INTEGRAL SEMI-DISCRETE SCHEME FOR A KIRCHHOFF TYPE
ABSTRACT EQUATION WITH THE GENERAL NONLINEARITY

J. Rogava*, M. Tsiklauri**

*I. Vekua Institute of Applied Mathematics,
Iv. Javakhishvili Thilisi State University
0143 University Street 2, Thilisi, Georgia

**Ilia State University,
Kakutsa Cholokashvili Ave 3/5, Thilisi, Georgia
(Received: 12.06.09; accepted: 12.11.09)

Abstract

Cauchy problem for a Kirchhoff-type abstract equation is considered with the
general nonlinearity and self-adjoint positive definite operator, which is more than or
equal to the square of the operator in the nonlinear term. Kirchhoff type equation
for a beam represents a particular case of this equation. For the stated problem, the
semi-discrete scheme is constructed, where for approximation of the term containing
the gradient, the integral averaging is used. Stability of the scheme is proved and the
error of the approximate solution is estimated.
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Introduction

In the present work we consider a Kirchhoff type abstract equation for a
beam in the Hilbert space with the self-adjoint positive definite operators
A and B, which satisfy the condition A% < ¢oB and with the general non-
linearity with respect to the gradient (here the role of the gradient is played

HAI/ Qu‘ 2, where v is a solution). This equation represents a generalization
of the Kirchhoff type nonlinear equation for a beam (it was obtained by
S. Woinowsky-Krieger [18]. Our aim is to find an approximate solution of
the Cauchy problem stated for this equation. For this purpose we suggest
the symmetric three-layer semi-discrete scheme, where for approximation
of the term containing the gradient, the integral averaging is used.
Existence and uniqueness issues for local as well as global solutions of
initial-boundary problem for the Kirchhoff string equation were first studied
by Bernstein [2]. The issues of solvability of the classical and generalized
Kirchhoff equations were later considered by many authors (see, for ex-
ample, A. Arosio, S. Panizzi [1], L. Berselli, R. Manfrin [3], P. D’Ancona,
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S. Spagnolo [5], [6], R. Manfrin [8], L.A. Medeiros [10], M. Matos [9], K.
Nishihara [11], S. Panizzi [12], S.I. Pohozaev [15] and references therein).

The following works are devoted to approximate solution of nonlinear
Kirchhoff type equation: A. I. Christie, J. Sanz-Serna [4], I. S. Liu, M. A.
Rincon [7], J. Peradze [13], [14], J. Rogava, M. Tsiklauri [17]. In the work
[14] the case is considered when the nonlinear term contains the sufficiently
general function with respect to the gradient (the work [14] became known
just before the publishing of the present work). Approximation of the term
containing the gradient coincides with the approximation given in the work
[14].

Investigation of the stability and convergence issues of the semi-discrete
scheme given in this work are based upon the following two facts: (a)
(ug — uk—1) /7, AY2y;, and BY2w,, are uniformly bounded (ug is an ap-
proximate solution, and 7 is a step with respect to time variable); (b) For
the corresponding linear discrete problem, the a priori estimate is valid,
where in the left-hand side is the norm of B'/2uy, and in the right-hand
side — the norm of fi (fx is a value of the right-hand side of the equation
in the point ¢t = ¢, = k7). The mentioned fact allows to weaken the nonlin-
ear term in the given nonlinear equation to such a degree that taking into
account the fact (a), one can use Gronwell’s lemma.

1 Statement of the problem and the integral
semi-discrete scheme

Let us consider the Cauchy problem for an abstract hyperbolic equation in
the Hilbert space H:

2U
ddtgt) + Bu(t) + ¢ <HA1/2uH2> Ault)=f(t), te[0,T],  (L1)
u (0) = o, dudio) = 1. (1.2)

where A and B are self-adjoint, positively defined (generally unbounded)
operators with the definition domains D (A) and D(B) which are every-
where dense in H, besides, the following conditions are fulfilled

|Aul|* < ¢o (Bu,u), Yue D(B)C D(A), c¢y=const>0,

where by ||-|| and (-,-) are defined correspondingly the norm and scalar
product in H; scalar function ¢(s), s € [0,+00) is continuous and twice
continuously differentiable, in addition ¢(s) > A > 0; o and ¢; are given
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vectors from H; w(t) is a continuous, twice continuously differentiable,
sought-for function with values in H and f (¢) is a given continuous function
with values in H (here continuity and differentiability is meant under the
metric of H).

