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Abstract

In this paper a statical nonlinear model for multicomponent mixture is constructed
and general expressions for response functions of the stress tensors of the constituents
for isotropic elastic mixtures are given. For one nonlinear model of two-component
elastic mixture a theorem on existence and uniqueness of local solution to correspond-
ing boundary value problem is obtained. In the case of multicomponent hyperelastic
mixture the Dirichlet boundary value problem is considered and the existence of global
solution in suitable spaces is proved.
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1. Introduction

In continuum mechanics under mixture is assumed coexistence of different
ingredients mutually diffused through each other. Most bodies, astrophys-
ical, geological, biological or otherwise are mixtures in which two or more
constituents coexist. Therefore, investigation of such type materials is im-
portant not only from theoretical, but also from practical point of view. If
in the mixture one of the constituents is preponderant and the other con-
stituents essentially insignificant, the body is usually assumed to be of the
predominant single constituent. However, there are innumerable situations,
where none of the constituents presented in the body can be ignored with
respect to the others. Particularly, plasmas and gaseous mixtures that sur-
round stars, biological tissues and muscles, suspensions, porous rocks and
soil infused with water or oil. Sometimes, the constituents in a mixture un-
dergo chemical reactions, usually resulting in formation of new compounds.
In the present paper we consider mixtures whose constituents do not react
chemically.
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The first works, where were studied the diffusion of one constituent
of the mixture through another, were published in the fifties of XIX cen-
tury. Later, interesting papers were devoted to the investigation of flow
and diffusion of fluids through solid media ([1-4]).

The theoretical investigations of various mathematical models of mix-
tures were stimulated by monograph of C. Truesdell and R. Toupin ([5]).
In this were formulated mechanical principles for constructing the new ma-
thematical models of continuum with complicated internal structure, which
later were generalized by Green, Naghdi, Adkins and others in [6-12].

It must be pointed out, that two-component elastic mixture first was
considered by Green and Steel in [9]. Various mechanisms of interaction of
the components in the mixture were proposed in [11, 12] and were obtained
improvements of the models given in [9]. Later, propagation of waves and
initial-boundary value problems for various models in the theory of mixtures
were studied in [13-19].

In the present paper we consider nonlinear models of elastic mixtures
and study corresponding boundary value problems. More precisely, in
section 2 on the basis of fundamental assumptions we construct statical
nonlinear model for mixtures. In the same section we consider a class of
mixtures, the so called elastic mixtures, introduce the notions of isotropy,
strong isotropy and for these type of mixtures obtain general expressions for
response functions of the stress tensors for the constituents. In the section 3
boundary value problems for nonlinear models of elastic mixtures are stud-
ied. We consider one nonlinear model of two-component elastic mixture and
prove the existence and uniqueness of local solution in corresponding space
for Dirichlet boundary value problem. In order to investigate existence of
global solution the notion of hyperelasticity for mixtures is introduced. For
multicomponent hyperelastic mixture the Dirichlet boundary value prob-
lem is reduced to problem of minimization of energy functional and proved
that in suitable spaces the problem has a solution.

2. Statical nonlinear models of elastic miztures

The basic assumption of the mixture theory is that the space occupied by a
mixture can be considered as being occupied cojointly by the various con-
stituents of the mixture, each considered as a continuum in its own right.
Thus, at each point in the domain occupied by the mixture, there is a
particle belonging to each of the constituents. This presupposes that each
constituent is sufficiently dense in the mixture and can be homogenized over
the region of the mixture as a continuum. In this section we study static
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equilibrium of multicomponent mixture and, generalizing the basic prin-
ciples in the mechanics of a single continuum ([20]), obtain corresponding
balance equations.

