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Abstract

The basic boundary value problems of statics of two-component mixtures are
considered for a stretched spheroid when the limiting values of partial displacement
and stress vectors are given on the boundary. A solution of the considered problems is
sought in the form of an analogue of Papkovich-Neyber representations. The obtained
solutions are represented as absolutely and uniformly converging series.
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Introduction

One of the fundamental methods of solution of spatial problems of elastic-
ity theory is the Fourier method based on the application of a system of
curvilinear components and the subsequent separation of variables in the
corresponding differential equations.

When solving problems by the Fourier method, we use various rep-
resentations of equilibrium equations through harmonic, biharmonic and
metaharmonic functions. When solving problems for a spheroid (stretched
or compressed), a solution in the Papkovich-Neyber sense seems to be the
most convenient one. A problem of elasticity theory for an isotropic el-
lipsoid under the action of arbitrary axially symmetric forces is solved in
[7]. The solutions of the first and second basic problems for an ellipsoid of
rotation are obtained in [10]. An axially symmetric problem for a hollow
ellipsoid of rotation is solved in [4], while a solution of a contact problem
for a stretched spheroid is given in [1].
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1 Some Auxiliary Formulas and Theorems

Degenerate ellipsoidal coordinates for a stretched ellipsoid of rotation are
defined by the equalities [2]

x1 = cshnsindcos p, (1.1)
x9 = cshnsindsing,
T3 = cchncos?,

where c¢ is a constant coefficient, 0 < n < 400, 0 < ¥ <7, 0 < p < 27, x1,
x2, x3 are the Cartesian cordinates of the point z.
The coordinate surfaces are stretched ellipsoids of rotation n = const,
a two-cavity hyperboloid of rotation ¥ = const, and a cavity ¢ = const.
The operator grad written in terms of the coordinates (7,4, ¢) has the
form

h 0 8 ey 0
- e 9 1.4
grad c ( " on T 55 819 hsindshn &p)’ (14)

where e, ey, e, are the unit orthogonal vectors:

e, = (hchnsinz?cosgp,hchnsinﬁsingp,hshncosﬁ)T, (1.5)
ey = (hshncosﬁcosgo,hshncosﬂsimp, —hchnsim?)T, (1.6)
e, = (—sing,cos,0)T, h = (ch?n— cos?9)~1/2; (1.7)

Here the superscript T is the transposition symbol. In the sequel, by a
vector we will mean a one-column matrix.

We need to give some recurrent formulas for a Legendre function which
will be used in the sequel [2]:

(k—m+1)sin ﬂP,im_l) (cos ¥)=—cos 79P(m) (cos ) +P]£7;n1) (cos ),
(2k+1) sin 19P,§m71) (cos¥)=P; pim) 1 (cos 19)—P,§+2 (cos ),

1.8
sin 19P,§m+1) (cos 9)=(k—m) cos 19P,§ ™) (cos ﬁ)—(k—l—m)PkETi (cos ), (18)
sin ¢ % P(mH) (cos ¥)=sin 19P,§m+1) (cos¥)+m cos ﬂP,gm) (cosv);
(k—m+1)sh nPém_l) (chn)=ch nPém) (chn)— Pémf (chn),
(2k+1)shPY" " (chn) = PIT) (chn) — P™) (chn), o)
1.9

shP{" ) (chon) = (k = m) chnP{™ (chn) — (k + m) P (chn),

d _(m m m
shnd—P,g )(Chn):ShT]P]g +1)(Chn)+mcth,§ )(chn),
n
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where P,gm)(:v) is an adjoint Legendre function of first kind. Formulas (1.9)
are also valid for the a Legendre function of second kind if the argument
does not belong to the interval [—1, 1].

Lemma 1.1 The following equalities are fulfilled for any k > 0:

0 .0 (m) (m) B \/(k—m)(?k-l—?)) (m+1)

0O gy L R
(axlHaxQ)Pk_l(chn)Yk_l(ﬁvw)— N ErmErme)

<P ey 0,) + (k- m)\/ac e LA
(5 i ) P R0, =
= —(k —m+2)v/ @k +3)(k + m)(k + m+ 1) g (0.9, ).
(ézl — ;@)P,ﬁml)(chn)Yémf(ﬂ’ v) =

= R D= m) (k= m o+ 1) B ey (0, 0) -

—(k—m+2)y/(2k — )k —m)(k —m+ 1) g" (0,9, ),
O P ety (0, ) =

85133 k+1 k+1
= 43k —m+ DE+m+ 1) g™ Vim0, ), (1.10)
D m) (m) 1 \/(W —1)(k —m)
O3 Pk71(‘3h 77)ka1 (9, @) = e kEtm X

m m 2k —1)(k—m) (m
x P (chip) Y, )(19,<p)+(k—m+1)\/( kl(m )gé '(n,9, ),

where i = v/—1, Yk(m) (9, ) is a spherical function of the form [9]

m 2k+1 (k—m)! _m im
Y )(19,90):\/ = .Ek+m§!p,g ) (cos9)ei™?, (1.11)
and

2
0 I I O o)
g (. 0,0) =" (k+ 0)!

{ ch T]PIEE) (cos ﬁ)P,Efr)l (chn)—

— Cos 19P(£)

o1 (COS ﬂ)P,ge)(chn)}eiw, {=m-—1,mm+1. (1.12)
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Proof. We will prove the second equality of formula (1.10). For this
the operator 6%1 +1 8%2 is rewritten in terms of ellipsoidal coordinates as

0 0 h? 0 0 i(ch®n —cos?¥) O
0xy i 0xy ¢ © [smz?chn on +shncos 09 + shnsind agp]

Therefore we obtain
9 .0 N\,m (m) _
(55 + 500 ) P bV 0, 0) =
c v (k+m—1)!

