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Abstract

The basic boundary value problems of statics of two-component mixtures are

considered for a stretched spheroid when the limiting values of partial displacement

and stress vectors are given on the boundary. A solution of the considered problems is

sought in the form of an analogue of Papkovich-Neyber representations. The obtained

solutions are represented as absolutely and uniformly converging series.
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Introduction

One of the fundamental methods of solution of spatial problems of elastic-
ity theory is the Fourier method based on the application of a system of
curvilinear components and the subsequent separation of variables in the
corresponding differential equations.

When solving problems by the Fourier method, we use various rep-
resentations of equilibrium equations through harmonic, biharmonic and
metaharmonic functions. When solving problems for a spheroid (stretched
or compressed), a solution in the Papkovich-Neyber sense seems to be the
most convenient one. A problem of elasticity theory for an isotropic el-
lipsoid under the action of arbitrary axially symmetric forces is solved in
[7]. The solutions of the first and second basic problems for an ellipsoid of
rotation are obtained in [10]. An axially symmetric problem for a hollow
ellipsoid of rotation is solved in [4], while a solution of a contact problem
for a stretched spheroid is given in [1].
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1 Some Auxiliary Formulas and Theorems

Degenerate ellipsoidal coordinates for a stretched ellipsoid of rotation are
defined by the equalities [2]

x1 = c sh η sinϑ cosφ, (1.1)

x2 = c sh η sinϑ sinφ, (1.2)

x3 = c ch η cosϑ, (1.3)

where c is a constant coefficient, 0 ≤ η < +∞, 0 ≤ ϑ ≤ π, 0 ≤ φ < 2π, x1,
x2, x3 are the Cartesian cordinates of the point x.

The coordinate surfaces are stretched ellipsoids of rotation η = const,
a two-cavity hyperboloid of rotation ϑ = const, and a cavity φ = const.

The operator grad written in terms of the coordinates (η, ϑ, φ) has the
form

grad =
h

c

(
eη

∂

∂η
+ eϑ

∂

∂ϑ
+

eφ
h sinϑ sh η

∂

∂φ

)
, (1.4)

where eη, eϑ, eφ are the unit orthogonal vectors:

eη =
(
h ch η sinϑ cosφ, h ch η sinϑ sinφ, h sh η cosϑ

)⊤
, (1.5)

eϑ =
(
h sh η cosϑ cosφ, h sh η cosϑ sinφ,−h ch η sinϑ

)⊤
, (1.6)

eφ = (− sinφ, cosφ, 0)⊤, h = (ch2 η − cos2 ϑ)−1/2; (1.7)

Here the superscript ⊤ is the transposition symbol. In the sequel, by a
vector we will mean a one-column matrix.

We need to give some recurrent formulas for a Legendre function which
will be used in the sequel [2]:

(k−m+1) sinϑP
(m−1)
k (cosϑ)=−cosϑP

(m)
k (cosϑ)+P

(m)
k−1(cosϑ),

(2k+1) sinϑP
(m−1)
k (cosϑ)=P

(m)
k−1(cosϑ)−P

(m)
k+1(cosϑ),

sinϑP
(m+1)
k (cosϑ)=(k−m) cosϑP

(m)
k (cosϑ)−(k+m)P

(m)
k−1(cosϑ),

sinϑ
d

dϑ
P

(m+1)
k (cosϑ)=sinϑP

(m+1)
k (cosϑ)+m cosϑP

(m)
k (cosϑ);

(1.8)

(k−m+1) sh ηP
(m−1)
k (ch η)=ch ηP

(m)
k (ch η)−P

(m)
k−1(ch η),

(2k+1) sh ηP
(m−1)
k (ch η)=P

(m)
k+1(ch η)−P

(m)
k−1(ch η),

sh ηP
(m+1)
k (ch η)=(k −m) ch ηP

(m)
k (ch η)− (k +m)P

(m)
k−1(ch η),

sh η
d

dη
P

(m)
k (ch η)=sh ηP

(m+1)
k (ch η)+m ch ηP

(m)
k (ch η),

(1.9)

29
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where P
(m)
k (x) is an adjoint Legendre function of first kind. Formulas (1.9)

are also valid for the a Legendre function of second kind if the argument
does not belong to the interval [−1, 1].

Lemma 1.1 The following equalities are fulfilled for any k ≥ 0:( ∂

∂x1
+ i

∂

∂x2

)
P

(m)
k+1(ch η)Y

(m)
k+1 (ϑ, φ) =

√
(k −m)(2k + 3)

k −m+ 1
g
(m+1)
k (η, ϑ, φ),

( ∂

∂x1
+ i

∂

∂x2

)
P

(m)
k−1(ch η)Y

(m)
k−1 (ϑ, φ) = −1

c

√
4k2 − 1

(k +m)(k +m+ 1)
×

×P
(m+1)
k (ch η)Y

(m+1)
k (ϑ, φ) + (k −m)

√
2k − 1

(k +m)(k +m+ 1)
g
(m+1)
k (η, ϑ, φ),( ∂

∂x1
− i

∂

∂x2

)
P

(m)
k+1(ch η)Y

(m)
k+1 (ϑ, φ) =

= −(k −m+ 2)
√

(2k + 3)(k +m)(k +m+ 1) g
(m−1)
k (η, ϑ, φ),( ∂

∂x1
− i

∂

∂x2

)
P

(m)
k−1(ch η)Y

(m)
k−1 (ϑ, φ) =

= −1

c

√
(4k2 − 1)(k −m)(k −m+ 1)P

(m−1)
k (ch η)Y

(m−1)
k (ϑ, φ)−

−(k −m+ 2)
√

(2k − 1)(k −m)(k −m+ 1) g
(m−1)
k (η, ϑ, φ),

∂

∂x3
P

(m)
k+1(ch η)Y

(m)
k+1 (ϑ, φ) =

=
√

(2k + 3)(k −m+ 1)(k +m+ 1) g
(m−1)
k (η, ϑ, φ), (1.10)

∂

∂x3
P

(m)
k−1(ch η)Y

(m)
k−1 (ϑ, φ) = −1

c

√
(4k2 − 1)(k −m)

k +m
×

×P
(m)
k (ch η)Y

(m)
k (ϑ, φ) + (k −m+ 1)

√
(2k − 1)(k −m)

k +m
g
(m)
k (η, ϑ, φ),

where i =
√
−1, Y

(m)
k (ϑ, φ) is a spherical function of the form [9]

Y
(m)
k (ϑ, φ) =

√
2k + 1

4π
· (k −m)!

(k +m)!
P

(m)
k (cosϑ)eimφ, (1.11)

and

g
(ℓ)
k (η, ϑ, φ) =

h2

c

√
1

4π
· (k − ℓ)!

(k + ℓ)!

[
ch ηP

(ℓ)
k (cosϑ)P

(ℓ)
k+1(ch η)−

− cosϑP
(ℓ)
k+1(cosϑ)P

(ℓ)
k (ch η)

]
eiℓφ, ℓ = m− 1,m,m+ 1. (1.12)
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Proof. We will prove the second equality of formula (1.10). For this
the operator ∂

∂x1
+ i ∂

∂x2
is rewritten in terms of ellipsoidal coordinates as

∂

∂x1
+ i

∂

∂x2
=

h2

c
eiφ

[
sinϑ ch η

∂

∂η
+ sh η cosϑ

∂

∂ϑ
+

i(ch2 η − cos2 ϑ)

sh η sinϑ

∂

∂φ

]
.

Therefore we obtain( ∂

∂x1
+ i

∂

∂x2

)
P

(m)
k−1(ch η)Y

(m)
k−1 (ϑ, φ) =

=
h2

c

√
2k − 1

4π
· (k −m+ 1)!