Throughout the paper we refer the motion of the mixture to a Cartesian
frame in three dimensional Euclidean space R? with orthonormal basis
{e1,e2,e3}. In order to simplify notations we assume that indices j, k, I, m
range over the integers {1, 2, 3}, summation over repeated indices is implied
and partial derivative 9/0z; is denoted by 0;. The scalar product of the
vectors a = (a;), b = (b;) € R? is denoted by a - b = a;b;, the norm
in R? with |a|] = v/a-a and the exterior product of a and b is denoted
by a Ab = e;aibej, where €, = 1 if {j, k,1} is an even permutation
of {1,2,3}, ej;w = —1 if {j,k,l} is an odd permutation of {1,2,3}, and
gjii = 0 otherwise. Let R3*3 be a space of third order square matrices
equipped with the norm |[F|| = (F : F)"/2, where F : G = tr(FTG) is
scalar product of matrices F, G € R**3, tr(F) = Fi;, FT denotes the
transposed matrix of F'. The cofactor matrix of F' is denoted by CofF
and Cof F = (det F)F~1, if det F # 0. The set of matrices F' € R3*? with
positive determinants det F' > 0 is denoted by RiX3, O‘i is the subset of
Rixg of orthogonal matrices. S denotes the set of symmetric matrices and
8?3 is the subset of §2 of all positive definite matrices. The set of second
order tensors is identified with the set of third order square matrices and
for any tensor T' = (T};) and vector a = (a;) we denote by T'a = Tyja;€ek.

Let us consider body with initial configuration § ¢ R?, which consists
of n-component mixture, where € is a Lipschitz domain in R?, i.e. open,
bounded, connected set with a Lipschitz-continuous boundary 02, the set
Q is located locally on one side of 9. As the mixture Q deforms, its
constituents deform with respect to each other. The displacement and de-
formation of i-th constituent is denoted by u’, ¢’ : @ — R?, ¢’ = id + u',
where ¢’ is smooth enough, injective on € mapping, which satisfies orien-
tation preserving condition det(Vep") > 0, (V') = 9%, i = 1,n. There-

fore, for each constituent we have 0 = o () deformed configuration and

(O

Assume, that the components in the mixture are subjected to three
types of forces: external body forces, applied surface forces and internal
body forces, microforces caused by interaction between constituents. The
applied external body forces and surface forces are given by their densities
¢ — R? and ¢g¥" : I‘fz — R3, I‘fz c I'¥", i = 1,n. Since the mix-
ture consists of several components, there exist interaction forces, given by
the densities h?" : Q¥ — R3, where h¥' dx¥" is the sum of internal body
forces acting on the element dx¥’, and microforces, with zero resultant
force, but possibly non-zero moment given by the density m?" : Q" — R?,
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where m? dz¥#" is the moment of internal forces acting on the element dz¥,
i=1,n.

The mathematical model of static equilibrium of a single continuum is
constructed on the basis of Euler-Cauchy stress principle. In order to obtain
model of multicomponent mixture we assume, that for each constituent the
analog to Euler-Cauchy principle is valid.

Principle I. Let Q is initial configuration of n-component mixture
and @', ..., " are deformations of its constituents. Assume, that on each
constituent act external body forces with density £ 0% — R3, surface

forces with density gf”l : F‘fz — R? and interactive internal body forces
with density h? : Q" — R3. There exist stress vector-fields

0" xS >R S ={veR? |v|=1},i=1,..,n,

which satisfy the following conditions: _ _ _
a) for any subdomain D‘f’l C Qf" and any point 2% € Ffl NAD¥", where
exists unit outer normal v#", the following conditions are valid

t@i(x‘Pi,l/‘Pi) :g“"i(x@i), 1=1,..,n;
b) for any subdomain D¥ C QF the balance equations for forces hold
/ £ (29 )da? + / e (29 da? + / £ (@ 1) do? = 0, (2.1)
D¢ D¢ aD#

where v¥' is a unit outer normal to aD”i, 1=1,...,n;
¢) for any subdomain D? C Q¥ the balance equations for moments
are valid

/ ' A 9 (a9 )da? + / ' A Rh? (29 )dz? +

o P (2.2)
+ / mwl (:Cgoz)dxw + / :BW AN tgaZ ($Lpl, I/@l)dO'LPl = 07 1= 17n‘
D¢’ aD%"