@Imk(nvﬁ)v (113)

where

' B 0 m(ch?n — cos? 9
Lk (n,9) = {&nﬁchna—n%—shncosﬁ%— ( sh:’7$in19 )]x

x P (chp) PU™ (cos ). (1.14)

From the recurrent relations (1.8) and (1.9) we obtain

d m m—+1 ch? m
Chndfnp]gfl)(chn) = chnP" ™ (chn) + m e P{")(chn), (1.15)

cos ¥ % PIETE (cos?) = cos 19P1§T1+1) (cos¥) +m % P,ﬁ’ff (cos9)(1.16)

Using these equalities in (1.14), we have
Ik (n,9) = sind ch nP,ET% (cos 19)P,§r_n% (chn)+
+ shncos ﬂP,ET% (ch n)P,gT;rl)(cos ). (1.17)

From the identities (1.8) and (1.9) we obtain

sthIST% (chn) = Hﬁ [P,gmﬂ)(chn) —ch nP,ETlﬂ)(Chn)], (1.18)

sin 19P,§T_n£ (cosd) = H% [ cos ﬂP,ET% (cos?) — Pémﬂ)(cos 9)]. (1.19)
Using these equalities in (1.17), we obtain

Ik (n,9) = 1 { cosﬁP(mH)(cos ﬁ)P(mH)(chn) - (1.20)

ch P (ch ) PU™Y (cos 19)] . (121)

If in the latter equality we use the relations

P (chn) = [(Qk + 1) chnP™ V (chin) — (k —m) P (chim) |

k+m+1
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1

m+1
P]§_1+ )(COS’l9) m

[(Qk—i— 1) cos 19P,§m+1) (cos¥)— (k—m)P,ETle) (cos )|,

then we have

2% + 1
Lk (n,0) = —

K00 = e m T 1)
k—m

T hEm ki tm+ 1)
— Cos 19P,§+1 )(COS ﬂ)P,gmH)(ch n)|.

P (chn) P (cos )+

ch nPkEmH) (ch n)P,gmH) (cosv)—

If this value I,,x(n, ) is inserted into (1.13), then, after some transfor-
mations, we obtain the equality which we were to prove.
The other equalities of formula (1.10) are proved analogously.

Lemma 1.2 The following equalities are fulfilled for any k > 0:

00N pm) y(m) k—m (m+1)
<a:c1“8m )P (b)Y o) = =\ g BBy (chm)x

(m+1) 2 (2k + 1)(k = m) (m1)
XY, (¥, ) + cch n\/ Fima1 (n,9,9),
( 0 0

9 9\ pm (m) _

i LS GO (D
= (k—m+2)\/(k+m)(k—m+1) chnP" D () V™ (@, ) -
—cch®n(k—m+2)/ @k + )k +m)(k—m+1) g™ V(n, 9, 0),

0 m m . .
23 5 B (b (0, 9) = —(k —m+ 1) chy BT (ch )Yy (0, 0)+

+ cch?n(k —m + 1)\/2k+1g,(€m)(77,19, ©), (1.22)
where the function g,(f)(n, Y, ¢), L =m —1,m,;m+ 1, is defined by formula
(1.12).

Proof. We will prove the third equality of formula (1.22). For this the

operator x3 8%3 is written in terms of ellipsoidal coordinates

xgai) = h2chncos19(shncosﬁ£7 — chpsind %)

Thus we obtain

9 Lm) (m) o [2k4+1 (k=m)! ..

(1.23)
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where

Ik (n,9) = chncosﬁ(cosﬁshnaan — chnsind %) X
x ™ (chn) P{™ (cos ). (1.24)

From the recurrent relations (1.8) and (1.9) we have
d m m m
shnd—nP,g J(chp) = (k—m+1) P (chn)— (k+1) chnP™ (ch),

d (m
sin 79 P,g )(cos v) =
=(k—m+ 1)P,§Ti (cos¥) — (k+ 1) cos ﬁP,Em)(cos ).
Using these equalities in (1.24), we obtain

1

3 ch nP,ng (chn)+

Isl01:9) = (6 =+ 1){ -
2 (m) (m) _ (m) (m)
+ch”n| chnP, 7 (chn) P, (cos ) — cos VP, (cos V) P, (chn)| ¢
If this equality is used in (1.23), then
O p ey ™(9,0) = —(k —m + 1) ch
x38$3 e (chm)Y, (0, ¢) ( m + 1) chnx
x P (chm) Y™ (9,m) + ek = m+ 1)V2k + 1eh? ngy™ (n, 9, ¢),

The other equalities of formula (1.22) are proved analogously.
We denote by X,k (¢, @), Yok (9, ©), Zmi(9, @) the following vectors [1],
3]

Xk (9, 0) = esY™ (9, ),

1 m—

Yo(0,9) = 25 ea¥," (0, ), (1.25)
1 m

Zk (9, ¢) = ﬁelyk( D, ),

where Y™ (8, ¢) has form (1.11), e; = (1,—3,0)7, e3 = (1,i,0)7, e5 =
(0,0,1)7.
On the sphere of unit radius the set