(k +m− 1)!
ei(m+1)φImk(η, ϑ), (1.13)

where

Imk(η, ϑ) =
[
sinϑ ch η

∂

∂η
+ sh η cosϑ

∂

∂ϑ
− m(ch2 η − cos2 ϑ)

sh η sinϑ

]
×

× P
(m)
k−1(ch η)P

(m)
k−1(cosϑ). (1.14)

From the recurrent relations (1.8) and (1.9) we obtain

ch η
d

dη
P

(m)
k−1(ch η) = ch ηP

(m+1)
k−1 (ch η) +m ch2 η

sh η P
(m)
k−1(ch η), (1.15)

cosϑ
d

dϑ
P

(m)
k−1(cosϑ) = cosϑP

(m+1)
k−1 (cosϑ) +m cos2 ϑ

sinϑ P
(m)
k−1(cosϑ).(1.16)

Using these equalities in (1.14), we have

Imk(η, ϑ) = sinϑ ch ηP
(m)
k−1(cosϑ)P

(m)
k−1(ch η)+

+ sh η cosϑP
(m)
k−1(ch η)P

(m+1)
k−1 (cosϑ). (1.17)

From the identities (1.8) and (1.9) we obtain

sh ηP
(m)
k−1(ch η) = 1

k+m

[
P

(m+1)
k (ch η)− ch ηP

(m+1)
k−1 (ch η)

]
, (1.18)

sinϑP
(m)
k−1(cosϑ) = 1

k+m

[
cosϑP

(m)
k−1(cosϑ)− P

(m+1)
k (cosϑ)

]
. (1.19)

Using these equalities in (1.17), we obtain

Imk(η, ϑ) =
1

k +m

[
cosϑP

(m+1)
k−1 (cosϑ)P

(m+1)
k (ch η)− (1.20)

− ch ηP
(m+1)
k−1 (ch η)P

(m+1)
k (cosϑ)

]
. (1.21)

If in the latter equality we use the relations

P
(m+1)
k−1 (ch η) =

1

k +m+ 1

[
(2k + 1) ch ηP

(m+1)
k (ch η)− (k −m)P

(m+1)
k+1 (ch η)

]
,
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P
(m+1)
k−1 (cosϑ) =

1

k+m+1

[
(2k+1) cosϑP

(m+1)
k (cosϑ)−(k−m)P

(m+1)
k+1 (cosϑ)

]
,

then we have

Imk(η, ϑ) = − 2k + 1

h2(k +m)(k +m+ 1)
P

(m+1)
k (ch η)P

(m+1)
k (cosϑ)+

+
k −m

(k +m)(k +m+ 1)

[
ch ηP

(m+1)
k+1 (ch η)P

(m+1)
k (cosϑ)−

− cosϑP
(m+1)
k+1 (cosϑ)P

(m+1)
k (ch η)

]
.

If this value Imk(η, ϑ) is inserted into (1.13), then, after some transfor-
mations, we obtain the equality which we were to prove.

The other equalities of formula (1.10) are proved analogously.

Lemma 1.2 The following equalities are fulfilled for any k ≥ 0:

x3

( ∂

∂x1
+ i

∂

∂x2

)
P

(m)
k (ch η)Y

(m)
k (ϑ, φ) = −

√
k −m

k +m+ 1
ch ηP

(m+1)
k+1 (ch η)×

× Y
(m+1)
k (ϑ, φ) + c ch2 η

√
(2k + 1)(k −m)

k +m+ 1
g
(m+1)
k (η, ϑ, φ),

x3

( ∂

∂x1
− i

∂

∂x2

)
P

(m)
k (ch η)Y

(m)
k−1 (ϑ, φ) =

= (k−m+2)
√

(k+m)(k−m+1) ch ηP
(m−1)
k+1 (ch η)Y

(m−1)
k (ϑ, φ)−

− c ch2 η(k −m+ 2)
√

(2k + 1)(k +m)(k −m+ 1) g
(m−1)
k (η, ϑ, φ),

x3
∂

∂x3
P

(m)
k (ch η)Y

(m)
k (ϑ, φ) = −(k −m+ 1) ch ηP

(m)
k+1(ch η)Y

(m)
k (ϑ, φ)+

+ c ch2 η(k −m+ 1)
√
2k + 1 g

(m)
k (η, ϑ, φ), (1.22)

where the function g
(ℓ)
k (η, ϑ, φ), ℓ = m− 1,m,m+ 1, is defined by formula

(1.12).

Proof. We will prove the third equality of formula (1.22). For this the
operator x3

∂
∂x3

is written in terms of ellipsoidal coordinates

x3
∂

∂x3
= h2 ch η cosϑ

(
sh η cosϑ

∂

∂η
− ch η sinϑ

∂

∂ϑ

)
.

Thus we obtain

x3
∂

∂x3
P

(m)
k (ch η)Y

(m)
k (ϑ, φ) = h2

√
2k + 1

4π
· (k −m)!

(k +m)!
eimφImk(η, ϑ),

(1.23)

32



+ Dirichlet and Neumann Problems of ... AMIM Vol.14 No.1, 2009

where

Imk(η, ϑ) = ch η cosϑ
(
cosϑ sh η

∂

∂η
− ch η sinϑ

∂

∂ϑ

)
×

× P
(m)
k (ch η)P

(m)
k (cosϑ). (1.24)

From the recurrent relations (1.8) and (1.9) we have

sh η
d

dη
P

(m)
k (ch η)=(k−m+1)P

(m)
k+1(ch η)−(k+1) ch ηP

(m)
k (ch η),

sinϑ
d

dϑ
P

(m)
k (cosϑ) =

= (k −m+ 1)P
(m)
k+1(cosϑ)− (k + 1) cosϑP

(m)
k (cosϑ).

Using these equalities in (1.24), we obtain

Imk(η, ϑ) = (k −m+ 1)

{
− 1

h2
ch ηP

(m)
k+1(ch η)+

+ch2 η
[
ch ηP

(m)
k+1(ch η)P

(m)
k (cosϑ)− cosϑP

(m)
k+1(cosϑ)P

(m)
k (ch η)

]}
.

If this equality is used in (1.23), then

x3
∂

∂x3
P

(m)
k (ch η)Y

(m)
k (ϑ, φ) = −(k −m+ 1) ch η×

×P
(m)
k+1(ch η)Y

(m)
k (ϑ, η) + c(k −m+ 1)

√
2k + 1 ch2 ηg

(m)
k (η, ϑ, φ),

The other equalities of formula (1.22) are proved analogously.
We denote by Xmk(ϑ, φ), Ymk(ϑ, φ), Zmk(ϑ, φ) the following vectors [1],

[3]

Xmk(ϑ, φ) = e3Y
(m)
k (ϑ, φ),

Ymk(ϑ, φ) =
1√
2
e2Y

(m−1)
k (ϑ, φ),

Zmk(ϑ, φ) =
1√
2
e1Y

(m+1)
k (ϑ, φ),

(1.25)

where Y
(m)
k (ϑ, φ) has form (1.11), e1 = (1,−i, 0)⊤, e2 = (1, i, 0)⊤, e3 =

(0, 0, 1)⊤.
On the sphere of unit radius the set{

Xmk(ϑ, φ), Ymk(ϑ, φ), Zmk(ϑ, φ)
}
|m|≤k, k=0,∞

forms a complete orthonormalized system of vector functions in the space
L2.
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Theorem 1.3 If ∂Ω is a stretched ellipsoid of rotation (η = η0), then
the following equalities are valid:∫

∂Ω

hXmk(ϑ, φ) ds = 2
√
π c2 sh η0

{
e3 for k = 0, m = 0,

0 for k ≥ 1,∫
∂Ω

hYmk(ϑ, φ) ds =
√
2π c2 sh η0

{
e2 for k = 0, m = 1,

0 for k ≥ 1,∫
∂Ω

hZmk(ϑ, φ) ds =
√
2π c2 sh η0

{
e1 for k = 0, m = −1,

0 for k ≥ 1.

