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Abstract

The purpose of this paper is to consider three - dimensional version of statics

of the theory of elastic transversally-isotropic binary mixtures, which is the simplest

anisotropic one and for which we can do explicit computation. The basic equations

are given in [1] (see Rushchitski [1] and references cited therein). The fundamental

and other matrixes of singular solutions are constructed for the equation of statics of

a transversally isotropic elastic binary mixtures. Using the fundamental matrix there

is constructed simple and double layer potentials and there is studied its properties.

Applying this potentials the basic BVPs are reduced to a system of integral equations.

Key words and phrases: Boundary value problems, transversally-isotropic elastic

mixtures, fundamental solution
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1 Basic equations and BVPs

The basic homogeneous equations of statics of the elastic mixture theory
are written in terms of displacement components as follows [1]

C(∂x)U =
(

C(1)(∂x) C(3)(∂x)
C(3)(∂x) C(2)(∂x)

)
U = 0, (1)

where
C(j)(∂x) = ‖C(j)

kp (∂x)‖3×3, j = 1, 2, 3,
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here U(x)T = U(u′, u′′) -is six-dimensional displacement vector, u′(u′1, u
′
2, u

′
3)

T

and u”(u”1, u”2, u”3)T -are partial displacement vectors, c
(j)
pq -are constants,
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characterizing the physical properties of the mixture and satisfying certain
inequalities caused by the positive definiteness of potential energy.Throughout
this paper ”T” denotes transposition. The generalized stress vector acting
on the arc from the side of positive normal n(n1, n2, n3) is written as

P (∂x, n)U =
(

P (1)(∂x, n) P (3)(∂x, n)
P (3)(∂x) P (2)(∂x)

)
U, (2)

where

P (j)(∂x, n) = ‖P (j)
kp (∂x, n)‖3x3,
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have the stress vector.
Let D+(D−) be a finite (an infinite) three- dimensional domain bounded

by surface S.
Definition 1.The vector U defined in the region D+(D−) is called

regular,if it has integrable in D+(D−) continuous second derivatives and U
itself and its first derivatives are continuously extendable at every point of
the boundary of D+(D−). For the region D− the conditions at infinite are
added

U(x) = O(1), | x |2 ∂U

∂xk
= O(1).
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Where O(1) denotes a bounded function and | x |= x2
1 + x2

2 + x2
3.

For the equation (1),we pose the following BVPs.Find a regular vector
function U , satisfying in D+(D−) the equation (1), if on the boundary S
one of the following conditions is given.

Problem 1. The displacement vector U is given in the form

U± = f,

where (.)± denotes the limiting value from D±, and f is a given vector.
Problem 2. The stress vector is given in the form

(TU)± = f.

Matrix of fundamental solution.The fundamental matrix of the
equation (1),which is denoted by Γ(x− y),is the following

Γ(x− y) =
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A
(k)
36 = δk[−q4c

(3)
33 − akt62 + a2

kt66 + c
(3)
44 q1a

3
k],

A
(k)
66 = δk[q4c

(1)
33 − akt52 + a2

kt55 − c
(1)
44 q1a

3
k],

A
(k)
13 = δk[v13 − v11ak + v12a

2
k],

A
(k)
16 = δk[w13 − w12ak + v11a

2
k], k = 3, .., 6,

6∑

k=1

A
(k)
12 = 0,

A
(k)
34 = δk[v23 − v21ak + v22a

2
k],

A
(k)
46 = δk[w34 − w14ak + w24a

2
k], k = 3, .., 6,

6∑

k=1

A
(k)
13 = 0,

6∑

k=1

A
(k)
45 = 0,

6∑

k=1

A
(k)
34 = 0,

6∑

k=1

A
(k)
16 = 0,

6∑

k=1

A
(k)
46 = 0,

δk = dk(a1 − ak)(a2 − ak),
rk =

√
ak[(x1 − y1)21 + (x2 − y2)2] + (x3 − y3)2,

Φ = (x3 − y3) ln(x3 − y3 + rk)− rk.

The coefficients dk, vij , ...., tij are given in [2]. a1, a2, ..., a6 are the
positive roots of the characteristic equation
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It is evident that Γ(x) is a symmetric matrix. It can be shown, that ev-
ery columns and every rows of the matrix Γ(x) are solutions to the equation
(1) with respect to x, for any x 6= y.
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The following theorems are valid:
Theorem 1.All elements of the matrix Γ(x) have the singularity

|Γ(k)
pq (x)| ≤ const

|x|

. Proof.Consider the term

Γ(k)
12 (x)

and applying the conditions
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A
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Analogously we obtain |Γ(x)pq| ≤ const

|x| .

Let us consider the matrix P ∗(y−x), which is obtained from P (∂x, n)Γ(x−
y) by transposition of the columns and rows and the variables x and y. We
can easily prove that every column of the matrix P ∗(y− x) is a solution of
the system (1) with respect to the point x, if x 6= y.