Existence and uniqueness of the solution of the problem (1.1), (1.2) (in
case when B = A? and the scalar function v (s) = A + s, A > 0) is shown
n [10]. Let us note that in this case equation (1.1) is an abstract analogue
of Kirchhoff-type equation for a beam. Kirchhoff-type equation for a beam
has the following form (see [18])

L
0*u  O*u 9 0u

0

We are searching solution of the problem (1.1), (1.2) by the following
semi-discrete scheme:

U — 2up, + up_ U + up_ Au + Aup_
k41 7-2k k1+Bk+12k1 a k+12 k-1

where k=1,..,n—1, 7=T/n (n > 1), fr = f (tx), tx = k7, uo = o,

= fr,  (1.3)

2

)

ar =V (Ye—1,Vk41), Vb= HAI/ZUIC‘

and where the function 9(a, b) is defined by the formula

b
D(a,b) = bia /w(s)ds. (1.4)
a

It is obvious that if the length of the interval b — a is small, then the
formula (1.4) gives a good approximation of the value of the function (s)
at the point s = (a + b)/2.

As an approximate solution u (¢) of problem (1.1), (1.2) at point ¢, = k7
we state ug, u (tg) =~ ug.

2 First step for the proof of the stability of
the discrete problem (1.3)

In this section we will show in the standard way that (uy — up_;) /7, A2,
and B'/?uy, are uniformly bounded for the discrete problem (1.3).

Our final aim is to obtain such a priori estimates for the scheme (1.3)
from which follows the stability and convergence. Proof of the uniform
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boundedness of the solution to the discrete problem (1.3) and the differ-
ence analog of its corresponding first order derivative is a first step in this
direction. Uniform boundedness means that for the concrete equation, dur-
ing the numerical calculations, we should not expect the sharp increase of
the solution value in case of the step’s decrease.

The following theorem takes place (below everywhere ¢ denotes positive
constant).

Theorem 2.1 For the discrete problem (1.3), the vectors (uy — ug—1) /7,
AY?y,; and BY/2uy, are equally bounded, i.e there exist constants c;, co and
¢3 (independent of n) such that

Uk — Uk—
-l <ey, HBl/QukH < ¢, HAl/QUkH <c k=10
-

Proof. If we multiply scalarly both sides of equality (1.3) on vector
U1 — Uk—1 = (U1 — ug) + (up — up—1), we obtain

wppr —ug||® |Juk — e || 1 2 2
+5 (| 2wl - 520
T T 2
1 2 2
rgon (42| = av2uc)
= (fr (Upy1 — ug)) + (fr, (up —ug—1)). (2.1)

Let us introduce denotations:

2
U — Uk—1
T

e e e Py

If we take into account that according to the formula (1.4), we have

ar (Ver1 — Y—=1) = Y (-1 Ver1) (Vea1 — Ye—1)
Yk+1 Yk+1 Yk—1
= /¢(s)d32 /¢(5)ds— / P (s)ds,
V-1 0 0

Then from (2.1) we obtain

1
Qg1+ 3 (Br41 + Br + g1 + )

1
= o+ 3 (Br + Br—1 + pk + pe—1)

+ (fis (g1 — wr)) + (fes (g — up—1)) (2.2)
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where

Yk
e = / 1(s)ds.
0

According to Schwartz inequality, we have:
|(fi (g1 — un)) + (fier (ue — uk—1))| < 7 (Vars + Vo) Lfll -
Taking into account this inequality, from (2.2) it follows:
Akt1 < Ak + €k (2.3)

where

1
Ak = gt B (Brt1 + Br + i1 + k) 5
e = 7 (Varr +var) || full -

Obviously from (2.3) we obtain

M1 < At (er+ea+ . teg)
k
= A7y (Vai+ V) lIfill -
i=1

Obviously from here we get:

k
Oppr SOT+TY G+ il o= Ve

i=1

From here we obtain the following inequality

k
Opa1 < 01421 |Ifil

=1

From here it follows that ag, Br and 7 are equally bounded. O

3 The a priori estimates for perturbation of
the solution of the discrete problem

Our aim is to show the stability of the scheme (1.3). Since the additiveness
does not take place for a nonlinear problem, we naturally try to obtain the
a priori estimate directly for perturbation of the solution. Hence (analo-
gously to the linear problem) there automatically follows the stability and
convergence of the nonlinear scheme.
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In this section, based on the results of the previous sections, we will
obtain the a priori estimates for perturbations of the solution of the semi-
discrete scheme (1.3) and the difference analog of its corresponding first
order derivative.

The following theorem takes place (below everywhere ¢ denotes positive
constant).

Theorem 3.1 Let uy and @y be solutions of difference equation (1.3)
corresponding to initial vectors (ug,u1, fx) and (Eo,m,ﬁ), components of
which are sufficiently smooth. Then for z; = ui —u the following estimates
are true:

S R (N o B s
+ Tzk:Hfi—fiH>, (3.1)
=1
2] = <l ol
T T T

k
+ Tzufi—fiu), 2
=1

where k =1,...,n — 1, Az = 2311 — 2.
Proof of the theorem is base a upon lemma, which will be given below.