On the basis of the formulated principle we obtain the analog to Cauchy
theorem.
Theorem 2.1. Let the densities of external and internal body forces

¢ 0% - R3, hwi : 0 — R? and densities of the moments of mi-
croforces m¥? : 9 — R? are continuous, stress vector-fields t¥ (z¥",v)
are continuous with respect to the variable v € S, for each ¥ e’ and

continuously differentiable with respect to 2? € ﬁ‘pl, for eachv € S1. Then
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there exist continuously differentiable tensor-fields ¢ . 07 — RS such
that

t‘pi(xs"i,u) = T‘pi(x‘pi)u, Va#' € ﬁw, vesy,i=1n. (2.3)

and T#' satisfies the following equations:

—div?'T% (2¥") = £ (2¥") + h¥ (a¥), Vo' € QF, (2.4)
T#(2#) - |79 (2] = M¥' (¥, Vz# € Q¥ (2.5)
T¢ (2 Ww*' = g¢' (z¥'), vz eT¥,  (2.6)

where div“piT‘Pi = (8fiT,;‘;i), M‘pi(x‘pi) = (Ejklmfi), V¥ is a unit outer
normal to T (i =1,n).
Proof. Since the set Q¥ is open, for any point y¥ € Q¥ there exists

tetrahedron ) with vertex in y¥", which is located in Q¥', its faces, passing

through y#  are parallel to the coordinate planes and the normal of the
3

fourth face G is v = Z vie. Gy denotes the face orthogonal to er. From
k=1
the balance equation (2.1), letting D¥" = @, we have

(et s [ s
G
+ Z/tf (x¢i, _Sign(l/l)el)do"pi =0,

where k = 1,2, 3, sign(z) = 1, for z > 0; sign(z) = 0, for z = 0; sign(z) =
—1, for z < 0.

From the latter equality, applying mean-value theorem for integrals and
taking into account meas(Gy) = |vi| meas(G) (k =1,2,3) we obtain:

) 3 )
t2 (2, v) + > 1] (21, —sign(vy)ey) [v] | meas(G) <
=1
< sup |7 (2) + B (2) | meas(Q). (27)

where z, € G, 2z € Gy, k,l = 1,2,3, meas(G) denotes the area of G,
meas(Q) is the volume of Q.
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Let us tend the vertices of the face G to y”i. Since f7 Z, h;:z are bounded

and components of the stress-vectors tf (x‘ﬁi, v) are continuous with respect
to the first argument, then from the inequality (2.7) we have

) ) 3 . .
t9 (y  v) = = Yt (y¥, —sign(v)e;)sign(v)v. (2.8)
P

If in the latter equality we tend v to sign(vg)ex (k = 1,2,3) and take into
account continuity of ¥’ (z¥,v) with respect to the second argument we
infer that

%' (y“”i,sign(yk)ek) — (y“”i, —sign(vg)er), k=1,2,3,

and, due to (2.8),
t? (y?,v) = Zl/lt‘p (y¥ ,er), Yy € Q¥ v e s
=1

i

Thus, there exist tensor-fields T‘pi, ¢ (y¥)

(3

{T,fli(y“"i)}, i =1,.,n,
where the functions T,f;z 07 R, T,f; (y?) = tf (y“"i,el), k,l=1,2,3,
are such that

¥ (y¥ V) = Z Ty (y¥ )er =T¢ (v¥ v, Vy¥ € Q¥ v e S
k=1
Note that we prove equality (2.3) in the domain Q‘pi, but since £#' is

continuous on Q° x S, it is valid for all _acsoi €0 and v € S1. More-
over, continuously differentiability of £#" (ly‘pl, v) with respect to ¥  insures
continuously differentiability of T'¢" : 07 - R3S,

Applying Green’s formula, the last term in the balance equation (2.1)
can be written in the following form