{ka(’l97 SO)) Ymk(r&) 80)7 ka(ﬁ7 SO) } |m|<k, k=0,00

forms a complete orthonormalized system of vector functions in the space
L.
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Theorem 1.3 If 0 is a stretched ellipsoid of rotation (n = 1), then
the following equalities are valid:

k=0, m=0
/thk(ﬁ,cp)ds:Q\/Ec%hno{gg for M=

for k>1,
o0
k=0, m=1
Y, (9. 0) ds = /2r shg 4 2 1O ’ ’
/ k(0 ¢) mc”shiyg {o for k> 1. (1.26)
o0
k=0 =-1
/thk(ﬁ, p)ds = V271 Zshmng e Jor o m ’
for k>
o
Proof. Since )
ds = % shng sin ¥ dv dy, (1.27)
we have
/thk(ﬁa 80) ds =
oN
%+l (k—m) [ [
=2 shnoe3\/ 4: : Ek;g' / ™M dop / P{™ (cos #) sin 9 .

0 0
If in this equality we take into account that

2

/eim‘pdgz): 2t for m =0,
/ 0 for m#0,

then we obtain

Pi(cos?)sinddd  for m =0,

o0

/thk(ﬂ, ©)ds = /7 ? shnges 0/
0

for m #£0.
(1.28)

Here we have used the identity PIEO) (cos 9)=Pyg(cos ) where Py(cos?) is a
Legendre function.
The following equality is valid:

1
/}%@ﬂ%@ym: ok 11 (1.29)
21
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Since Py(x) =1, with (1.29) taken into account it follows that

™

1
2 for k=0,
P P)sinddd = [ Py(z)P dr =
0/ :(cos ¥) sin /1 o () Py(x) dx {O for k> 1.

Using this equality in (1.28), we obtain

e3 fir k=0, m=0
hX i (9, ©) ds = 24/7 ¢ sh ’
84 £ ) vretshio {0 for k> 1.

The other equalities of formula (1.26) are proved analogously.

Theorem 1.4 If 09 is a stretched ellipsoid of rotation (n = 7)), then
the following equalities are fulfilled:

3 /G er  for k=1 m=-1,
/h[zmek(f},go)] ds = =€ 3 Wsh2770 es  for k=1, m=1,

o0 0 inothercases,

— chnpes for k=1, m=1,

ic2V6m
h[z X Ymk(ﬁ,go)] ds = 3 shno{ V2 shmoes for k=1, m =0,
Fol9) 0 inothercases,
5 chnger for k=1, m=—-1,
1c’V 6
/h[z X Lk (0, go)] ds = 3 shno < V2 shmoes for k=1, m =0,
0 inothercases,
(1.30)

where z = (21, 22,23) " € 9.

Proof. We will prove the validity of the first equality of formula (1.30).
Note that the vector z = (z1, 22, 23)" can be written in the form

c . .
2= sh ng sinﬁ(elew + ege_w) + cchng coses.
Using this equality and the identity

e X ey = 2i63, e1 X ez = —iel,

| | (1.31)
€2 X e3 =1ieg, e;Xe; =0, 7=1,2,3,

we obtain

ic [2k+1 (k—m)!
”X’"’“w’@)zz\/ . krm)l
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x shgsin 9| — eret My 4 eQei(m_l)W] P,gm) (cos ). (1.32)

From the recurrent relations (1.8) it follows that

. m) 1 (m+1) (m+1)
sin 19P,§ (cos¥) = i1 [P, (cos9) — Py (cos 9],
sin 19P]£m)(cos V)= il [ — (k—i—m)(k—i—m—l)P,ng_l)(cos 9+ (1.33)

+(k—m+1)(k —m+2) P (cos 19)} .

Since
2m
/ei(mﬂ)‘/’ dy _ 2t for m = Fl, (1.34)
0 for m # F1,
0

™

/P]E%(Com?) sinddd = jPO(x)Pk—l(x) dr = {2 For k= 1’(1'35)

el 0 for k#1,
0
* 1
/ PY (cos9)sindd9 = [ Po(x)Ppsr(x)dz =0 for k>0, (1.36)
-1
0

from (1.32), taking into account equalities (1.27) and (1.33), we obtain

3 /G er  for k=1, m=-1,
/h[zmek(ﬁ,go)] ds = — & 3 Wsh2770 es  for k=1 m=1,
) 0 otherwise.

The last two equalities of formula (1.30) are proved analogously.
Let

00 k
F,0) =3 3 am¥ ™ (9. 0),
k=0 m=—k

be a Laplace series in a orthonormalized system of spherical functions
Yk(m)(f}, ®) [9], where

2 s
- / dy / F(9,0) 7™ (9, ) sind v,
0 0

here ?,(cm) (9, ¢) is the complex-conjugate function Yk(m)(ﬁ, ©)-
The next theorem is true [5].
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Theorem 1.5 In order that F(y) € Wéz) (09), it is necessary and suffi-
cient that the coefficients a,,; admit representations

Amk = kifﬂ]&;m)a k > 17

where
o) k
Z Z ]B,E:m)|2 < 0.
k=1 m=-k

Assume that the vector f(z), z € 9, satisfies the sufficient conditions
under which it can be represented as a Fourier-Laplace series

[e) k+1
f(Z) = Z Z [akamk(ﬁa 90)+6mkymk(197 90)+7memk(197 90)]7
k=0m=—k—1
(1.37)
where
27 T
Ak = /dw/f(no,f/‘, ©) X i (9, ) sin 9 d,
0 0
27 s
i = [ do [ 0.0,V (9.0)sind a0, (1.38)
0 0
21 T
Vimk = /dso/f(no,ﬁ,w)ka(ﬁ,w) sin ) do).
0 0