P (∂x, n)Γ(x− y) =
6∑

k=1

‖M (k)
pq ‖6×6, (4)

where

M
(k)
11 = R

(k)
11

∂k

∂n

1
rk

+ R
(k)
12

∂

∂s2

∂2Φk

∂x1x3
− q

(k)
12

∂

∂s3

∂2Φk

∂x1x2
,

M
(k)
12 = −q

(k)
11

∂

∂s3

1
rk
− q

(k)
12

∂

∂s3

∂2Φk

∂x2
2

+ R
(k)
12

∂

∂s2

∂2Φk

∂x2x3
,

M
(k)
13 = R

(k)
13

∂

∂s2

1
rk
− q

(k)
13

∂

∂s3

∂2Φk

∂x2x3
,

M
(k)
14 = R

(k)
14

∂k

∂n

1
rk

+ R
(k)
24

∂

∂s2

∂2Φk

∂x1x3
− q

(k)
14

∂

∂s3

∂2Φk

∂x1x2
,

M
(k)
15 = −R

(k)
15

∂

∂s3

1
rk
− q

(k)
14

∂

∂s3

∂2Φk

∂x2
2

+ R
(k)
24

∂

∂s2

∂2Φk

∂x2x3
,

M
(k)
16 = −q

(k)
16

∂

∂s3

∂2Φk

∂x2x3
+ R

(k)
16

∂

∂s2

1
rk

,

19



AMIM Vol.12 No.1, 2007 L. Bitsadze +
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64

∂

∂s2

1
rk

+ R
(k)
65

∂k

∂n

∂2Φk

∂x1x3
,

M
(k)
65 = R

(k)
64

∂

∂s1

1
rk

+ R
(k)
65

∂k

∂n

∂2Φk

∂x2x3
,

where

∂k

∂n
= n1

∂

∂y1
+ n2

∂

∂y2
+ n3ak

∂

∂y3
,

∂

∂s1
= n2

∂

∂y3
− n3

∂

∂y2
,

∂

∂s2
= n3

∂

∂y1
− n1

∂

∂y3
,

∂

∂s3
= n1

∂

∂y2
− n2

∂

∂y1
.

The coefficients R
(k)
pq , ..., µ

(k)
pq are constants and they are expressed by
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Hook’s constants

R
(k)
11 = c

(1)
66 A

(k)
11 + c

(3)
66 A

(k)
41 ,

R
(k)
12 = δ

(1)
0 A

(k)
13 + δ

(3)
0 A

(k)
61 + c

(1)
44 A

(k)
12 + c

(3)
44 A

(k)
42 ,

q
(k)
12 = (γ(1)

0 + c
(1)
66 )A(k)

12 + (γ(3)
0 + c

(3)
66 )A(k)

42 ,

q
(k)
11 = γ

(1)
0 A

(k)
11 + γ

(3)
0 A

(k)
41 ,

R
(k)
13 = δ

(1)
0 A

(k)
33 + δ

(3)
0 A

(k)
63 + c

(1)
44 A

(k)
13 + c

(3)
44 A

(k)
43 ,

q
(k)
13 = (γ(1)

0 + c
(1)
66 )A(k)

13 +
(γ(3)

0 + c
(3)
66 )A(k)

43 , R
(k)
14 = c

(1)
66 A

(k)
41 + c

(3)
66 A

(k)
44 ,

R
(k)
24 = δ

(1)
0 A

(k)
43 +

δ
(3)
0 A

(k)
46 + c

(1)
44 A

(k)
42 + c

(3)
44 A

(k)
45 ,

q
(k)
14 = (γ(1)

0 + c
(1)
66 )A(k)

42 + (γ(3)
0 + c

(3)
66 )A(k)

45 ,

R
(k)
15 = γ

(1)
0 A

(k)
41 + γ

(3)
0 A

(k)
44 ,

q
(k)
16 = (γ(1)

0 + c
(1)
66 )A(k)

61 + (γ(3)
0 + c

(3)
66 )A(k)

46 ,

R
(k)
16 = δ

(1)
0 A

(k)
63 + δ

(3)
0 A

(k)
66 + c

(1)
44 A

(k)
61 + c

(3)
44 A

(k)
46 ,

R
(k)
31 = δ

(1)
0 A

(k)
11 + δ

(3)
0 A

(k)
41 ,

R
(k)
32 = δ

(1)
0 A

(k)
12 + δ

(3)
0 A

(k)
42 + c

(1)
44 A

(k)
13 + c

(3)
44 A

(k)
61 ,

R
(k)
33 = δ

(1)
0 A

(k)
13 + δ

(3)
0 A

(k)
43 + c

(3)
44 A

(k)
63 + c

(1)
44 A

(k)
33 ,

R
(k)
34 = δ

(1)
0 A

(k)
41 + δ

(3)
0 A

(k)
44

R
(k)
35 = δ

(1)
0 A

(k)
42 + δ

(3)
0 A

(k)
45 + c

(1)
44 A

(k)
43 + c

(3)
44 A

(k)
46 ,

R
(k)
36 = δ

(1)
0 A

(k)
61 + δ

(3)
0 A

(k)
46 +

c
(1)
44 A

(k)
63 + c

(3)
44 A

(k)
66 , R

(k)
41 = c

(3)
66 A

(k)
11 + c

(2)
66 A

(k)
41 ,

R
(k)
42 = δ

(3)
0 A

(k)
13 + δ

(2)
0 A

(k)
61 +

c
(3)
44 A

(k)
12 + c

(2)
44 A

(k)
42 ,

q
(k)
41 = (γ(3)