/ twi(xs"i,u“”i)da%"i: / T‘Pi(:::‘?i)u“’ida‘f’i: / divWiT‘F’i(a:‘f’i)d:c“”i,
aD#! aD#* D¢t

whence T%' satisfies the equation (2.4) (i = T, n).
In order to establish (2.5), let us transform surface integral in the ba-
lance equation (2.2),

/ x? ANt?P (¥ ,v? )do? = / k105, {xk T (x¥ )} ejde¥ =
oD%’ D¢’
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B / ekt iy, (a7 )ejda?" + / ejuiry O, T, (z7)ejda?" =
D¢’ Det

= [ et @)esda” — [ ejunf (57 + b ) )ejdo
D¢ D¥

where 6y, is Kronecker’s symbol. Therefore, from the balance equation for
moments (2.2) we obtain

[ et @hae” == [ mf'@has, =123 =T,
D‘pi D(pi
hence,
¢! : ¢! N 8t _ L
€jklllzﬁllk1 (I“P ) +€jllk1Tk1l1 (xlﬂ ) - _m] (:U(p )7 j - ]-7 2737 1= 17n7

where k1,01 # j, k1,11 = 1,2,3, and summation over repeated indices is
not implied. From the latter equality it follows, that

T,f:ll(x‘pl) — Tl“f;l (z¥") = sjklllmfz(:cwl), Vi € Q7 i=1,...,n,
and the equality (2.5) is proved. The equation (2.6) directly follows from
the point a) of the Principle I and definition of the tensor T (z¥"). O

So, we obtain the equations (2.4)-(2.6) for static equilibrium of mul-
ticomponent mixture from an Eulerian point of view. In order to express
these equations with respect to the initial configuration let us consider Piola
transform of the tensors T% , M¥" and vectors f#', h¥", g¢'. Consequently,
we get the tensors T*(z), M*(z),

T'(x) = (det V' (2)) T (27 [Vep' ()] ' = ()
M'(z) = (det V! (z)) M¥# (2%)[Vep' ()] 7, ’

which we call the first Piola-Kirchhoff stress tensor and the first moment
tensor for i-th constituent respectively. Also, let us introduce the following
tensors

2i(2) = V' (2)] ' T'(2), 0'(x) = [Vg!(2)] ' M(z), 2% = ¢ (x),

and call them the second Piola-Kirchhoff stress tensor and the second mo-
ment tensor of i-th constituent with respect to the initial configuration.

The vector-fields corresponding to the densities of the body forces [l
h¢' : Q¢ — R3 transform into f?, A’ : Q — R?, where

Fi(x) = (det Vo' (2)) £ (2%"), hi(z) = (det V' (2))h#' ('),
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¥ = i(x), and density of the surface forces g“oi : F“fi — R? transform
into g* : T} = [¢'] (') — R3,

g'(2) = (det V'(2)) |[Ve'(2)] "] g7 (2#), 2¥' = ¢'(2) € T,

where v denotes the unit outer normal of I' at point = (i = 1,n). Note,
that the correspondence between f“al, h?', g‘Pl and ft, R, g' is such that
fidz = £ da¥", hide = h¥'dz¥", g'do = g*'do¥" (i =1,n).

Applying properties of Piola transform, we can obtain equations for
static equilibrium of the mixture with respect to the initial configuration.

Theorem 2.2. The equations of static equilibrium for multicomponent
elastic mizture with respect to the initial configuration are of the following
form:

—divT(z) = fi(z) + h'(z), VeeQ, (2.9)

T'(2)[Ve' ()] = Vo' (@) [T (2)]" = M'(2)[Ve'(2)]", VzeQ, (2.10)
T (z)v = g'(z), Veeli, i=1,.,n, (2.11)

where v is a unit outer normal to T'y. The system of equations (2.9), (2.11)
1s formally equivalent to the following variational equations:

/Ti  Veidr — /fi.gidx+/hi.gidx+/gi-gida, i=1,.m, (2.12)
Q Q Q F’i

for sufficiently smooth vector-fields £ Q — R?®, which vanish on T =
I\ (i =1,n).
Proof. As well-known Piola transform satisfies

divT'(z) = (det V' (2))div? T¢ (2¥'), Va¥ = i(z), 2 € Q,

and from the equations (2.4), (2.5) and definition of Ti, M, ', h' we
obtain (2.9), (2.10). Taking into account definition of g* and the property

of Piola transform T¥% v¥'do¥" = T'vdo, from (2.6) we get (2.11).
The equivalence stated in the theorem follows from Green’s formula
/divTi-gidxz/Tiu.gido—/Ti:vgidx, i=1,..,n  (2.13)
Q ri Q

Indeed, scalarly multiplying the both sides of the i-th equation (2.9) by

¢ (i = 1,n), which is equal to zero on I'}j, from Green’s formula (2.13)
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we obtain (2.12). Conversely, if €& = 0 on I, then from the variational
equations (2.12), applying (2.13), we have

—/divTi-gidx:/fi.gidwr/hi-gidx, i=1,..,n,
Q Q Q

whence (2.9) is proved. Furthermore, from the equations (2.9) and Green’s
formula we infer that

/Tiu Eldo = /gi Eldo, € #0onlY, i=1,..,n,
I‘Z

i 7
1 r 1

and, consequently, the equality (2.11) is proved. O

Thus, we have constructed general mathematical model of n-component
mixture in static equilibrium without any assumption on physical proper-
ties of the continuum. In order to determine the stress-strain state of the
mixture it is necessary to know the constitutive equations for the stress ten-
sors T, moment tensors M¥  and for the interaction forces h?" between
the components, which characterize the physical properties of the material.

Further we consider the so-called elastic mixtures, the stress tensors
of which depend on gradients of deformations. More precisely, there exist
response functions for the stress tensors of the constituents with respect to
the deformed configurations, such that

i

T‘Pi(x@i) = T; (x,VLpl(a:), ...,ch”(a:)) . af =i(x), i =

1,n.
’_ﬁi defines the mappings ’fi, 30 x RY3 — RS,
~1 ~1 _

T (z,F1, ..., Fy) = (det F;)Ty(x, Fy, ..., Fp)F; 7T, veen.

(@, Fy, ..., Fy,) = (det F))F; ' Ty(x, Fy, .., F ) F; 7,

F; € RY3, i = 1, n, which satisfy

T'(x) =T (2, V' (@), V" (), Veed i— T,
Yi(z) = 2 (2, V' (2),..., V" ().

TZ, 3" are called the response functions of the first and second Piola-
Kirchhoff stress tensors of ¢-th constituent respectively.

Therefore, stress tensors of the components of elastic mixture are uni-
quely determined by the mappings T; and, if they do not depend on = € Q,
then the mixture is called homogeneous.
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It must be pointed out that quantities, which characterize physical pro-
cesses are independent of the frame of reference. Now we formulate the
frame-independence principle for mixtures, but before note that rotation
of the deformed configuration and orthogonal transformation of the coor-
dinates are equivalent procedures.

Principle II. Let the deformed configuration 0" be obtained from

the configuration o by rotation, which is given by the matrix Q, i.e.
P = Qp', i = 1,...,n, Q € Oi. This rotation transforms the stress
vectors of the mixture in the first configuration to corresponding stress
vectors in the second configuration:

(@, Qu) = Qt7 (z¥',v), 2V =¢i(2), 2¥ = pi(x),  (2.14)

where z € Q, v € 5y, t¥" 0 x5 — R?", ' E 0% x S, — R3 are stress
vectors in the deformed configurations ﬁwz, o respectively (i = 1,n).

In the following theorem we formulate the necessary and sufficient con-
ditions, when (2.14) is fulfilled.