(1.26)

Proof. Since

ds =
c2

h
sh η0 sinϑ dϑ dφ, (1.27)

we have ∫
∂Ω

hXmk(ϑ, φ) ds =

= c2 sh η0e3

√
2k + 1

4π
· (k −m)!

(k +m)!

2π∫
0

eimφ dφ

π∫
0

P
(m)
k (cosϑ) sinϑdϑ.

If in this equality we take into account that

2π∫
0

eimφ dφ =

{
2π for m = 0,

0 for m ̸= 0,

then we obtain

∫
∂Ω

hXmk(ϑ, φ) ds =
√
π c2 sh η0e3


π∫

0

Pk(cosϑ) sinϑdϑ for m = 0,

0 for m ̸= 0.

(1.28)

Here we have used the identity P
(0)
k (cosϑ)=Pk(cosϑ) where Pk(cosϑ) is a

Legendre function.
The following equality is valid:

1∫
−1

Pk(x)Pk′(x) dx =


2

2k + 1
for k′ = k,

0 for k′ ̸= k.
(1.29)
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Since P0(x) = 1, with (1.29) taken into account it follows that

π∫
0

Pk(cosϑ) sinϑdϑ =

1∫
−1

P0(x)Pk(x) dx =

{
2 for k = 0,

0 for k ≥ 1.

Using this equality in (1.28), we obtain∫
∂Ω

hXmk(ϑ, φ) ds = 2
√
π c2 sh η0

{
e3 fir k = 0, m = 0,

0 for k ≥ 1.

The other equalities of formula (1.26) are proved analogously.

Theorem 1.4 If ∂Ω is a stretched ellipsoid of rotation (η = η0), then
the following equalities are fulfilled:

∫
∂Ω

h
[
z ×Xmk(ϑ, φ)

]
ds = − ic3

√
6π

3
sh2 η0


e1 for k = 1, m = −1,

e2 for k = 1, m = 1,

0 inothercases,

∫
∂Ω

h
[
z × Ymk(ϑ, φ)

]
ds =

ic3
√
6π

3
sh η0


− ch η0e2 for k = 1, m = 1,√
2 sh η0e3 for k = 1, m = 0,

0 inothercases,

∫
∂Ω

h
[
z × Zmk(ϑ, φ)

]
ds =

ic3
√
6π

3
sh η0


ch η0e1 for k = 1, m = −1,√
2 sh η0e3 for k = 1, m = 0,

0 inothercases,

(1.30)
where z = (z1, z2, z3)

⊤ ∈ ∂Ω.

Proof. We will prove the validity of the first equality of formula (1.30).
Note that the vector z = (z1, z2, z3)

⊤ can be written in the form

z =
c

2
sh η0 sinϑ

(
e1e

iφ + e2e
−iφ

)
+ c ch η0 cosϑe3.

Using this equality and the identity

e1 × e2 = 2ie3, e1 × e3 = −ie1,

e2 × e3 = ie2, ej × ej = 0, j = 1, 2, 3,
(1.31)

we obtain

z ×Xmk(ϑ, φ) =
ic

2

√
2k + 1

4π
· (k −m)!

(k +m)!
×
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× sh η0 sinϑ
[
− e1e

i(m+1)φ + e2e
i(m−1)φ

]
P

(m)
k (cosϑ). (1.32)

From the recurrent relations (1.8) it follows that

sinϑP
(m)
k (cosϑ) =

1

2k + 1

[
P

(m+1)
k−1 (cosϑ)− P

(m+1)
k+1 (cosϑ)

]
,

sinϑP
(m)
k (cosϑ)=

1

2k+1

[
− (k+m)(k+m−1)P

(m−1)
k−1 (cosϑ)+

+(k −m+ 1)(k −m+ 2)P
(m−1)
k+1 (cosϑ)

]
.

(1.33)

Since

2π∫
0

ei(m±1)φ dφ =

{
2π for m = ∓1,

0 for m ̸= ∓1,
(1.34)

π∫
0

P
(0)
k−1(cosϑ) sinϑdϑ =

1∫
−1

P0(x)Pk−1(x) dx =

{
2 for k = 1,

0 for k ̸= 1,
(1.35)

π∫
0

P
(0)
k+1(cosϑ) sinϑdϑ =

1∫
−1

P0(x)Pk+1(x) dx = 0 for k ≥ 0, (1.36)

from (1.32), taking into account equalities (1.27) and (1.33), we obtain

∫
∂Ω

h
[
z ×Xmk(ϑ, φ)

]
ds = − ic3

√
6π

3
sh2 η0


e1 for k = 1, m = −1,

e2 for k = 1, m = 1,

0 otherwise.

The last two equalities of formula (1.30) are proved analogously.

Let

F (ϑ, φ) =

∞∑
k=0

k∑
m=−k

amkY
(m)
k (ϑ, φ),

be a Laplace series in a orthonormalized system of spherical functions

Y
(m)
k (ϑ, φ) [9], where

amk =

2π∫
0

dφ

π∫
0

F (ϑ, φ)Y
(m)
k (ϑ, φ) sinϑdϑ,

here Y
(m)
k (ϑ, φ) is the complex-conjugate function Y

(m)
k (ϑ, φ).

The next theorem is true [5].
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Theorem 1.5 In order that F (y) ∈ W
(ℓ)
2 (∂Ω), it is necessary and suffi-

cient that the coefficients amk admit representations

amk = k−ℓβ
(m)
k , k ≥ 1,

where
∞∑
k=1

k∑
m=−k

|β(m)
k |2 < ∞.

Assume that the vector f(z), z ∈ ∂Ω, satisfies the sufficient conditions
under which it can be represented as a Fourier-Laplace series

f(z) =
∞∑
k=0

k+1∑
m=−k−1

[
αmkXmk(ϑ, φ)+βmkYmk(ϑ, φ)+γmkZmk(ϑ, φ)

]
,

(1.37)

where

αmk =

2π∫
0

dφ

π∫
0

f(η0, ϑ, φ)Xmk(ϑ, φ) sinϑdϑ,

βmk =

2π∫
0

dφ

π∫
0

f(η0, ϑ, φ)Y mk(ϑ, φ) sinϑdϑ, (1.38)

γmk =

2π∫
0

dφ

π∫
0

f(η0, ϑ, φ)Zmk(ϑ, φ) sinϑdϑ.

Here Xmk(ϑ, φ), Y mk(ϑ, φ), Zmk(ϑ, φ) are the complex-conjugate vec-
tors to the vectors Xmk(ϑ, φ), Ymk(ϑ, φ), Zmk(ϑ, φ), respectively.

If in (1.38) we take into account that P
(m)
k (x) = 0 for m > k, then

αmk = 0 for m = −k − 1, k + 1, (1.39)

βmk = 0 for m = −k − 1,−k, (1.40)

γmk = 0 for m = k, k + 1. (1.41)

Theorem 1.5 and formulas (1.38) give rise to

Theorem 1.6 If f(z) ∈ Cℓ(∂Ω), then the coefficients αmk, βmk, γmk

defined by formulas (1.38) admit the following estimates:

αmk = O(k−ℓ), βmk = O(k−ℓ), γmk = O(k−ℓ), ℓ ≥ 1. (1.42)
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Theorem 1.6 gives the sufficient condition which must be imposed on
f(z) so that the Fourier coefficients could have estimates (1.42).

Since [9] ∣∣Y (m)
k (ϑ, φ)

∣∣ ≤ √
2k + 1

4π
,

the following estimates are valid for k ≥ 0:

∣∣Xmk(ϑ, φ)
∣∣ ≤ √

2k + 1

4π
,

∣∣Ymk(ϑ, φ)
∣∣ ≤ √

2k + 1

4π
,

∣∣Zmk(ϑ, φ)
∣∣ ≤ √

2k + 1

4π
.