Here X,k (9, 0), Yk (9, ¢), Zmi(9, @) are the complex-conjugate vec-
tors to the vectors X,k (%, ¢), Yk (9, ), Zmk (¥, @), respectively.
If in (1.38) we take into account that P,gm) (x) =0 for m > k, then

ampk =0 for m=—-k—1,k+1, (1.39)
Bmk =0 for m=—-k—-1, -k, (1.40)
Ymk =0 for m=kk+1. (1.41)

Theorem 1.5 and formulas (1.38) give rise to

Theorem 1.6 If f(z) € CY(0Q), then the coefficients i, Bk, Yimk
defined by formulas (1.38) admit the following estimates:

i = O(k™0), B = O™, A = Ok, £>1. (1.42)
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Theorem 1.6 gives the sufficient condition which must be imposed on
f(z) so that the Fourier coefficients could have estimates (1.42).

Since [9]
2k+1

VM. 0) < /=

the following estimates are valid for k > 0:

4
- il : T (1.43)

2 Statement of the Boundary Value Problems.
Uniqueness Theorems.

A system of homogeneous differential equations of statics of the spatial
linear theory of mixtures of two isotropic elastic materials has the form [6],
8]

a1 A’ + by grad div u’ + cAu” + dgrad divu” = 0,

2.1
cAv' + dgrad divu’ + asAu” + by grad divu” = 0, (2:1)

)T " __

y U = (ulll’ug7u/3,)—r

where v/ = (uf,u, uf are partial displacement vec-

tors,
_ _ P2 o
ap = p1 — As, bl—#1+>\5+>\1—;a7 ag = iz — As,
52=M2+>\5+)\2+%0/, c=p3+ X5, o =A3— Mg,
. P1L _
d—M3+)\3—>\5—;a, p=p1+p2,

p1, p2 are the partial densities of the mixture; Ay, Ao, ..., A5, p1, po, s
are the elasticity moduli characterizing the mechanical properties of the
mixture, which satisfy the conditions [6], [8]

2
p1 >0, pipe —p3 >0, A <0, )\1+§M1—%0/>0,

2 2 2 2
<A1+—u1—@a’)(>\2+—u2+ﬂa’) > (A3+—u3—&a’) .
3 p 3 P 3 P

From these inequalities it follows that [6]

dy = (a1 + bl)(ag + 52) — (C—l— d)2 >0, dy=ajay— > 0.
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Let us introduce the matrix operator T'(0z,n) [6]

T(OT,m) = |oeeiiiiiiii i (2.2)
T (9z,n) @ TW(z,n)

6x6

TO(dz,n) = [T,ﬁj’(ax,n)]m, ¢=1,2,3,4,

(1) B 0 p2 0 -0
Ty.; (0m,m) = (1= A5 )0k %Jr(/h—;a)nk 87j+(/i1+>\5)ng 92y
T2 (0, n) = (13+Xs)5 »ﬁ+(x -2 D (us—rs)m; 2
kj \OT, 1) =3 5k38n 3 pOé nk@xj M3 57”&33%,
3) B 0 p2 0 -0
Ty (0, m) = (k3 +A5)dk; %+()\4+;@)nk @Jr(/ls—)\s)ng e

0 0
Téj)(ax, n)= (NQ—)\5)5kj %—F ()\Q—i-% O/)nk 7—1—(/12—1-)\5)71] I
J

where dy; is the Kronecker symbol, i.e. dy; = 1 for k = j, 65; = 0 for k # j,
n(x) is the unit vector.

The operator T'(0x,n) defined by formula (2.2) is called the generalized
stress operator. The vector notation for the expressions 7' (Oz,n)u, £ =
1,2,3,4, where u = (uy,u2,u3) ' is a three-component vector, has the form

T (0, n)u = & % + nendivu + (g[n x rot ul, (2.3)

where

!/

&1 =21, 771:/\1—%2a, G =p1+ A5, & =& =2u3,

772:>\3—%0/7 773=)\4+%0/7 G =0 =pu3—As, (2.4)

!/

€4 = 2p, 774:)\24—%04, Ca = p2 + As.
Definition 2.1 A vector U = (u/,u")" will be called regular in a domain
QcC R ifu,u e CX(Q)NCHR).
Denote by Q7 a finite domain bounded by the stretched spheroid of
rotation 9Q; O~ = R? \§+, Q" =0ruoan.

Let us formulate the following boundary value problems:

Problem. Find, in the domain QF (Q7), a regular solution U =
(', u")T of system (2.1) which on the boundary OQ satisfies one of the
following conditions

Dirichlet problem : [U(2)]F = f(2), z € 0Q (2.5)
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or
Neumann problem :  [T(9z, n)U(z)]i = f(z), z€ 09, (2.6)

where f(z) = (fV(2), ()T is a siz-component vector, fU)(z) =

( fj)(z), fz(j)(z), féj)(z))T, j =1,2, is a three-component vector, n(z) is the
outward normal unit vector with respect to QF  at a point z € 9. The
operator T(0x,n) is defined in (2.2).

For the sake of brevity, we will denote by (I)* the boundary value
problem with conditions (2.5), and by (I1)* the problem with conditions
(2.6).

In the case of problems (I)~ and (/I)~, the vector U(x) must satisfy
the following conditions at infinity:

wj(z) = O(lz|™), w(z) = O(lz|™),

o' () ou!(x)
J —1 7 —1 .
8$k —0(|l’| )’ aZEk - (|$‘ )7 ka] _15253

The following theorems are valid [6]

Theorem 2.2 If 9Q € C'** 0 < a < 1, then problems (I)*, (II1)~
admit at most one regular solution.