Theorem 2.3. An elastic mizture satisfies the Principle II if the re-

: 7o 3x3]" 3x3 -
sponse functions T z: (2 x [RJF } — R of the stress tensors satisfy the
following conditions for all Fy,...,F, € Ri”ﬁ?’, QecO0?,

Ty(z,QF1,...QF,) = QT,(z, Fy, ... F,)Q", i

Proof. From the condition (2.14) of the Principle II, we obtain
' (@, Qu) = T (a¥)Qu = Qt¢' («¥',v) = QT* (2*")v,

for all Q € O3, where v € S, T“"i, TV are stress tensors of i-th con-

stituent with respect to the deformed configurations §¢17 Qv respectively.
Therefore,

TV (z¥") = QT («*)QT, vVQe O3, i=1,..n.
Since ¥'(z) = Q' (z), then Vo' (z) = QV¢'(z), i = I,n, and taking into

account definition of the response function of the stress tensor we deduce,
that the mixture satisfies the Principle II if and only if

T; (:C, V'(ﬁl(.%), s v/l/)n(x)) = Tzl (%, QVgol(x), ceey QVLpn(x)) =
- QT, (2. V! (@), ., Ve (2)) Q7 VQe O}, i=1,..,n
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Note that for any matrix F'; € Rix‘g, there exists deformation goi, such that
V' = F;, whence the equivalence stated in the theorem is proved. O

From the latter theorem it follows that condition (2.14) of the Principle
IT can be expressed in terms of the response functions of the first and
second Piola-Kirchhoff stress tensors. More precisely, the condition (2.14)
is equivalent to

T'(x,QF\,..,QF,) = QT (v, Fy,...F,), VF,. . F,cR>3 QecO0?

>'(2,QF,,....QF,) =% (z,F\,...F,), VFy,..F,cR>3 Qec0?.

Now let us introduce the subclass of elastic mixtures, which are called
isotropic elastic mixtures. Let ¢ be a rotation of the initial configuration
Q around the point x € ©, which is given by the matrix QT i.e.

py)=2+Qzy, yeq,

xy is a vector with the origin in = and the end in y. Note, that the
deformed configurations ¢*(€2) can be considered with respect to new initial

configuration (). Then, instead of the deformation ¢ we have

1

Pr=ploptizep@) = p(z+Qxz), i=1,..n,

which are deformations too. In point 2% stress tensor is equal to

T (1%) = T (2,V@ (1), ... V" (1)) = Ty (2. Vo' (1)Q. .. Vo' (2)Q) .

Under the isotropy of the material usually mean that the reactions in all
directions are the same, i.e. T¢ (1:5"1) = T¢ (51:9"1), i =1,...,n. Thus, an
elastic mixture is called isotropic in point = of the initial configuration € if
the response functions of the stress tensors satisfy the following identities
for all Fy,..,F, € RY? Q€ 03,

T (2, F1Q, ... F,Q) = Ty(x, F1, ... Fy),  i=1,..n.

An elastic mixture is called isotropic if it is isotropic in all points of the
initial configuration. Note that the condition of isotropy can be expressed in
terms of the first and second Piola-Kirchhoff stress tensors. Particularly, an
elastic mixture is isotropic in point x € Q if one of the following conditions
holds:

Ti(xaFlQa 7F7LQ) = Ti(vala 7F'rL)Qa VFZ € Rixst € 03—71 = 17”7
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ii(waFlQa 7FHQ) = QTii(walv "'7Fn)Q7VFi6R1X37Q603-7Z’:11n'

It must be pointed out that the response functions of the stress tensors
of isotropic mixture depend only on special products of gradients of the
deformations. More precisely, the following theorem is valid.

Theorem 2.4. An elastic mizture is isotropic in point x € Q if and
only if there exist mappings

’f‘;(]},) F - R3X37 f:{{FZP}‘F’LP = F’ingF’iva € R?FX?)’ivp - 17“}7
such that
T (z,F1,...,F,) =Ty(z, F\FT, .. F\F' _ F,FT . F,FT),

for all Fy,...,F, e RY? i=1,..,n.