0 + c
(3)
66 )A(k)

12 + (γ(2)
0 + c

(2)
66 )A(k)

42 ,

q
(k)
44 = (γ(3)

0 + c
(3)
66 )A(k)

42 + (γ(2)
0 + c

(2)
66 )A(k)

45 ,

µ
(k)
42 = γ

(3)
0 A

(k)
11 + γ

(2)
0 + A

(k)
41 ,

q
(k)
43 = (γ(3)

0 + c
(3)
66 )A(k)

13 + (γ(2)
0 + c

(2)
66 )A(k)

43 ,

R
(k)
43 = δ

(3)
0 A

(k)
33 + δ

(2)
0 A

(k)
63 + c

(3)
44 A

(k)
13 + c

(2)
44 A

(k)
43 ,

R
(k)
44 = c

(3)
66 A

(k)
41 + c

(2)
66 A

(k)
44 ,
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R
(k)
45 = δ

(3)
0 A

(k)
43 + δ

(2)
0 A

(k)
46 + c

(3)
44 A

(k)
42 + c

(2)
44 A

(k)
45 ,

µ
(k)
45 = γ

(3)
0 A

(k)
41 + γ

(2)
0 A

(k)
44 ,

R
(k)
46 = δ

(3)
0 A

(k)
63 + δ

(2)
0 A

(k)
66 + c

(3)
44 A

(k)
61 + c

(2)
44 A

(k)
46 ,

q
(k)
46 = (γ(3)

0 + c
(3)
66 )A(k)

61 + (γ(2)
0 + c

(2)
66 )A(k)

46 ,

µ
(k)
41 = c

(3)
66 A

(k)
11 + c

(2)
66 A

(k)
41 ,

µ
(k)
44 = c

(3)
66 A

(k)
41 + c

(2)
66 A

(k)
44 ,

R
(k)
62 = δ

(3)
0 A

(k)
12 + δ

(2)
0 A

(k)
42 + c

(3)
44 A

(k)
13 + c

(2)
44 A

(k)
61 ,

R
(k)
61 = δ

(3)
0 A

(k)
11 + δ

(2)
0 A

(k)
41 ,

R
(k)
63 = δ

(3)
0 A

(k)
13 + δ

(2)
0 A

(k)
43 + c

(3)
44 A

(k)
33 + c

(2)
44 A

(k)
63 ,

R
(k)
64 = δ

(3)
0 A

(k)
41 + δ

(2)
0 A

(k)
44 ,

R
(k)
65 = δ

(3)
0 A

(k)
42 + δ

(2)
0 A

(k)
45 + c

(3)
44 A

(k)
43 + c

(2)
44 A

(k)
46 ,

R
(k)
66 = δ

(3)
0 A

(k)
61 + δ

(2)
0 A

(k)
46 + c

(3)
44 A

(k)
63 + c

(2)
44 A

(k)
66 ,

Let us introduce the following definitions.
Definition 2. The vector function defined by the equality

ϕ(x) =
1
2π

∫∫

S

Γ(x− y)g(y)ds,

where Γ(x− y) is given by (3) and g(y) is continuous vector function, S is
a closed surface, is called a simple layer potential.

Definition 3.The vector function defined by the equality

ψ(x) =
1
2π

∫∫

S

P ∗(y − x)g(y)ds,

where P ∗(y − x) is given by (4) and g(y) is continuous vector function, S
is a closed surface, is called a double layer potential.

It is evident that all potentials are solutions of the system (1) both in
the domains D+ and D−. In the case when the point x tends to any point of
the boundary z (from inside or from outside), the potentials possess some
discontinuity or continuity properties. The direction of the outer (with
respect to D+ normal is assumed to be positive).

Theorem 2.If S ∈ L1(α) and g(y) ∈ C0,β(S),0 < β < α ≤ 1,then the
function ϕ(x) ∈ C0,β(S) and

[P (∂x, n)u]± = ∓g(t) +
1
2π

∫∫

S

P (∂x, n)Γ(x− y)g(y)ds, (5)

Theorem 3.If S ∈ L1(α) and g(y) ∈ C1,β(S),0 < β < α ≤ 1,then the
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function ψ(t) ∈ C1,β(S) and

[ψ(t)]± = ∓g(t) +
1
2π

∫∫

S

P ∗(t− y)g(y)ds, (6)

where the symbol [.]± denote limits on S from D±.
The integrals in (5)-(6) are singular and they are integrable in the sense

of the principal value.
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