(1.43)

2 Statement of the Boundary Value Problems.
Uniqueness Theorems.

A system of homogeneous differential equations of statics of the spatial
linear theory of mixtures of two isotropic elastic materials has the form [6],
[8]

a1∆u′ + b1 grad div u
′ + c∆u′′ + d grad div u′′ = 0,

c∆u′ + d grad div u′ + a2∆u′′ + b2 grad div u
′′ = 0,

(2.1)

where u′ = (u′1, u
′
2, u

′
3)

⊤, u′′ = (u′′1, u
′′
2, u

′′
3)

⊤ are partial displacement vec-
tors,

a1 = µ1 − λ5, b1 = µ1 + λ5 + λ1 −
ρ2
ρ

α′, a2 = µ2 − λ5,

b2 = µ2 + λ5 + λ2 +
ρ1
ρ

α′, c = µ3 + λ5, α′ = λ3 − λ4,

d = µ3 + λ3 − λ5 −
ρ1
ρ

α′, ρ = ρ1 + ρ2,

ρ1, ρ2 are the partial densities of the mixture; λ1, λ2, . . . , λ5, µ1, µ2, µ3

are the elasticity moduli characterizing the mechanical properties of the
mixture, which satisfy the conditions [6], [8]

µ1 > 0, µ1µ2 − µ2
3 > 0, λ5 < 0, λ1 +

2

3
µ1 −

ρ2
ρ

α′ > 0,(
λ1 +

2

3
µ1 −

ρ2
ρ

α′
)(

λ2 +
2

3
µ2 +

ρ1
ρ

α′
)
>

(
λ3 +

2

3
µ3 −

ρ1
ρ

α′
)2

.

From these inequalities it follows that [6]

d1 = (a1 + b1)(a2 + b2)− (c+ d)2 > 0, d2 = a1a2 − c2 > 0.
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Let us introduce the matrix operator T (∂x, n) [6]

T (∂x, n) =

T
(1)(∂x, n)

... T (2)(∂x, n)
. . . . . . . . . . . . . . . . . . . . . . . . . .

T (3)(∂x, n)
... T (4)(∂x, n)


6×6

, (2.2)

T (ℓ)(∂x, n) =
[
T
(ℓ)
kj (∂x, n)

]
3×3

, ℓ = 1, 2, 3, 4,

T
(1)
kj (∂x, n)=(µ1−λ5)δkj

∂

∂n
+
(
λ1−

ρ2
ρ

α′
)
nk

∂

∂xj
+(µ1+λ5)nj

∂

∂xk
,

T
(2)
kj (∂x, n)=(µ3+λ5)δkj

∂

∂n
+
(
λ3−

ρ1
ρ

α′
)
nk

∂

∂xj
+(µ3−λ5)nj

∂

∂xk
,

T
(3)
kj (∂x, n)=(µ3+λ5)δkj

∂

∂n
+
(
λ4+

ρ2
ρ

α′
)
nk

∂

∂xj
+(µ3−λ5)nj

∂

∂xk
,

T
(4)
kj (∂x, n)=(µ2−λ5)δkj

∂

∂n
+
(
λ2+

ρ1
ρ

α′
)
nk

∂

∂xj
+(µ2+λ5)nj

∂

∂xk
,

where δkj is the Kronecker symbol, i.e. δkj = 1 for k = j, δkj = 0 for k ̸= j,
n(x) is the unit vector.

The operator T (∂x, n) defined by formula (2.2) is called the generalized
stress operator. The vector notation for the expressions T (ℓ)(∂x, n)u, ℓ =
1, 2, 3, 4, where u = (u1, u2, u3)

⊤ is a three-component vector, has the form

T (ℓ)(∂x, n)u = ξℓ
∂u

∂n
+ ηℓndiv u+ ζℓ[n× rotu], (2.3)

where

ξ1 = 2µ1, η1 = λ1 −
ρ2
ρ

α′, ζ1 = µ1 + λ5, ξ2 = ξ3 = 2µ3,

η2 = λ3 −
ρ1
ρ

α′, η3 = λ4 +
ρ2
ρ

α′, ζ2 = ζ3 = µ3 − λ5,

ξ4 = 2µ2, η4 = λ2 +
ρ1
ρ

α′, ζ4 = µ2 + λ5.

(2.4)

Definition 2.1 A vector U = (u′, u′′)⊤ will be called regular in a domain
Ω ⊂ R

¯
3 if u′, u′′ ∈ C2(Ω) ∩ C1(Ω).

Denote by Ω+ a finite domain bounded by the stretched spheroid of
rotation ∂Ω; Ω− = R

¯
3 \ Ω+

, Ω
+
= Ω+ ∪ ∂Ω.

Let us formulate the following boundary value problems:
Problem. Find, in the domain Ω+ (Ω−), a regular solution U =

(u′, u′′)⊤ of system (2.1) which on the boundary ∂Ω satisfies one of the
following conditions

Dirichlet problem : [U(z)]± = f(z), z ∈ ∂Ω (2.5)
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or

Neumann problem :
[
T (∂z, n)U(z)

]±
= f(z), z ∈ ∂Ω, (2.6)

where f(z) = (f (1)(z), f (2)(z))⊤ is a six-component vector, f (j)(z) =

(f
(j)
1 (z), f

(j)
2 (z), f

(j)
3 (z))⊤, j = 1, 2, is a three-component vector, n(z) is the

outward normal unit vector with respect to Ω+ at a point z ∈ ∂Ω. The
operator T (∂x, n) is defined in (2.2).

For the sake of brevity, we will denote by (I)± the boundary value
problem with conditions (2.5), and by (II)± the problem with conditions
(2.6).

In the case of problems (I)− and (II)−, the vector U(x) must satisfy
the following conditions at infinity:

u′j(x) = O(|x|−1), u′′j (x) = O(|x|−1),

∂u′j(x)

∂xk
= o(|x|−1),

∂u′′j (x)

∂xk
= o(|x|−1), k, j = 1, 2, 3.

The following theorems are valid [6]

Theorem 2.2 If ∂Ω ∈ C1+α, 0 < α ≤ 1, then problems (I)±, (II)−

admit at most one regular solution.

Theorem 2.3 If ∂Ω ∈ C1+α, 0 < α ≤ 1, then any two regular solutions
of problem (II)± may differ only in an additive vector of rigid displacement

u′(x) = b′ + [a′ × x], u′′(x) = b′′ + [a′ × x],

where a′, b′, b′′ are arbitrary constant three-component vectors.

3 Solution of the Problem

A solution of this problem is sought in the form

u′(x) = gradΦ1(x) + α3 grad
[
x3Φ2(x) + Φ′

0(x)
]
−

− 2e3
[
α1Φ2(x)− β1Φ3(x)

]
+ rot(e3Φ5(x)),

u′′(x) = gradΦ4(x) + α3 grad
[
x3Φ3(x) + Φ′′

0(x)
]
−

− 2e3
[
α2Φ3(x)− β2Φ2(x)

]
+ rot(e3Φ6(x)),

(3.1)

where Φ′
0(x), Φ

′′
0(x), Φj(x), j = 1, 2, . . . , 6, are the harmonic functions,

α1 = b2(a1 + b1)− d(c+ d), β1 = da2 − b2c,

α2 = b1(a2 + b2)− d(c+ d), β2 = da1 − b1c, α3 = b1b2 − d2.
(3.2)
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Let us rewrite the vectors gradΦj(x), j = 1, 4, and rot(e3Φj(x)), j =
5, 6, as

gradΦj(x) =
1

2

[
e1

( ∂

∂x1
+ i

∂

∂x2

)
+

+e2

( ∂

∂x1
−i

∂

∂x2

)
+ 2e3

∂

∂x3

]
Φj(x), j = 1, 4,

rot(e3Φj(x)) =

=
i

2

[
− e1

( ∂

∂x1
+ i

∂

∂x2

)
+ e2

( ∂

∂x1
− i

∂

∂x2

)]
Φj(x), j = 5, 6.

