduced quadratic forms of type
(—2,¢,1) with discriminant ¢* for every prime ¢ > 3. By using these
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quadratic forms, the basis of spaces of cusp forms of type (—4,¢q,1) when
q = 13 is constructed. Then formulae are derived for the number of rep-
resentations of positive integers by the quadratic forms of corresponding

types.

2 The construction of the quadratic form of type
('2’ q, ]-)

The matrix A and its determinant D = detA of quadratic forms of type
(=2, ¢, 1) with discriminant ¢ must satisfy the following conditions:
1. The matrix A should be a fourth order symmetric matrix;
2. Its elements of main diagonal should be positive even numbers and other
elements -
integer numbers;
3. All its principal minor should be positive;
4. D= q2 and 6 = ged (%Arm Ars)r,s:l,2,3,4 =4q.
Let find D with form

2 1 big 0

1 2bys 0 0
biz 0 2b33 q|’

0 0 q 2q

where b13, boo and bsz are integer numbers.
The determinant D satisfies the conditions 1-4 if

2 1 bis 9 1
20[1 2bm 0 |- ,, |=¢°
bis 0 2bs3 22
and
2 1
‘1 | >0

It is sufficient to show that there exists an integer numbers b3, bos and
b33 that

2 1 b13
1 2bo9 0 |= 2b22q, 4bog > 1,
bi3 0 2b33
i.e.
b33(4b22 — 1) — b%lbgg = bgoq, bog > 0. (2.1)
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From (2.1) it follows that beg|bss, i.e. bss = boot and condition (2.1) takes
the form

t(4bgy — 1) — b33 = ¢,

i.e.

b33 = —q(moddbyy — 1). (2.2)

Thus the determinant D satisfies conditions 1-4 if we find the integer num-
ber bag > 0, such that 4byz—1 will be prime and (g5 %) = 1 (Where (5 -7)

is the Legandre symbol and (5 -) = —(gpi=y) = —(—1)%1(%{%*1)).
If we solve the congruence (2.2), we get bz and from (2.1) we obtain

_ baaq+biiba
b33 - 4boo—1 :
Hence, our problem is following: Find the integer number boo > 0,

such that 4bso — 1 will be prime number and quadratic residue of g, if
q = 3(mod4), or quadratic nonresidue of ¢, if ¢ = 1(mod4).

We now prove the following

Lemma. if ¢ # 3 is an odd prime, then there are exactly % natural
numbers bag, such that 4bsg — 1 will be prime and

by — 1
(%) =1, if ¢=3(modd),

o Abyy — 1
pﬁ%;J:—L if g =1(mod4).

Proof. a) Let ¢ = 3(mod4), consider the system of congruence

x=-1 (mod 4)
{1: =c¢ (mod q) (2:3)

where c¢ is some quadratic residue of q. From the Chinese remainder theo-
rem, there are exactly one solution g modulo 4¢q, g = —qy1 + 4cys, where
y1 is the solution of congruence gy = 1 (mod 4) and y2 is the solution of
congruence 4y =1 (mod q).

Consider now the arithmetic progression xg + 4¢t. In this progression
(xo, 49) = 1 and from the Dirichlet’s Theorem on primes in arithmetic
progressions there are infinitely many primes, where satisfies the system of
congruence (2.3).

It is known that ¢ can get qg—l different values, accordingly there exists
q;—l incongruent integers modulo ¢, where satisfies the system (2.3).

b) Similarly consider the case ¢ = 1(mod4).In the system of congruence
(2.3) ¢ is nonquadratic residue of q. We get there exists % incongruent
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integers modulo g, where satisfies the system (2.3). |