Let us consider in Hilbert space H the following difference linear equa-
tion:

Ugg1 — 2up + U1 4 gt +ugp—1

T2 2 :fkv kzl;n-;n_l, (33)

where ug, u; and fj are the given vectors from H.

The difference equation (3.3) represents a main part of the nonlinear
difference equation (1.3).

The following lemma takes place.

Lemma 3.2 (see [16]). Let B be a self-adjoint positive definite opera-
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tor. Then for the scheme (3.3), the following a priori estimates are valid:

HBI/2Uk+1H < V2 (HBUQUOH + HAUO > +7 HBIQATUO
+ Ti 1fall s wo,u1 € D(Bl/2), (3.4)
2] < el ]2
T
+ TZ Ifill s w0 € D(BY?), (3.5)

where k =1,....,n — 1, Aup = ugy1 — ug.
Let us return to the proof of the Theorem 3.1.

Proof. According to (1.3) zx = u — Uy will satisfy the following equa-
tion:

Zk+1 — 22k + 2k—1 Zk+1 + Zk—1 1
B = —— k=1,.. 3.6
72 * 2 99k ’ (36)

where
gk = apA (ups1 + up—1) — @A (Uegr + Up—1) — 2 (fe — fi) -

e _ 2
and where ap = 1 (’yk+1,fyk_1) Ve = HAI/QukH .
From (3.6) according to (3.4) it follows

e (T

H AZO

)

Z lgill - (3.7)

-

Obviously for g we have

g = (ar, — ay) (Aupgr + Aup_1) + ax (Azp + Azgr) — 2 (fr — fi) - (38)
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By simple transformations, for the difference a; — @i, we obtain:

. V41 ) Vi1
ap —a = /1/J(s)ds—/@/)(s)ds
Ye+1 — Vk—1 Ve+1 — Vk—1_
Te—1 Te—1

1
= / [ (Yk—1 + (Vo1 — Ye=1) &) = ¥ (Tpm1 + Vg1 — Vao1) §)] d€
0
1

&k
- / / W (n) dnd, (3.9)
0 &
where
& = V-1 + (Vg1 — M—1) &,
& = Vo1 + Tepr —To-1) &

From (3.9), according to Lemma 3.1, we have

1] & 1
lap —ay| < ¢ (n)dn|dé < c | |& — &|dE
1 /

= ¢ |(m—1 =Fk-1) + (1 = Vag1) — (k1 = Vp-1)) €] d€

—

0
s ¢ (|7k—1 —%71! + }%H —7k+1|) )

Taking this into account, from (3.8) we obtain

loell < ¢ (‘%—1 - Vk—l‘ + "Yk:-i—l —7k+1‘) (I[Augga ]l + || Aug—1])
+ [an| (|Aze| + [ Az ll) + 2 (| fr = fil) - (3.10)

Obviously for |ay| we have the estimate:

Yr+1
_ 1
lay| = |m——— Y (s)ds
Ye+1 — Vk—1_
Yk—1

1
= /¢ (V1 + (Frear —Tro1) €) d| < c. (3.11)
0
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According to Lemma 3.1, for v, — 7, the following estimate is valid
=Tl = (Vi + V) Vi = V]
e o | - [ e

c HAl/szH < c|| Azl - (3.12)

IN

IN

If we insert these estimates in (3.10) and take into account that || Auyl|
is uniformly bounded, we obtain

lgell < e (1Azrall + | Azell + || fx — Fl|)
B Y P T A

Taking this inequality into account, from (3.7) we obtain

=l )

ZHBl/Zz@ +CTZHfl sz (3.14)

A

+7 Bl/2

From here we have

HBI/QZkHH < @ (\/5 <HBl/2on + ’ Az > + T HBUQATZO

k k
_|_C7‘ZHBl/22i +C7-2Hfl_flu> ’
i=1 =1

T—er? 1—cr>0.
Let us introduce the following notations:

5y = C(HBUQ'ZOH +’ Az

« = |

where ¢y =

HB1/2

Fr3ol-Til)

Then inequality (3.14) can be rewritten as
k
Ert1 < CTZEi + k.

i=1

From here by the induction we can obtain (discrete analog of Gronwell’s
lemma):

ehpr < et (L+er)f e+ +en)f 1o, = (L4 en)* 1 (6 4 crer) . (3.15)
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If we take into consideration that (1 + ¢7)® < e from (3.15) we obtain

|82 < e (HBI@OH+HAZO +THszAZo
-
+ TZ Ifi = Fil| + 7 HBl/221H> . (3.16)
=1
If we take into account that
HB1/221 ‘ < HBl/2z0 o B22A%
-

from (3.16) we obtain (3.1).
Let us show the estimate (3.2). From (3.6), according to (3.5), we obtain

k
.
=gl
=1

H Az, Az

)Bl/zzo ‘ + \fH

Hence, taking into account (3.13), we obtain

‘31/220

H Az,

k+1 k

+ CTZ HBl/QZiH + CTZ Hf, - EH .
i=1 i=1

From here an account of (3.1) we get (3.2).