(3.3)

We introduce the notation

L(∂x) = e1

( ∂

∂x1
+ i

∂

∂x2

)
+ e3

∂

∂x3
,

Ψ1(x) =
1

2

[
Φ1(x)− iΦ5(x)

]
, Ψ4(x) =

1

2

[
Φ4(x)− iΦ6(x)

]
.

Using this notation and taking equalities (3.3) into account, we can
represent solutions (3.1) in the form

u′(x) = L(∂x)Ψ1(x) + α3 grad
[
x3Φ2(x) + Φ′

0(x)
]
−

− 2e3
[
α1Φ2(x)− β1Φ3(x)

]
+ L(∂x)Ψ1(x),

u′′(x) = L(∂x)Ψ4(x) + α3 grad
[
x3Φ3(x) + Φ′′

0(x)
]
−

− 2e3
[
α2Φ3(x)− β2Φ2(x)

]
+ L(∂x)Ψ4(x),

(3.4)

where L(∂x)Ψj and L(∂x)Ψj , j = 1, 4 are complex-conjugate vectors, and
Ψj(x), j = 1, 4, are harmonic functions.

Functions Ψj(x), j = 1, 4, are sought in the form

Ψj(x) =

∞∑
k=0

k−1∑
m=−k+1

[
C

(j)
mkP

(m)
k−1(ch η)Y

(m)
k−1 (ϑ, φ)+

+D
(j)
mkP

(m)
k+1(ch η)Y

(m)
k+1 (ϑ, φ)

]
, j = 1, 4, (3.5)

where P
(m)
k (ch η) are the Legendre functions of first kind, Y

(m)
k (ϑ, φ) has

form (1.11), C
(j)
mk, D

(j)
mk, j = 1, 4, are arbitrary constants.

If we choose constants C
(j)
mk, D

(j)
mk, j = 1, 4, such that

C
(j)
mk = −c

√
k+m

(4k2−1)(k−m)
A

(j)
mk, (3.6)

D
(j)
mk = c

√
k−m+1

(2k+1)(2k+3)(k+m+1) A
(j)
mk, j = 1, 4, (3.7)
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where A
(j)
mk, j = 1, 4, is an arbitrary constant, and take equalities (1.10)

into account, then we obtain

L(∂x)Ψj(x) =

∞∑
k=0

k−1∑
m=−k+1

[
P

(m)
k (ch η)Xmk(ϑ, φ)+

+ σ
(1)
mkP

(m+1)
k (ch η)Zmk(ϑ, φ)

]
A

(j)
mk, j = 1, 4, (3.8)

where

σ
(1)
mk =

√
2

(k −m)(k +m+ 1)
.

From (3.8) it follows that

L(∂x)Ψj(x) =
∑∞

k=0

∑k−1
m=−k+1

[
P

(−m)
k (ch η)X−mk(ϑ, φ) + (3.9)

+σ
(1)
−mkP

(−m+1)
k (ch η)Z−mk(ϑ, φ)

]
A

(j)
−mk, j = 1, 4. (3.10)

If here we take into account that

P
(−m)
k (ch η) = (−1)m (k−m)!

(k+m)! P
(m)
k (ch η), (3.11)

P
(−m+1)
k (ch η) = (−1)m−1 (k−m+1)!

(k+m−1)! P
(m−1)
k (ch η), (3.12)

X−mk(ϑ, φ) = (−1)mXmk(ϑ, φ), Y −mk(ϑ, φ) = (−1)m+1 Zmk(ϑ, φ),

Z−mk(ϑ, φ) = (−1)m−1 Ymk(ϑ, φ),

then we obtain

L(∂x)Ψj(x) =
∞∑
k=0

k−1∑
m=−k+1

[
P

(m)
k (ch η)Xmk(ϑ, φ)+

+ σ
(2)
mkP

(m−1)
k (ch η)Ymk(ϑ, φ)

]
B

(j)
mk, j = 1, 4, (3.13)

where

σ
(2)
mk =

√
2(k +m)(k −m+ 1), B

(j)
mk =

(k −m)!

(k +m)!
A

(j)
−mk, j = 1, 4.

Functions Φj(x), j = 2, 3, are sought in the form

Φj(x) =

∞∑
k=0

k∑
m=−k

P
(m)
k (ch η)Y

(m)
k (ϑ, φ)A

(j)
mk, j = 2, 3, (3.14)

where A
(j)
mk are the unknown constants.
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Using the representation of the operator grad (3.3) and formulas (1.22),
we obtain

x3 gradΦj(x) =

∞∑
k=0

k∑
m=−k

ch η
{
− (k −m+ 1)P

(m)
k+1(ch η)Xmk(ϑ, φ)+

+
1

2
(k −m+ 2)σ

(2)
mkP

(m−1)
k+1 (ch η)Ymk(ϑ, φ)−

1

2
(k −m)σ

(1)
mk×

×P
(m+1)
k+1 (ch η)Zmk(ϑ, φ)

}
A

(j)
mk + c ch2 η gradΨ

(j)
0 (x), j = 2, 3,

(3.15)

where

Ψ
(j)
0 (x) =

∞∑
k=0

k∑
m=−k

√
(2k + 1)(k −m+ 1)

(2k + 3)(k +m+ 1)
×

× P
(m)
k+1(ch η)Y

(m)
k+1 (ϑ, φ)A

(j)
mk, j = 2, 3. (3.16)

If the functions Φ′
0(x) and Φ′′

0(x) contained in (3.1) are chosen so that

Φ′
0(x) = −c ch2 η0Ψ

(2)
0 (x), Φ′′

0(x) = −c ch2 η0Ψ
(3)
0 (x),

where η = η0 is the equation for the surface ∂Ω, then, taking (3.15) into
account, we obtain

α3 grad
[
x3Φ2(x) + Φ′

0(x)
]
− 2e3

[
α1Φ2(x)− β1Φ3(x)

]
=

=

∞∑
k=0

k∑
m=−k

{[(
− α3(k −m+ 1) ch ηP

(m)
k+1(ch η)+

+ (α3−2α1)P
(m)
k (ch η)

)
A

(2)
mk+2β1P

(m)
k (ch η)A

(3)
mk

]
Xmk(ϑ, φ)+

+
α3

2
ch η

[
(k −m+ 2)σ

(2)
mkP

(m−1)
k+1 (ch η)Ymk(ϑ, φ)−

− (k −m)σ
(1)
mkP

(m+1)
k+1 (ch η)Zmk(ϑ, φ)

]
A

(2)
mk

}
+

+ cα3(ch
2 η − ch2 η0) gradΨ

(2)
0 (x),

α3 grad
[
x3Φ3(x) + Φ′′

0(x)
]
− 2e3

[
α2Φ3(x)− β2Φ2(x)

]
=

=

∞∑
k=0

k∑
m=−k

{[(
− α3(k −m+ 1) ch ηP

(m)
k+1(ch η)+

+ (α3−2α2)P
(m)
k (ch η)

)
A

(3)
mk+2β2P

(m)
k (ch η)A

(2)
mk

]
Xmk(ϑ, φ)+

+
α3

2
ch η

[
(k −m+ 2)σ

(2)
mkP

(m−1)
k+1 (ch η)Ymk(ϑ, φ)−
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− (k −m)σ
(1)
mkP

(m+1)
k+1 (ch η)Zmk(ϑ, φ)

]
A

(3)
mk

}
+

+ cα3(ch
2 η − ch2 η0) gradΨ

(3)
0 (x). (3.17)

Taking equalities (3.8), (3.13) and (3.17) into account in (3.4), we have

u′(x) =

∞∑
k=0

k∑
m=−k

[
u
(1)
mk(η)Xmk(ϑ, φ) + v

(1)
mk(η)Ymk(ϑ, φ)+

+ w
(1)
mk(η)Zmk(ϑ, φ)