Theorem 2.3 If 9Q € C'7, 0 < o < 1, then any two regular solutions
of problem (11)* may differ only in an additive vector of rigid displacement,

u(z) =V +[d xz|, u(z)=V"+][d x ],

where o/, I, b are arbitrary constant three-component vectors.

3 Solution of the Problem

A solution of this problem is sought in the form

u'(z) = grad @1 () + oz grad [23P2(z) 4+ ((z)]—
— 2e3[an Pa(x) — B1P3(x)] + rot(e3Ps()),

)|-

)

3.1
u"(z) = grad ®4(z) + as grad [z3P3(z) + () (3-1)
— 2e3 [042@3( ) — 52(1)2( )] + I'Ot(egq)ﬁ(.%') ,
where ®((z), ®(z), ®;(x), j =1,2,...,6, are the harmonic functions,
a1 =by(ar +b1) —d(c+d), p1=daz— b, (32)

Qg = bl(az + bz) — d(C-i— d), 52 = da1 — blc, g = blbg — d2.
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Let us rewrite the vectors grad ®;(z), j = 1,4, and rot(e3®;(z)), j =
5,6, as

grad@ﬂx)zl[ (8 —i—zi)-i-

ox1 0w
o 9 9 :
+oo(Gior =1 Gmg) 269 g B G =14 (33)
rot(e3®;(z)) =

- % [_el(ail 8?:2) + 2(3?;1 i;@)}‘@j(l’)’ =56
We introduce the notation

0 0 0
L(ax) —a (81‘1 8:752) + “ Dus 8333

Uy (z) = % [@1(2) — i®s(2)], W)= % [@4(z) — i (a)].

Using this notation and taking equalities (3.3) into account, we can
represent solutions (3.1) in the form

u'(x) = L(0x)V1(x) + ag grad [933@2(3:) + <I)6(m)] —
— 2e3 [alfﬁg(x) ,qu)g( )] + L(ax)\yl($),
" " (3-4)
u'(x) = L(02)Pa(x) + as grad [2303(x) + @f(z)] -
— 2e3 [042@3(:13) ,32(1)2( )] -+ L(&x)\h(w),

where L(92)¥; and L(0x)¥;, j = 1,4 are complex-conjugate vectors, and
VU,(x), j = 1,4, are harmonic functions.
Functions \I/j(a:), j = 1,4, are sought in the form

= Z COLPM (b)Y (9, 0)+

k=0 m=—k+1

+ DY P (e (0,0, =14, (3.5)

where Plgm)(ch 7n) are the Legendre functions of first kind, Yk(m) (9, ) has
form (1.11), c) p

oies Dynges J = 1,4, are arbitrary constants.

If we choose constants Cg,)c, Dfﬁc, 7 = 1,4, such that
) _ m )
Coak = —c/ eyt Ak (3.6)
) _ k—m )
Dpi = c\/(2k+1)(2k+3;r(}c+m+1) A J=1.4, (3.7)
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where Afﬁ{, j = 1,4, is an arbitrary constant, and take equalities (1.10)
into account, then we obtain

= Z [P (chg) X i (9, 0)+

k=0 m=—k+1
+ o ) P () Zn (0, 90)] AY) G =1,4, (3.8)

where

o _ 2
Tmk = \/(k—m)(k:—i—m—&—l)'

From (3.8) it follows that

LO2)T;(@) =0kt [P (ch) X (9, 0) + (3.9)
+oD P (ehi) Z i (9, 0)]AY) L 5 =1,4. (3.10)

mk mk>

If here we take into account that

P (ehn) = (<1 (s A (), (311)
P () = (<) G P ), (32)

Y—mk@% 90) = (_1)m ka(19> 80)7 ?—mk(§7 90) = (_1)m+1 ka(ﬁa ()0)7
Z—mk(ﬁa 90) = (_1)m—1 Ymk(ﬂv gp),

then we obtain

L(O)W,(@) = > Z [P (chg) X oni (9, )+
k=0 m=—k+1
+ 02 P (chin) Yo (9, )| BY), G =1,4, (3.13)
where
o) =2k +m)(k—m+1), BY = MA(” j=1,4.
m A ) T

Functions ®;(x), j = 2,3, are sought in the form

-y Z B (chn) Y™ (W0, 9) AT =23, (314)
k=0 m=—k

where A%L are the unknown constants.
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Using the representation of the operator grad (3.3) and formulas (1.22),
we obtain

z3 grad (= Z Z chn{ (k — m+1)P,§Tf(chn)ka(z9,g0)+
k=0m=—k

1
(k; m+2)a ) P (chn) Yok (9, ) — 5 (k—=m)a opk*

xP(mH)(ch 1) Zmk (9, 80)}A57]13c + cch? n grad \If(()j)(x), j=2,3,

k+1
(3.15)
where
ZZ (2k+1) k—m—i—l)x
o £\ 2k +3)(k+m+1)
x P (e Y™ (0, 0)AY) i =2,3. (3.16)