Below the values of ¢ and bgg for prime g < 29 are obtained: For ¢ = 5,
by =1, 2;
For g =17, by =3, 6, 11;
For ¢ =11, bas =1, 6, 8, 15, 18;
For ¢ =13, byy = 2, 3, 5, 8, 12, 17,
For g = 17, by = 1, 2, 6, 8, 12, 27, 41, 50;
For ¢ =19, bao = 2, 3, 6, 11, 12, 33, 35, 48, 66;
For q = 23, bay = 1, 8, 12, 15, 18, 32, 33, 42, 45, 54, 60;
For ¢ =29, by =1, 3, 5, 8, 11, 12, 20, 33, 48, 54, 68, 83, 123, 188.
Construct now some quadratic forms of type (—2,¢,1).
If ¢ = 13 and byy = 2, from (2.2) and (2.1) we have b3 = £1, b3z = 4.
Thus the quadratic form

Q1(x) = m% + 2m% + 4:L“§ + 1395?1 + 2129 + 2123 + 132374

is the quadratic form of type (—2,13,1) with discriminant 132.
If ¢ = 119 and bee = 2, from (2.2) and (2.1) we have b3 = +3, b3z = 8.
Thus the quadratic form

Qo(x) = 2% + 223 + 823 + 1923 + xy29 + 3123 + 197314
is the quadratic form of type (—2,19,1) with discriminant 192.

Consider now the particular case ¢ = —1(mod6).
It is easily to verify that the determinant

2 1 1 0
L2 0
11 3(¢+) ¢
0 0 q 2q
satisfies the condition 1-4, i.e.
2, 2, 4t1 2
Qs3(x) = 21 + x5 + T3 %3+ qui + 2102 + T123 + 2233 + q23Te

is the quadratic form of type (—2,¢,1) with discriminant ¢*> (where ¢ =
—1(mod6)).

3 The reduction of the constructed quadratic forms
Find now an equivalent reduced quadratic form of

+1
Qs(z) = 95% + x% + qTxg + qx?; + x1x9 + X123 + T2x3 + qL3T4.
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It is clear that
4
4Q3(z) = 4o 4+ 423 + g(q +1)23 +4qa] +da xo + 4z 23 + Axows + ATy =

= (2$1 + x9 + 333)2 + G(Z’Q, x3, 113’4),

where
4q9+ 1
G(za, T3, T4) = 323 + a4 22 + 4q22 + 2013 + 4qr32y.
Similarly
12G(x2, 3, 74) = (629 4 223)% + g(x3, 24),
where

g(x3,x4) = 16q(:c:2), + 3x3T4 + Bxi).

By using well-known algorithm ([6] p. 141-144), the linear transformation
with matrix

1 -1
0 1

takes the quadratic form g(x3,x4) into the equivalent reduced quadratic
form. Now use the linear transformation with matrix

100 O
010 O
0 01 -1
0 00 1

for quadratic form Q3(z), we get

+1 +1 -2
Q(z) = x%—kx%—i—%x%—i—%xi—l—mlm—l—xlm—x1x4+w2x3—x2x4+q T3x4.
It is easy to verify that Q(x) is a reduced quadratic form of type (—2,¢,1)
with discriminant ¢? for every prime number ¢ = —1(mod6)).

Similarly by using the linear transformation with matrix

1 0 -1 0
01 0 O
00 2 1
0 0 -1 0

for quadratic form @1 (z), and the linear transformation with matrix

1 0 -3 —1
01 1 0
00 2 1
00 -1 0
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for quadratic form @Q2(z), we obtain that
Qa(z) = x% + 2x% + 2x§ + 4;102 + T1T9 + T1X4 — Tox3 + 27374
is a reduced quadratic form of type (—2,13,1) with discriminant 132 and
Qs(x) = $% + 29@% + 390% + 6;10?1 + 120 + 173 + T1X4 + Tox3 — ToT4 + 3T3T4
is a reduced quadratic form of type (—2,19,1) with discriminant 192.
4 The number of representations of the positive
integer n by the quadratic form of type (—4,¢, 1)
For quadratic form of type (—2,13,1)
Q4(x) = m% + 235% + 2[E§ + 43:?1 + 21T9 + T1X4 — Tox3 + 22374
we have that A = D =132, 41, =104, Ajp = —26, A;3=0
According to the lemma 2 the spherical polynomials has the form

— 2 A 2 4
P11 = X7 — 41D12Q4_$1_ﬁQ47

P12 = 2172 — 2B2Q4 = 1172 + 15Qu,
P13 = T1T3.
Consider the equation
1‘% + 21‘% + 2:1:% + 4:1:421 + 2129 + 2124 — T2X3 + 2T324 = N. (4.1)

For n = 1, equation has 2 solutions x; = =£1.