]
+ α3c(ch

2 η − ch2 η0) gradΨ
(2)
0 (x),

u′′(x) =

∞∑
k=0

k∑
m=−k

[
u
(2)
mk(η)Xmk(ϑ, φ) + v

(2)
mk(η)Ymk(ϑ, φ)+

+ w
(2)
mk(η)Zmk(ϑ, φ)

]
+ α3c(ch

2 η − ch2 η0) gradΨ
(3)
0 (x),

(3.18)

where

u
(1)
mk(η) = P

(m)
k (ch η)(A

(1)
mk +B

(1)
mk)−

[
α3(k −m+ 1) ch ηP

(m)
k+1(ch η)+

+ (2α1 − α3)P
(m)
k (ch η)

]
A

(2)
mk + 2β1P

(m)
k (ch η)A

(3)
mk,

v
(1)
mk(η) = σ

(2)
mkP

(m−1)
k (ch η)B

(1)
mk +

α3

2
(k −m+ 2)σ

(2)
mk ch ηP

(m−1)
k+1 (ch η)A

(2)
mk,

w
(1)
mk(η) = σ

(1)
mkP

(m+1)
k (ch η)A

(1)
mk −

α3

2
(k −m)σ

(1)
mk ch ηP

(m+1)
k+1 (ch η)A

(2)
mk,

u
(2)
mk(η) = P

(m)
k (ch η)(A

(4)
mk +B

(4)
mk) + 2β2P

(m)
k (ch η)A

(2)
mk− (3.19)

−
[
(2α2 − α3)P

(m)
k (ch η) + α3(k −m+ 1) ch ηP

(m)
k+1(ch η)

]
A

(3)
mk,

v
(2)
mk(η) = σ

(2)
mkP

(m−1)
k (ch η)B

(4)
mk +

α3

2
(k −m+ 2)σ

(2)
mk ch ηP

(m−1)
k+1 (ch η)A

(3)
mk,

w
(2)
mk(η) = σ

(1)
mkP

(m+1)
k (ch η)A

(4)
mk −

α3

2
(k −m)σ

(1)
mk ch ηP

(m+1)
k+1 (ch η)A

(3)
mk, k ≥ 0.

Let us calculate the stress vector T (∂x, n)U(x). To this end we represent
it as

T (∂x, n)U =

[
H(1)(∂x, n)U

H(2)(∂x, n)U

]
,

where
H(1)(∂x, n)U = T (1)(∂x, n)u′ + T (2)(∂x, n)u′′,

H(2)(∂x, n)U = T (3)(∂x, n)u′ + T (4)(∂x, n)u′′.
(3.20)

Note that

divL(∂x) = ∆, rotL(∂x) = −ie3∆+ i grad ∂
∂x3

, (3.21)
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where ∆ is a Laplace operator.
Taking these equalities into account, from (3.4) we obtain

div u′(x) = 2
∂

∂x3

[
(α3 − α1)Φ2(x) + β1Φ3(x)

]
,

div u′′(x) = 2
∂

∂x3

[
(α3 − α2)Φ3(x) + β2Φ2(x)

]
, (3.22)

rotu′(x) = i grad
∂

∂x3

[
Ψ1(x)−Ψ1(x)

]
− 2 rot

[
e3
(
α1Φ2(x)− β1Φ3(x)

)]
,

rotu′′(x) = i grad
∂

∂x3

[
Ψ4(x)−Ψ4(x)

]
− 2 rot

[
e3
(
α2Φ3(x)− β2Φ2(x)

)]
.

Let us rewrite the normal unit vector eη in the form

eη =
h

2
ch η sinϑ(e1e

iφ + e2e
−iφ) + h sh η cosϑe3. (3.23)

Taking the recurrent relations for the Legendre functions (1.8) and (1.9)
into account, we obtain

h

2
ch η sinϑeiφ

∂Φj(x)

∂x3
e1 = − h

2c

∞∑
k=0

k∑
m=−k

(k−m)(k−m+1)σ
(1)
mk ch η×

×P
(m)
k+1(ch η)Zmk(ϑ, φ)A

(j)
mk +

1

2
e1h sh η ch η

( ∂

∂x1
+ i

∂

∂x2

)
Ψ

(j)
0 (x),

h

2
ch η sinϑe−iφ ∂Φj(x)

∂x3
e2 =

h

2c

∞∑
k=0

k∑
m=−k

σ
(2)
mk ch ηP

(m)
k+1(ch η)×

×Ymk(ϑ, φ)A
(j)
mk +

1

2
e2h sh η ch η

( ∂

∂x1
− i

∂

∂x2

)
Ψ

(j)
0 (x),

h sh η cosϑ
∂Φj(x)

∂x3
e3 = −h

c

∞∑
k=0

k∑
m=−k

(k −m+ 1) sh ηP
(m)
k+1(ch η)×

×Xmk(ϑ, φ)A
(j)
mk + h sh η ch ηe3

∂Ψ
(j)
0 (x)

∂x3
, j = 2, 3.

Using these equalities in (3.22), we have

n(x) div uj(x) = eη div u
j(x) = h

c

∑∞
k=0

∑k
m=−k P

(m)
k+1(ch η)

[
− 2(k −

−m+ 1) sh ηXmk(ϑ, φ) + σ
(2)
mk ch ηYmk(ϑ, φ)− (k −m)(k −m+

+1)σ
(1)
mk ch ηZmk(ϑ, φ)

](
(α3 − αj)A

(j+1)
mk + βjA

(4−j)
mk

)
+

+2h sh η ch η grad
[
(α3−αj)Ψ

(j+1)
0 (x)+βjΨ

(4−j)
0 (x)

]
, j=1, 2. (3.24)
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Here we have introduced the notation

u(j)(x) =

{
u′(x) for j = 1,

u′′(x) for j = 2.

If we use the representation of grad from (3.3) and formula (3.23), then
we obtain

eη × i grad = h
2c

{
2ie3η

∂
∂φ + e2e

−iφ
[

∂
∂ϑ − iϑ ∂

∂φ

]
−

−e1e
iφ
[
∂
ϑ + iϑ ∂

∂φ

]}
. (3.25)

Equality (1.10) implies

∂

∂x3
Ψj(x) =

∞∑
k=0

k−1∑
m=−k+1

P
(m)
k (ch η)Y

(m)
k (ϑ, φ)A

(j)
mk, j = 1, 4. (3.26)

Using the recurrent relations for the Legendre polynomials (1.8), we
obtain

e−iφ
[ ∂

∂ϑ
− iϑ

∂

∂φ

]
Y

(m)
k (ϑ, φ) = − 1√

2
σ
(2)
mkY

(m−1)
k (ϑ, φ),(3.27)

eiφ
[ ∂

∂ϑ
+ iϑ

∂

∂φ

]
Y

(m)
k (ϑ, φ) =

1√
2
(k −m)(k +m+ 1)σ

(1)
mkY

(m+1)
k (ϑ, φ),(3.28)

∂

∂φ
Y

(m)
k (ϑ, φ) = imY

(m)
k (ϑ, φ).(3.29)

Taking these equalities into account in (3.26) and (3.25), we have

eη × i grad
∂Ψj(x)

∂x3
=

h

2

∞∑
k=0

k−1∑
m=−k+1

P
(m)
k (ch η)

[
− 2mηXmk(ϑ, φ)−

−σ
(2)
mkYmk(ϑ, φ)− (k −m)(k +m+ 1)σ

(1)
mkZmk(ϑ, φ)

]
A

(j)
mk, j = 1, 4.(3.30)

Hence it follows that

eη × i grad
∂Ψj(x)

∂x3
=

h

2c

∞∑
k=0

k−1∑
m=−k+1

P
(m)
k (ch η)

[
2m ch ηXmk(ϑ, φ) +

+σ
(2)
mkYmk(ϑ, φ) + (k −m)(k +m+ 1)σ

(1)
mkZmk(ϑ, φ)