If the functions ®((z) and ®{(z) contained in (3.1) are chosen so that
y(x) = —cch oy (z), @f(x) = —cch® my (2),

where 77 = 79 is the equation for the surface 02, then, taking (3.15) into
account, we obtain

as grad [.’Eg‘bg( ) + P/ ( )] — 2eg [al@g(x) — ﬁl(bg(.f)] =

_Z Z {[(_ag (k —m + 1) chyP{™ (ch)+

k=0m=—k

+ (3 —201) P{™ (ch n))A(23€+261P,§m) (ch n)&% X (0, 0)+
(6 m

+ 73 Chn[(k —m +2)o P (chn) Vi (9, 0) -

= (= Mo L P (chin) Zuk (9, 9)| Aﬂ}Jr

+ caz(ch? n — ch? ) grad \I/(()2) (x),
azgrad [23®3(z) + () (z)] — 2e3[aa®s(z) — foaPa(z)] =

= Z Z { [( —az(k—-m+1) Cth,gT%(chn)—l—
+ (a3—2a2) P™ (ch n)) AP 4198, P™ (ch n)AEﬁH KXo (9, 0)+

Q. m
+ 52 chn | (k —m + 2)0 o P () Yoo (9, ) -
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- (k= o P ) 20, )] AT b+
+ caz(ch? n — ch? ) grad \I!(()s) (x). (3.17)

Taking equalities (3.8), (3.13) and (3.17) into account in (3.4), we have

[eS) k

=5 ¥ [u W ) X (0, 0) + 0 () Yo (0, 0) +

k=0m=—k

+ wfﬁ,)c(n)ka(ﬁ sa)] + age(ch? n — ch?no) grad \1'82) (z), 5.18)

[e's) k
=>. > [ Xk (9, ) + Vo (1) Yok (8, 0) +

k=0m=—k

+ wﬁi(n)ka(ﬁ, <P)] + agc(ch2 n — ch? no) grad \Il(()g) (z),
where

u%ﬁ(n) = P,Em) (ch n)(A(l) + B(l,)c) — [Oég(k‘ —m+1)ch nP,ET%(ch n)+

+ (2041 — a3)P, chn }A + 261 P, (m) (ch n)ASL,
vgll(n) = (ch 77) + —= (k m+ 2) fnll ch 77P/§T1 1)(Ch n)AfnL,
winh(n) = ol P (ehm) ALY = T (k= m)oly) chnP{D (ch) AT
u?) (n) = p,§m> (chn)(AY) + BY) + Qﬁng J(chn)A®) — (3.19)
~ (202 = ag) P (chg) + ag(k = m + 1) e P (chp) | Al

mk mk mk?

« m
vfj,)ﬁ(n) = g,)gPé )(Ch n)B(4) + ?3 (k—m+ 2)0(2) ch 77P/§+1 1)(Ch 77)A( )

w? ) = o P (chg) 4D — 22 (k — m)o) ch nPT ) (ehm) D) k> 0.

2

Let us calculate the stress vector T'(0z,n)U(x). To this end we represent
it as

(02, n)U = [Zgggzzm ,
where
HY(8z,n)U = TW (9, n)u’ + TP (dz, n)u”, (3.20)
H® (0z,n)U = T®) (8z, n)u’ + T (0z, n)u” .
Note that
div L(0x) = A, rotL(0z) = —iesA + igrad % , (3.21)
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where A is a Laplace operator.
Taking these equalities into account, from (3.4) we obtain

0

dive/(z) = 2 o (a3 — 1) @2(z) + 1 ®3(2)],

divu”(z) = 2 C,;zg [(as — a2)@3(x) + B2P2(x)], (3.22)
rot v (z) = i grad ;3 (W1 (2) — T (2)] — 210t [e3(ar®a(z) — L1 (2))],

rot u”(x) = i grad 8‘93 (W) — Ta(a)] — 2ot [es (ans(z) — Bobal(a))].

Let us rewrite the normal unit vector e, in the form

h . .
en =15 chnsind(e1e’? + ege™"?) + hshn cos Ves. (3.23)

Taking the recurrent relations for the Legendre functions (1.8) and (1.9)
into account, we obtain

Zchnsmﬁe“"&g( Z Z (k—m)(k— m—i—l)a(])cchnx
k 0m=—k
(m) ) o 9 9\ g
><Pk+1(ch77) Zmke (0, @)A felhshnchn(a—jLza—m)\If (),
h —iw 0P;(
§Ch7781n’£9€ o D5 ey = 2ck20m¥ka cthk (chn)x
G 1 99\
mek(fﬂ,cp)Amk—i-2eghsh7]chn(axl Z(‘):cg)lll (z),

00 k
0P;(x) h (m)
hshncos ¥ 3?1:3 €3 =—— kgo mg_k(k: —m +1)shnP, 7 (chn)x

Xka(ﬁ,(p)ASiL + hshnchneg (z) , J=2,3.
x3

o)
ovg (x)
Oz
Using these equalities in (3.22), we have
() divad () = e dived () = £ 3202 S0 P (ch) | = 2(k -
—m + 1) shn X, (9, ¢) + Uﬁn,)ﬁ ch Y (9, ) — (k — m)(k; —m+
+1)o(,)€ch77ka79g0](oz3—a] j+1 —I-ﬁj ))4-

+2h shnchngrad [(ag—aj) 0]+1 (x)+ﬁj\1104_])(:c)}, j=1,2.(3.24)
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Here we have introduced the notation

w0 () = {U’(x) for j = 1,
u'(x)  for j=2.