For n = 2, equation has 6 solutions xo = +1; z3 = +1; z; = +1, a2 =
F1.

For n = 3, equation has 8 solutions 1 = +1, x3 = +1; x1 = +1, z3 =
Fl; 9 = £+1, 3 = £1; 1 = 1, 29 = F1, x3 = F1. Here all other

Using these solutions and performing easy calculations by lemma 3 we
obtain

> 4 1 22 1
79(7'790117624):2(235%——71)%‘ 8 —22——823+. S

= —2 —
e & 137 137 13
> 1 2 14 2
97, p12,Qa) = > (D miwa+ V=3t Tt T :
n=1 Q4=n
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I(7,13,Qa) = Y (D mia)2" = —22% 4.
n=1 Q4=n

These generalized quaternary theta-series are the cusp form of type (-4, 13,
1), they are linearly independent, since the determinant constructed from
the coefficients of these theta-series is not equal to zero. It is known ( [1] p.
899) that the maximal number of linearly independent cusp form of type
(-4, 13, 1) is 3. Thus we have proved

Theorem 1. The generalized quaternary theta-series

ﬂ(Ta P11, Q4) = Zzozl (ZQ4:n l’% — %’I’L)Zn,
19(7—7 Y12, Q4> = Z?:l (ZQ4=TL T1T2 + Tlgn)zn7 (42)
T, 013, Qa) = Y oy (Z@Fn x123)2"

form a basis of the space of cusp form of type (-4, 13, 1).
Consider the quadratic form

F = Qu4(x1, 22,23, 74) + Qua(xs5, 76, 7, 3).

By lemma 4 and (1.2) we have A = D = 13% 1 =2, N = ¢ = 13,x(d) = 1,
i.e. the quadratic form F' is a form of type (—4,¢q,1).

From (1.4) using the number of solutions of equation (4.1) we obtain
that

x
79(7,@4):1‘1‘27“(”,@4)2":1+22—|—622+823+.
n=1

hence
I, F) =0%(1,Q4) = 1+ 42 + 1622 + 402 +. . . (4.3)
if g =13 and | = 2 from (1.3) we have

24 &
E(r,F)=1+ T (o3(n)z" + 16903(n)2z13")

n=1

L%, 29, 20028
T AR T 17 -

According to the Lemma 5, (7, F) — E(7,F) is a cusp form of type
(—4,13,1). Thus, from Theorem 1 there are constants ci, ¢z and c3 such
that

T (4.4)

W7, F) — E(1, F) = c19(7, p11, Qa) + c29(7, p12, Q1) + c39(7, 13, Q4).
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Equating the coefficients of z, 22 and 22 on the both sides of this iden-
tity, using (4.3), (4.4), (4.2) we obtain

9 B 247 26
ATy 2T Ty ST
Hence
91 247 26
19(7—’ F) = E(T7 F) + 37419(7—7 P11, Q4) - 37479(7—7 $12, Q4) - 17719(7—) $13, Q4)

Equating the coefficients of 2z on the both sides of this identity we deduce
the following result.

Theorem 2. The number of representations of the positive integer n
by the quadratic form F' is given by

24 91 5, 4
r(n, F) = 1—703(71) + ﬂ( Z x] — ﬁn)
Qa=n
247 1 26
4="N 4=nN

where
O'*(n) _ (03(n)) lf 131-”7
ST os(n) +16903(2) if 13Jn.

This paper dedicated to my teacher Professor Giorgi Lomadze on the
occasion of his 100th birthday.
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