]
B

(j)
mk, j = 1, 4.(3.31)

With formulas (1.31), (3.3) and (3.23) in hand account, we obtain

eη × rot(e3Φj(x)) =
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= − h

2c

{
ch η sinϑe3

[
e−iφ

( ∂

∂x1
+ i

∂

∂x2

)
+ eiφ

( ∂

∂x1
− i

∂

∂x2

)]
−

− sh η cosϑ
[
e1

( ∂

∂x1
+ i

∂

∂x2

)
+ e2

( ∂

∂x1
− i

∂

∂x2

)]}
Φj(x), j = 2, 3.(3.32)

By formulas (1.22) and (1.10) we have

h
2 sh η cosϑe1

(
∂

∂x1
+ i ∂

∂x2

)
Φj(x) =

h
2c ηx3e1

(
∂

∂x1
+ i ∂

∂x2

)
Φj(x) =

= − h
2c

∑∞
k=0

∑k
m=−k(k −m)σ

(1)
mk sh ηP

(m+1)
k+1 (ch η)Zmk(ϑ, φ)A

(j)
mk +

+h
2 sh η ch ηe1

(
∂

∂x1
+ i ∂

∂x2

)
Ψ

(j)
0 (x), (3.33)

h
2 sh η cosϑe2

(
∂

∂x1
− i ∂

∂x2

)
Φj(x) =

h
2c ηx3e2

(
∂

∂x1
− i ∂

∂x2

)
Φj(x) =

= − h
2c

∑∞
k=0

∑k
m=−k(k −m+ 2)σ

(2)
mk sh ηP

(m−1)
k+1 (ch η)×

×Ymk(ϑ, φ)A
(j)
mk+

h
2 sh η ch ηe2

(
∂

∂x1
−i ∂

∂x2

)
Ψ

(j)
0 (x), j=2, 3;

h
2 ch η sinϑe3

[
e−iφ

(
∂

∂x1
+ i ∂

∂x2

)
+ eiφ

(
∂

∂x1
− i ∂

∂x2

)]
Φj(x) =

= h
c e3

(
∂
∂η − ηx3

∂
∂x3

)
Φj(x), j = 2, 3. (3.34)

We have used here the formulas

∂

∂x1
± i

∂

∂x2
=

=
h2

c
e±iφ

[
sinϑ ch η

∂

∂η
+ sh η cosϑ

∂

∂ϑ
± i

ch2 η − cos2 ϑ

sinϑ sh η

∂

∂φ

]
,

∂

∂x3
=

h2

c

(
cosϑ sh η

∂

∂η
− ch η sinϑ

∂

∂ϑ

)
.

Substituting the value of the function Φj(x), j = 2, 3, from (3.14) into
(3.34) and taking into account the last equality of formula (1.22), we obtain

h

2
ch η sinϑe3

[
e−iφ

( ∂

∂x1
+ i

∂

∂x2

)
+ eiφ

( ∂

∂x1
− i

∂

∂x2

)]
Φj(x) =

=
h

c

∞∑
k=0

k∑
m=−k

[d
η
P

(m)
k (ch η)+(k−m+1) sh ηP

(m)
k+1(ch η)

]
Xmk(ϑ, φ)A

(j)
mk−

−e3c sh η ch η
∂

∂x3
Ψ

(j)
0 (x), j = 2, 3. (3.35)

Using formulas (3.33) and (3.35) in (3.32), we get

eη × rot(e3Φj(x)) =
h

2c

∞∑
k=0

k∑
m=−k

{
2
[d
η
P

(m)
k (ch η) + (k −m+ 1) sh η×
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×P
(m)
k+1(ch η)

]
Xmk(ϑ, φ) + (k −m+ 2)σ

(2)
mk sh ηP

(m−1)
k+1 (ch η)Ymk(ϑ, φ)−

−(k −m)σ
(1)
mk sh ηP

(m+1)
k+1 (ch η)Zmk(ϑ, φ)

}
A

(j)
mk+

+h sh η ch η gradΨ
(j)
0 (x), j = 2, 3. (3.36)

With (3.30), (3.31) and (3.36) taken into account, from the last two
equalities in formula (3.22) we obtain

n(x)× rotuj(x) = eη × rotuj(x) =
h

2c

∞∑
k=0

k∑
m=−k

{
− 2

[
mη×

× P
(m)
k (ch η)

(
A

(3j−2)
mk +B

(3j−2)
mk

)
+ 2

( d

dη
P

(m)
k (ch η) + (k −m+ 1)×

× sh ηP
(m)
k+1(ch η)

)(
αjA

(j+1)
mk − βjA

(4−j)
mk

)]
Xmk(ϑ, φ)

− σ
(2)
mk

[
P

(m)
k (ch η)

(
A

(3j−2)
mk +B

(3j−2)
mk

)
(3.37)

+ 2(k −m+ 2) sh ηP
(m−1)
k+1 (ch η)

(
αjA

(j+1)
mk − βjA

(4−j)
mk

)]
×

× Ymk(ϑ, φ)− σ
(1)
mk

[
(k −m)(k +m+ 1)P

(m)
k (ch η)

(
A

(3j−2)
mk +B

(3j−2)
mk

)
−

− 2(k −m) sh ηP
(m+1)
k+1 (ch η)

(
αjA

(j+1)
mk − βjA

(4−j)
mk

)]
Zmk(ϑ, φ)−

− 2h sh η ch η grad
[
αjΨ

(j+1)
0 (x)− βjΨ

(4−j)
0 (x)

]}
, j = 1, 2. (3.38)

Formulas (2.3), (3.18), (3.20), (3.24) and (3.38) allow us to define the vec-
tors H(j)(∂x, n)U(x), j = 1, 2, in the form

H(j)(∂x, n)U(x) =

=
h

c

∞∑
k=0

k∑
m=−k

[
a
(j)
mk(η)Xmk(ϑ, φ)+b

(j)
mk(η)Ymk(ϑ, φ)+c

(j)
mk(η)Zmk(ϑ, φ)

]
+

+α3h(ch
2 η−ch2 η0)

d

dη
grad

[
ξ2j−1Ψ

(2)
0 (x) + ξ2jΨ

(3)
0 (x)

]
, j = 1, 2. (3.39)

where

a
(j)
mk(η) =

d

dη

[
ξ2j−1u

(1)
mk(η) + ξ2ju

(2)
mk(η)

]
− 2(k −m+ 1) sh ηP

(m)
k+1(ch η)G

(j)
mk+

+ 2
[ d

dη
P

(m)
k (ch η)+(k−m+1) sh ηP

(m)
k+1(ch η)

]
H

(j)
mk −mηP

(m)
k (ch η)E

(j)
mk,

b
(j)
mk(η) =

d

dη

[
ξ2j−1v

(1)
mk(η) + ξ2jv

(2)
mk(η)

]
+ σ

(2)
mk ch ηP

(m)
k+1(ch η)G

(j)
mk−
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− 2(k −m+ 2)σ
(2)
mk sh ηP

(m−1)
k+1 (ch η)H

(j)
mk − σ

(2)
mkP

(m)
k (ch η)E

(j)
mk,

c
(j)
mk(η) =

d

dη

[
ξ2j−1w

(1)
mk(η)+ξ2jw

(2)
mk(η)

]
(3.40)

−(k−m)(k−m+1)σ
(1)
mk ch ηP

(m)
k+1(ch η)×

×G
(j)
mk+2(k −m)σ

(1)
mk sh ηP

(m+1)
k+1 (ch η)H

(j)
mk (3.41)

−(k−m)(k+m+1)σ
(1)
mkP

(m)
k (ch η)E

(j)
mk,

G
(j)
mk = η2j−1

[
(α3 − α1)A

(2)
mk + β1A

(3)
mk

]
+ η2j

[
(α3 − α2)A

(3)
mk + β2A

(2)
mk

]
,

H
(j)
mk = ζ2j−1

[
α1A

(2)
mk − β1A

(3)
mk

]
+ ζ2j

[
α2A

(3)
mk − β2A

(2)
mk

]
,

E
(j)
mk = ζ2j−1

[
A

(1)
mk +B

(1)
mk

]
+ ζ2j

[
A

(4)
mk +B

(4)
mk

]
, j = 1, 2, (3.42)

u
(j)
mk(η), v

(j)
mk(η), w

(j)
mk(η), j = 1, 2 have form (3.19). In deriving formula

(3.39), we used the equalities

∂
∂n(x) =

h
c

∂
∂η , (3.43)

α3(ξ2j−1 + η2j−1)− α1(ζ2j−1 + η2j−1) + β2(ζ2j + η2j) = 0, (3.44)

α3(ξ2j + η2j)− α2(ζ2j + η2j) + β1(ζ2j−1 + η2j−1) = 0, j = 1, 2.(3.45)

Formulas (3.18) and (3.39) allow us to solve problems (I)+ and (II)+,
respectively.