If we use the representation of grad from (3.3) and formula (3.23), then
we obtain

en xigrad =L {2i6377 % + ege [679 — i 2 ]

ofpeng))  om
Equality (1.10) implies
Z Z P;f;m (chn)Y, ()(ﬁ,so)AfiL, j=1,4.  (3.26)
k=0m=—k+1

Using the recurrent relations for the Legendre polynomials (1.8), we
obtain

i[O 0 v (m) I @) (m-1)
lgD o _ o
e [319 i &p} e (0, ) = 7 o, Yy (9, )3.27)
o ., 0 y(m) 1 (1) v (m+1)
[8@" + 30 680] (D,0) = \/i(k m)(k+m+1)o, .Y, (9, p)3.28)

9 Y™ (9, 0) = imY,"™ (8, £[3.29)

Taking these equalities into account in (3.26) and (3.25), we have

ey X igrad Z Z Ch77 [ 2mn Xk (9, ) —
k 0m=—k+1

—aﬁizymk<ﬂ,ga>—<k—m><k+m+1> O Zmik(0,0)| AU}, =1,4(3.30)

Hence it follows that

k—1

L 0Y(x) S o)
ey X i grad T%g % kZOm_ZkHP (chn) [2m chnXomk (9, ) +

mk’

S Yok (9, 0) + (k= m)(k + m -+ 1)o') Zun (9, 0)| BY), = 1,43.31)
With formulas (1.31), (3.3) and (3.23) in hand account, we obtain
en X rot(es®;(x)) =
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h (0 0 N 0
__ " hnsi —ip(_ Y v U R S N R
2¢ {C nsinves [e (5)3;1 t (“)362) te <8x1 ‘ 83:2)}
0 0 0 .0 .
_shncosﬂ[el (87551 +1 8x2) +e 2<0x1 i 8—@)} }ij(az),j =2,3.(3.32)
By formulas (1.22) and (1.10) we have
% shn cosdey (a% +1 8? ) i(x) = 5 7735361(83:1 +1 am) j(x) =
3 20 Com (k= m)ay ) shp P (chim) Zon (9, 9) A +
+2 shnchnq(ai—l—zax )ﬁ/(])( ), (3.33)
5 shncosﬁeg( —1 dw) j(T) = 5 nx362(83 z’a%z)@j(x) =
=_n Zk 0 Zm__k(k —m+ 2)07(71,)g sth,ETl 1)(chn) X
o (9, 9) A+ shnehnes (52 —i 52 ) 0§ (@), j=2,3

B chnsindes [e_w(a%l —i—z’%) + ei‘P<a%1 —1 %)}Iﬁ(m) =

=h 63( 0 _ pag £3><I>~(:U), j=2,3. (3.34)
We have used here the formulas
_ iw[smﬂchnag%—shncom?;; W@i],
8(303 hz (cosﬁshnag—chnsmﬂaaﬁ)

Substituting the value of the function ®;(x), j = 2,3, from (3.14) into
(3.34) and taking into account the last equality of formula (1.22), we obtain

g chnsindes [ei“"(ail +Za(z2> +6w<3(21 - 86332>}I) (z) =

ok
h m m
72 Z [ P( (chn) (k—m+1)sth,§+i(chn)] Xk (0, SO)A(])

c
k= Om*—k
0
—escshnchn 92a \I/(])(:):), Jj=2,3. (3.35)

Using formulas (3.33) and (3.35) in (3.32), we get
en X rot(eg®;(z = 5 Z Z { [ P(m (chn) + (k—m+1)shnx
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x P (chn) | X (9, 9) + (k — m + 2)a'2) sh P (chig) Ve (9, ) —
(= o s P () Zs(0.0) AT+
+hshrychygrad U (z), j=2,3. (3.36)

With (3.30), (3.31) and (3.36) taken into account, from the last two
equalities in formula (3.22) we obtain

k

n(z) x rotw? (z) = e, x rot w! (z) = 2%2 Z {—Q[mnx

k=0 m=—k

x sth,STi<chn>)( AU — A0 )| Xk (0, )

— oo [P ) (AGT + B ) (3.37)
2k = m+2)shpPy D (ehn) (ay ASY = 8,405 7) | x

X Yok (9,9) = 0k | (k = m) (k + m + 1) P )(chn)(A( 2 4 BB
=20k = m)shn P ehm) (o5 4505 = B4 | Zon (9, )

— 2hshnchngrad [ 5 () — B; 057 (2)] } j=1,2. (3.38)

Formulas (2.3), (3.18), (3.20), (3.24) and (3.38) allow us to define the vec-
tors HY) (dx,n)U(x), j = 1,2, in the form

HY (92, n)U (z) =

k 0m=—k

d .
+ash(ch?n—ch?np) n grad [ﬁgj,l\ll((f) (x) + §2j\11(()3) (z)],j=1,2. (3.39)
where

) = o (621104 () + Eaguih ()] — 20k = m + 1) shn P (hm) G+

d m m m ]
+2[d77Pl§ )(chm)+(k—m+1) sh P )(chn)]H() mnP™ (chn)EY).
bk (1) = = [€2 105 (0) + Ea,0 i ()] + oy b P (ch ) G —
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—2(k —m +2)a) shn P Y (chp) HY) — 02 P (chip) EY)

mk’
d
) = 4 [ 1wl i () + ey ()] (3.40)
—(k—m)(k—m+1)a) chnP™) (chn)x
G(]) 2k — (1) h P(m+1) h (J) 3.41
x Gy +2(k—m)o, shnP " (chn)H (3.41)
—(k=m)(k+m+1)o) P{"™ (chn) E fn,l,

Gy o - A AT oA 3]
Y = Gjoa[nAZ) ~ B A®T 4 cgj [024®) — 3,43

m

B9 = G [AS) + BOY + 0o [AU + BY, 5=1.2, (3.42)

(L( ), v (17), (J) w(m), 7 = 1,2 have form (3.19). In deriving formula
(3.39), we used the equahtles

as(§oj—1 + m2j-1) — a1(Cj—1 + 772j—1) + Ba(Coj +m25) =0,  (3.44)
a3 (& +m25) — aa(Coj + m25) + B1(Coj—1 +1m2j-1) =0, j =1,2.(3.45)

Formulas (3.18) and (3.39) allow us to solve problems (I)* and (I1)%,
respectively.