Proof. In order to prove the existence of the mapping T; it suffices
to show that T; depends only on FiFjT, i,j = 1,n. Let {Fy,...,Fy,},
{G,...,G,,} be such that FZF;‘F = GiG;‘-F, i,7 = 1,n. Hence F]TG]-_T =
F'Gi i,j=1,n.

Since F;F] = G;GY, then (F;'G;)(F;'G;)" = I and, therefore, the
matrix FZ-_IGZ' is orthogonal for all ¢ = 1,n. Furthermore, F{Gl_T =
F['G,=F;'Gy=.. = F,'G,, whence, for all i = T, n, we obtain:

T(z,F1,....F)=Ty(z, F{(F{'Gy), ..., Fo(F;'G)) =Ty(x, Gy, ..., Gp).

Now assume that there exist mappings JA"; with the properties stated in the
theorem, then

Tz, F1Q, ... F,Q) = Ty(x, F1QQ"F] , F1QQ"F}, ..., F,QQ"FT) =

= T (zx, F,FT, F\FT, .. F,FT) = T)(z, Fy,..,F,). 0

Note that if the response functions of the stress tensors of the con-
stituents satisfy more strict conditions

Tzd(xaFlQl?"anQn) = T;(xan "'>Fn)> VFZ S RZj_X?;, Qz € 03-7

i = 1,n, then the mixture is called strongly isotropic and the following
theorem is true.
Theorem 2.5. An elastic mizture is strongly isotropic in x € §) if there

exist mappings Tg(x, DE [Si}n — R**3 such that

Th(x,Fy,...F,) =T, F\FT, . F,FT), VF,eR>3 i=Tn.
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Proof. Let F;,G; € RY*® be such that F;F! = G;G] (i = 1,n).
Then (F;'G;)(F;'G;)T = I, and, consequently, F;'G; is orthogonal
matrix. Since det(F'; '@;) > 0, from the definition of strong isotropy, for
all i = 1, n, we obtain

Tz, F1,....F,)=Ty(x, FL(F{'Gy), ..., Fo(F;'G)) =Ty(z, Gy, ..., Gn).
Also, if T'y(z, Fy, ..., Fy) = Ty(x, F1FT, FoFY ... F, FT), then

T;(FlQla aFnQn) = Tji <$,F1Q1 ,{F,{77FHQnQ£F3‘;> =

—T'(z, F1FT, FoFL, . F,FT) =T\ (x, F1, ... F,). O

3. Boundary value problems for nonlinear elastic miz-
tures

In the present section we use notations of the section 2 and also apply some
known properties of the Sobolev spaces. Denote by W?4(D), p,q > 1, the
usual Sobolev space of order p with respect to LI(D), where D C R? is
a Lipschitz domain. In the case of ¢ = 2 the space WP4(D) is denoted
by HP(D) (H°(D) = L*(D)) and let HY(D) be the closure of the set
C3° (D) of infinitely differentiable functions with compact support in D in
the space HP(D). For the spaces of vector-functions we use the following
notations HY(D) — [HP(D)J, WP4(D) = [W"(D)J*, H(D) = [H}(D)}",
L?(D) = [LP(D)]?, p,q > 1. Also L% 5(D) denotes the set of tensor-valued
functions F : D — R3*3 such that each element Fj; belongs to L?(D) and

3
I1F sy = (3 1Bl

Let us consider two-component homogeneous isotropic elastic mixture
with the initial configuration © € R3, the boundary I" of which is clamped.
According to the Theorem 2.2 the stress-strain state of the mixture in static
equilibrium is determined from the solution of the following boundary value
problem

—div L)l (x)) = fli(z g
div (Vo' ()3 (2)) = f(2) + k' (2), ceo G
~div (Ve (@)D () = f2(2) + h2(x),

ul(z) = u?(z) =0, zel, (3.2)



AMI Vol.7 No.2, 2002 D. Gordeziani, G. Avalishvili

written in terms of the second Piola-Kirchhoff stress tensors, where we
assume that the densities of the external body forces f!, f2 with respect
to the initial configuration do not depend on the deformations ¢!, @? of
the constituents.