4 FError estimate of the approximate solution on
the smooth class of solutions

In this section, using the results of the previous sections, we prove the
theorem regarding the error estimate of the approximate solution. It can
be said that this theorem represents an almost trivial result of the theorem
proved in the previous section. Before directly stating the theorem on
the convergence of the scheme (1.3), we would like to make one remark
regarding the well-posedness of the problem (1.1),(1.2). In fact we mean
from the beginning that the initial continuous problem is well-posed and
the solution is sufficiently smooth. Obviously we need the smoothness of
the solution in order to find the convergence order. If we demand the
minimal smoothness, which is necessary for well-posedness of the problem,
the convergence will be guaranteed, but we will not be able to find the
order. If we increase the smoothness order by one unit, the convergence
order will be equal to one (in this case, as well as in the previous case it is
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sufficient to take u; = pg + 7p1). If we increase the smoothness order by
two units, and define the starting vector u; by the following formula

2

-
Ul =g00+7'g01+?g02, (4.1)

where
2 = fo— <BSDO + ¢ (HA1/2<P0H2> A%) , %o € D(B),

the convergence order will be equal to two. Further increase of the solution
smoothness does not make sense, as the approximation order of the scheme
(1.3) is not more than two (obviously the convergence order generally can
not exceed the approximation order).

Let us state the theorem on the convergence of the semi-discrete scheme
(1.3).

Theorem 4.1 Let the problem (1.1),(1.2) be well-posed. Besides, the
following conditions are fulfilled: (a) @9 € D (B), ¢1,92 € D (31/2); (b)
Solution wu (t) of problem (1.1), (1.2) is continuously differentiable to third
degree including and u" (¢) satisfies the Lipschitz condition; (c) u’(t) €
D (B) for every t from [0,7] and function Bu'(t) satisfy the Lipschitz
condition.

Then for the scheme (1.3),(4.1) the following estimates are true:

max HB1/2Z;€H < er?, (4.2)
1<k<n—1
AZ,
max || =k < et (4.3)
1<k<n—1|| T

where: Zp = u(tg) — ug is an error of the approximate solution, Az; =
2kl — 2k

Proof. Let us write down the equation (1.1) at point ¢ = ¢ in the
following form:

A’y (gk—l) 4 pltlteer) +u(tet)
T 2

+ (HAl/zu (tk)H2> Au (tk+1)‘;‘AU (th—1)

- f (tk) +rr (tk) ) (44)
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where
rr(tk) = ror(te)+ 11 (tk) +ror (te), (4.5)
ror (ty) = A2u7gk_l) —u”" (tg),
. (tk) = %B (A%u (tp-1))

ror (ty) = %¢ (HAl/zu (tk)H2>A(A2u(tk_1)).

From (4.4) and (1.3) according to Theorem 3.1 we obtain
T
k
A 49
i=1

According to how smooth the function w (t), is the following formulas
are true:

31/2%

] < <(Jaes | T

+TH

AQUT(?H) () = % / / / (" (€) — " (ty.)) dédsdt
+?12 7 /t / (" (ty) — " (€)) dedsdt,  (4.7)
A2y (tg_1) = 71(14’ (t) —u (ty)) dt
+ / (o (t) — o/ (1)) dt, (4.8)
u(t1) = uo + 7u (0) + /T (v (t) — ' (0)) dt, (4.9)

0

T

) t
u(t1) = up + 7u’ (0) + %u” (0) + / //u"' (&) dédsdt.  (4.10)
0 0 O

s

According to conditions (a) and (c) of Theorem 4.1, from (4.9) there
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follows:

|5+ 220 =

2= = 5 = |
i T;Bl% + / BY2 (u (t) — !/ (0)) dt|| < e, (411)
0

According to conditions (b) of Theorem 4.1, from (4.10) there follows

T

B

T t s
= % lw(t1) — w1l = 71_/// Hu’” (f)H dédsdt < e, (4.12)
0 0 O

According to condition (b) of Theorem 4.1, from (4.7) we have

A%u (1)

Iror () = [ S = )| < o2 (4.13)

-
According to condition (c) of Theorem 4.1, from (4.8) we get
i ()| < er?, j=1,2. (4.14)
From (4.5), on account of inequalities (4.13) and (4.14), there follows
[ ()| < 7, (4.15)

From (4.6), on account of inequalities (4.11), (4.12) and (4.15), there
follows (4.2).
According to (3.2), is obtained analogously (4.3). 0
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