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Abstract

An algorithm is given for the first time for constructing simple, absolutely approx-
imating and absolutely stable schemes for the multidimensional parabolic equation.
The stability is investigated by using the method of harmonic analysis.
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Introduction

For multidimensional parabolic type equation the construction of absolutely
stable economical schemes having complete approximation is a problemat-
ical question in the case p > 2. First such type scheme for p = 2, a = 0
have been written by American scientific Peaceman, Douglas and Rachford
in 1955 (see [1,2]). In the present paper it is given the generalization of
these results for the equation (1) if p > 2 and a # 0.

We note that the fractional-step schemes not having complete approxi-
mation introduce additional complications relatively to the boundary condi-
tions. This reflects on the exactness of schemes. Here represented schemes
don’t have such deficiency.
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1 Statement of the problem

Let us consider the first initial-boundary problem in the cylinder Q7 for
the equation

8u_L Ty o2 " 9%
a— U+f, u=ao ;'r?—a'u"‘f,

(x,t) € Qr=Gx (0<t<T), wu(z,0)=up(x), u(:U,t)|F:0, (1.1)
= (21,292,...,7p) €EG, G=G+T,
p - dimensional cube, 0<z; <1, i=1,p.

2 Fractional-step schemes for the problem (1.1)

Let us divide integrable domain Q7 = G x [0,7] in the elementary cells
by planes x; = kh;, k =0,1,...,Ny and t; = j7, 7 >0, 7 = 0,1,..., No,
Wy, = {z; = (i1h1,...,iphp) € G} is the cubic net with the step h;, W, =
{t; = jr, j=0,1,...,Np} is the cete on the segment 0 < ¢ < T with the
step T = Nlo

In difference schemes relative to a right hand f and a solution u we
remain identical notations. Simply the corresponding discrete values are
taken in the base knot (z14, %2, ..., Tpi, t}).

The symmetric scheme for the problem (1.1) has the following form

unJrk _ un+k72 P
o =0, 5pAkk;(Un+k _ un+k—2) + Z Aj; un+k—2
=1
-0, 5a(un+k _ un+k72) + fﬂ‘i’k*lj (2'1)
(.’L‘i,tj) € wp X Wy, u"_l(xi, 0) = uo(xi),
un+k(xi7tj)‘rh = O’ k; = 17p7
where
2 o’
Aju=o Uy, 7 = ﬁ [u(ml, ey T+ hy, . ,$p,tj)
(2
0%u
—2u(zy,...,zp, tj) +u(xy,. .., x; fhi,...,xp,tj)] ~ 02@.
%

Let us write out the fractional-step scheme which corresponds to the
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symmetric scheme (2.1)

k k-1
uner n+-—- p

2 et

— 0,5a(un+§ — un+7) + f"Jr . k=1,p. (2.2)

bl

3 Investigation of the scheme (2.2)

Let us introduce the space H of net functions which are defined on the net
wy, and vanished on the I'y,, with the inner product

(u,v) = Z w(x)v(z) hy---hy

N1 1N2 1 Np_]-

Z Z Z (i1ha, ... iphp) v(ith, ... iphy) hi-- - hy

11=1 is=1 ip=1

and norm |u|| = v/ (u,u).
P
Let us define A = — >~ Aj;. The operator A is selfadjoint and positive

i=1
in H. Square of norm in the energetic space H 4 has the form

N; Na—1  Np—1

HUH?LX = Z Z Z (u§1(i1h17-~7iphp))2h1"‘hp—i-”-

i1=1 is=1 ip=1
Ni—1Na—1  Np—1 N,

+ E E E E uxp ’Llhl, . h)) hl--'hp
11=1 ia=1 ip—1=11ip=1

or
2 2 2
lulla = luz (11 + - + [luz, -
Consider u = u(t), t € w, as an abstract function with the values in the
space H. For the investigation of the scheme (2.2) we assume that f =0

k
and exclude the intermediate values u”+5, k=1,2,...,p— 1. Initially we
rewrite the scheme (2.2) in the form

—1

k k
(Ak + Bl) un+5 = (Ak — B + Cl) uTH_T, (31)

where

p
A =E—0,57Ay, Bi=05_aE C=-Y Ay k=Tp.
p :
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Equivalent to the (3.1) homogeneous scheme has the form

(A1 + B1)(Az + By) -+ (Ap + By) u™™!
= (Al — B+ Cl)(AQ — B+ Cl) s (Ap — B+ 01) u'™. (32)

If we introduce the notations (3.1) in (3.2) and expend to the powers
T, obtain

n+l1 _ ,n n+1 n n+1 n
uttt A11+~-+App)u 2+u _au 2—|—u
T

2
L (AQog 4+ Ap1 p—18yp)

4
Let us write (3.3) in the canonical form
Bui+Au=f, tj€uw, (3.4)
where
B=E+0,57A+0,5a7E, A=A+aE (A=—L,).
From (3.4) follows that
B>0,57A. (3.5)

This means that the scheme (3.4) is stable in the space H4.
Let us verify the inequality (3.5)

B-0,5TA=E+0,57A+0,57aE—0,57(A+aE)=E >0

The scheme (2.2) has the exactness o(72 + |h|?). This follows immedi-
ately from (3.3).

Theorem. Let us assume that the condition (3.5) holds. Then the
fractional-step scheme (2.2) is stable relative to the right-hand relative to
the solution of the problem (1.1) is valid the following a priori estimate

n
lunsrlla < luolla + 37| B~ ]
k=0

and since B is selfadjoiut positive operator, we have

n
lunsallz < lluollz + Y7l fllg-1 -
k=0

The proof is similar to the Theorem 4 (see [3], Ch. VI, §2).
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Remark. If we apply the method of harmonic analysis by investigation
of the fractional step scheme (2.2), the equation of dispersion obtains the
following form

p

1 1 .
<1+gai+2a>ﬂf+<;ai—2ai—1+2a> =0, i=1p,

hS

where

n _ pn ] ei(k1x1+...+k;p$p)’ pn _ ewnT, ;= /_17
o2 . o kih
2 sim- ——
h: 2

(see [4]). The following condition of stability holds

|p| = ‘pl"'Pp| <1,

where

p
1+%ai—2ai—%
i=1

1+5a;+ 5

pi = , 1=1,p.

Really, if 5 — oo (a; = const = ¢, i = 1, p), we obtain for any 7, that

’ | 1pc—i—a
P 1—|— (pc+ a)
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