Let us expand the boundary vector functions f (j)(z), j = 1, 2, into the
Fourier-Laplace series

f (j)(z) =

∞∑
k=0

k∑
m=−k

[
α
(j)
mkXmk(ϑ, φ) + β

(j)
mkYmk(ϑ, φ) +γ

(j)
mkZmk(ϑ, φ)

]
,

(3.46)

where α
(j)
mk, β

(j)
mk, γ

(j)
mk, j = 1, 2, are the Fourier coefficients.

If in both parts of equality (3.18) we pass to the limit as x → z ∈ ∂Ω
(η → η0) and take into account the boundary condition (2.5) of problem

(I)+ and equality (3.46), then for the unknown constants A
(j)
mk, j = 1, 2, 3, 4,
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B
(j)
mk, j = 1, 4, we obtain the following system of algebraic equations

P
(m)
k (ch η0)

(
A

(3j−2)
mk +B

(3j−2)
mk

)
−

[
α3(k −m+ 1) ch η0P

(m)
k+1(ch η0)+

+(2αj − α3)P
(m)
k (ch η0)

]
A

(j+1)
mk + 2βjP

(m)
k (ch η0)A

(4−j)
mk = α

(j)
mk,

σ
(2)
mkP

(m−1)
k (ch η0)B

(3j−2)
mk +

+
α3

2
(k −m+ 2)σ

(2)
mk ch η0P

(m−1)
k+1 (ch η0)A

(j+1)
mk = β

(j)
mk,

σ
(1)
mkP

(m+1)
k (ch η0)A

(3j−2)
mk −

−α3

2
(k −m)σ

(1)
mk ch η0P

(m+1)
k+1 (ch η0)A

(j+1)
mk = γ

(j)
mk, j = 1, 2.

(3.47)
Since problem (I)+ admits at most one regular solution, system (3.47) is
compatible. Substituting the solution of this system into (3.18), we obtain
the solution of problem (I)+.

In view of the fact that for k → ∞ we have the asymptotics [2]

P
(m)
k (ch η)

P
(m)
k (ch η0)

∼
( ch η

ch η0

)k
, (3.48)

we conclude that series (3.18) and (3.39) converge absolutely and uniformly
in the domain Ω+. If z ∈ ∂Ω, then for these series to converge (absolutely
and uniformly) it is sufficient to prove the convergence of the following
majorizing series

∞∑
k=k0

2∑
j=1

k5/2
[
|α(j)

mk|+ |β(j)
mk|+ |γ(j)mk|

]
.

This series converges if we require of the Fourier coefficients to admit
the following estimates as k → ∞:

α
(j)
mk = O(k−4), β

(j)
mk = O(k−4), γ

(j)
mk = O(k−4), j = 1, 2.

By virtue of Theorem 1.6, these estimates take place if we require of the
boundary vector functions f (j)(z), j = 1, 2, that f (j)(z) ∈ C4(∂Ω), j = 1, 2.

Thus, if f (j)(z) ∈ C4(∂Ω), j = 1, 2, then the vector U(x) = (u′(x), u′′(x))⊤

represented by formulas (3.12) is a regular solution of problem (I)+.
Let us now solve problem (II)+. We rewrite the boundary condition

(2.6) as follows:[
H(1)(∂z, n)U(z)

]+
= f (1)(z), z ∈ ∂Ω, (3.49)[

H(2)(∂z, n)U(z)
]+

= f (2)(z), z ∈ ∂Ω. (3.50)

50



+ Dirichlet and Neumann Problems of ... AMIM Vol.14 No.1, 2009

Let us expand the vector f (j)(z), j = 1, 2, into the Fourier series (3.33)

f (j)(z) =
h

c

∞∑
k=0

k∑
m=−k

[
α
(j)
mkXmk(ϑ, φ) + β

(j)
mkYmk(ϑ, φ)+

+ γ
(j)
mkZmk(ϑ, φ)

]
, j = 1, 2, (3.51)

where α
(j)
mk, β

(j)
mk, γ

(j)
mk, j = 1, 2, are the Fourier coefficients.

If in both parts of equality (3.39) we pass to the limit as x → z ∈ ∂Ω

(η → η0), then for the unknown constants A
(j)
mk, j = 1, 2, 3, 4, B

(j)
mk, j = 1, 4,

we obtain the following system of algebraic equations

a
(j)
mk(η0) = α

(j)
mk, b

(j)
mk(η0) = β

(j)
mk, c

(j)
mk(η0) = γ

(j)
mk, j = 1, 2. (3.52)

where a
(j)
mk(η), b

(j)
mk(η), c

(j)
mk(η), j = 1, 2 have form (3.40).

The necessary and sufficient conditions for the problem (II)+ to be
solvable are that the principal vector and the principal moment of external
forces acting on the boundary ∂Ω be equal to zero, i.e.∫
∂Ω

f (j)(z) ds = 0, j = 1, 2,

∫
∂Ω

[
z × f (1)(z) + z × f (2)(z)

]
ds = 0. (3.53)

Substituting the value of the vectors f (j)(z), j = 1, 2, from (3.51) into
(3.53) and using formulas (1.26), (1.30), we obtain

α
(j)
00 = 0, β

(j)
10 = 0, γ

(j)
−10 = 0, j = 1, 2,

2∑
j=1

[
β
(j)
01 + γ

(j)
01

]
= 0,

2∑
j=1

[
sh η0α

(j)
11 − ch η0β

(j)
11

]
= 0,

2∑
j=1

[
sh η0α

(j)
−11 − ch η0γ

(j)
−11

]
= 0. (3.54)

By virtue of the uniqueness theorem of problem (II)+ and equality (3.54)
we conclude that system (3.52) is solvable. Only nine unknown constants
remain undefined. This is natural because the solution of problem (II)+ is
defined modulo a rigid displacement vector.

If the solution of system (3.52) is substituted into (3.18), then we obtain
the solution of problem (II)+.

Since we have asymptotics (3.48),the series (3.18) and (3.39) converge
absolutely and uniformly in the domain Ω+. If z ∈ ∂Ω, then these se-
ries converge absolutely and uniformly if we prove the convergence of the
majorizing series

∞∑
k=k0

2∑
j=1

k3/2
[
|α(j)

mk|+ |β(j)
mk|+ |γ(j)mk|

]
.
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This series converges if we require of the Fourier coefficients to admit
the following estimates as k → ∞:

α
(j)
mk = O(k−3), β

(j)
mk = O(k−3), γ

(j)
mk = O(k−3), j = 1, 2.

These eastimates take place if, by virtue of Theorem 1.6, f (j)(z) ∈
C3(∂Ω), j = 1, 2.

Thus, if f (j)(z) ∈ C3(∂Ω), j = 1, 2, then the vector U(x) = (u′(x), u′′(x))⊤

defined by formulas (3.18) is the solution of problem (II)+.
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