Let us expand the boundary vector functions f)(z), j = 1,2, into the
Fourier-Laplace series

o) k

=303 [ Xk 0,0) + B0, 0) +1) 20, 9)],
k=0 m=—k
(3.46)

where afﬁg, ,(qi;g, 'yr(lz;g, j =1,2, are the Fourier coefficients.

If in both parts of equality (3.18) we pass to the limit as x — z € 9Q
(n — mo) and take into account the boundary condition (2.5) of problem

(I)* and equality (3.46), then for the unknown constants AEQC, Jj=1,2,34,
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B(])

i J = 1,4, we obtain the following system of algebraic equations

( )(Chn )(A(3j 2) +B(BJ 2)) _ [ag(k—m+ 1)Ch770P]§mi(Ch770)+

+(2a; — 043)P]§m) (ch 770)} A(JH) + 2B]P(m (chno )A( 9 = W)

mk’
(2) P(m_1)<Ch77 )B(3J 2)+
(k m+2)o (2 )chnOP,EJr 1)(chn VA +1) ﬁmk,

Ok

o) P (chig) AT -

—% (k — m)afﬁ,)f chnoP]gT;rl)(chno)Agz ) = ’yﬁjﬂ)ﬁ, ji=1,2.

(3.47)
Since problem (I)* admits at most one regular solution, system (3.47) is
compatible. Substituting the solution of this system into (3.18), we obtain
the solution of problem (I)*.

In view of the fact that for k& — oo we have the asymptotics [2]

P (chn) (chn )’f

(3.48)
Plgm)(ch 70) chng

we conclude that series (3.18) and (3.39) converge absolutely and uniformly
in the domain QF. If z € 99, then for these series to converge (absolutely
and uniformly) it is sufficient to prove the convergence of the following
majorizing series

0o 2
> DK Il + 185l + b

k=ko j=1

This series converges if we require of the Fourier coefficients to admit
the following estimates as k — oo:
g =00, Bl =04, =0k, j=12.
By virtue of Theorem 1.6, these estimates take place if we require of the
boundary vector functions fU)(z), j = 1,2, that fU)(z) € C*99Q), j = 1,2.
Thus, if f0)(2) € C49Q), j = 1,2, then the vector U(z) = (v/(x),u” (z))"
represented by formulas (3.12) is a regular solution of problem (I)*.

Let us now solve problem (I7)". We rewrite the boundary condition
(2.6) as follows:

=
=
S
n
2
-

()]" =), 2ea, (3.49)
()]" = fO(z), zedn. (3.50)

=
>
S
n
2
3
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Let us expand the vector f(j)(z) j = 1,2, into the Fourier series (3.33)

k: 0m=—k
+v£i’,lzmk<19,«p)], j=12, (3.51)
) g0 0)

where a3, B0, Voges J = 1,2, are the Fourier coefficients.
If in both parts of equality (3.39) we pass to the limit as x — z € 90

(n — mo), then for the unknown constants A(]) ,j=1,2,3,4, B(]) ,Jj=1,4,
we obtain the following system of algebraic equatlons

ak(0) = s BL00) = Bk ckm) = G=12 (352)

where a¥) (), b9 (), ) (n), j = 1,2 have form (3.40).

» O \T
The necessary and sufficient conditions for the problem (I1)* to be

solvable are that the principal vector and the principal moment of external
forces acting on the boundary 02 be equal to zero, i.e.

/f(j)(z) ds=0, j=1,2, / [z x FY () + 2 x f(2)(z)} ds = 0. (3.53)
Q o0
Substituting the value of the vectors f@)(z), j = 1,2, from (3.51) into
(3.53) and using formulas (1.26), (1.30), we obtain

2
=0 s =0 =0 =12 3 [+ =0
7j=1

2
shnoall ChT](),B Z shnga 11— chnofy( 1)1] =0. (3.54)
Jj=1 j=1

Mw

By virtue of the uniqueness theorem of problem (II)* and equality (3.54)
we conclude that system (3.52) is solvable. Only nine unknown constants
remain undefined. This is natural because the solution of problem (I7)*
defined modulo a rigid displacement vector.

If the solution of system (3.52) is substituted into (3.18), then we obtain
the solution of problem (I7)*.

Since we have asymptotics (3.48),the series (3.18) and (3.39) converge
absolutely and uniformly in the domain QF. If z € 09, then these se-
ries converge absolutely and uniformly if we prove the convergence of the
majorizing series

e’ 2
S SRR+ 189 + WA

k=ko j=1

o1
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This series converges if we require of the Fourier coefficients to admit
the following estimates as k — oo:

o =O0(™), Bl =00, 2i=0(), j=1.2

mk

These eastimates take place if, by virtue of Theorem 1.6, f(j)(z) €
C3(09), j =1,2.

Thus, if f7)(2) € C3(89Q), j = 1,2, then the vector U (z) = (u/(x),u” ()"
defined by formulas (3.18) is the solution of problem (I)*.
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