Since we consider the homogeneous isotropic elastic mixture, its Piola-
Kirchhoff stress tensors depend only on gradients V!, V? of the defor-
mations of the constituents:

Sl (@) = = (Vo' (2), Vi(2), Z2(z) = (V' (2), Ve (2)), z €0,

=1 &2
where 3, 3 satisfy conditions caused by frame-independence principle
and isotropy of the mixture

>Y(QF1,QF;) = £°(F,, Fa),

0w . VF,cR¥>3 Qe0?, a=1,2,
SY(F1Q, F2Q) = QTS (Fy, F2)Q. " -

1
Let us introduce a denotation E* = 3 ([V(,oa]T Vp* — I), a=1,2, and

~1 =2
assume, that the second Piola-Kirchhoff stress tensors X, X are of the
following form:

s (Ve!, V?) = {MtrE' + Astr B2} I+ 21 E' + 203 B + 50,
5% (!, Vip?) = {MtrE' + \otr B2} T+ 23 B' + 202 B — A5,

~ T T T
where 6 = [chl} V! + [V(,OQ} V? -2 [chﬂ V!, The interaction
force between the constituents of the mixture is given by

—hl=h’=7m= a2pp2 grad(trE') + %grad(trEl), p = p1+p2,

where grad denotes the gradient of the function, the parameters \s(s =
1,5), puk(k = 1,3), as characterize mechanical properties of the mixture,
p1, p2 are densities of the constituents.

Let u= (ul,u2)T, f= (fl,fQ)T and
A — ( —div {chl(x)zl(a:)} +m )
—div {V¢2($)22($)} —r |

For the Dirichlet boundary value problem (3.1), (3.2) formulated for
nonlinear model of elastic mixture the following existence and uniqueness
theorem is valid.
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Theorem 3.1. Let Q C R? be a bounded domain with boundary T = 0N
of class C*°, s > 3. If the following conditions are fulfilled:

21 aop2

p1 > 0,45 < prapia As € 0,05 = M = ag, M+ 5 - >0
2 a2 2 o 2 o

(/\3+u3_p1 2) <(A1+u1_pz 2><)\2+112+P1 2>’
3 p 3 p 3 p

then there exists a neighbourhood W* of 0 in [H*~2(Q)]? and neighbourhood
U? of 0 in the space

V() = {ulu € [H*(Q)], ulr = 0}
such that, for each £ € W?, the boundary value problem (3.1), (3.2)
Au=f{, (3.3)

has a unique solution u € U®.

Proof. As well-known, the Sobolev space H*({2) is a Banach algebra
if s > 2. Therefore, the nonlinear operator A maps [H*(Q)]? to the space
[H*2(Q)]? and is differentiable in Fréchet sense, since is a polynomial of
the third degree with respect to the partial derivatives of u' and u?.

Note that u = 0 is a solution to the problem (3.3), for f = 0 and,
hence, to prove the theorem it suffices to show that the operator A is
locally invertible in the neighbourhood of 0. Let A’(0) be derivative of A
in 0. Then

AOu=F fe[H Q)2 (3.4)

is the Dirichlet problem for the linear model of two-component elastic mix-
ture

—— Ul u?) — (~D)o7m(utu?) = f(x), zeQ

ul(z) = u?(z) =0, zel,

where a =1, 2,

a1y = (M€ + Aseimm )01y + 2ue); + 2puzef; — Asbyy,

oy = (/\46,14C + )\gefnm)élj + 2u3611j + 2#26123- + )\5513‘7

_ oopy ey, 4 Q2m derm e _ 1 <au,°; aul&)
 p Oz p Oz’ =9\ oz, " 0x )’
ot oul ou?  Ou?

0, =—L ——Lt4 L __—J ikilm=1,3.
L 8:61 8x]~+6x]~ 83:17 Jo st ’
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This problem, under the conditions of theorem, has a unique solution
2 _ 2 _ 2
u e [HjnHXQ)", for f € [L2(Q)]", and if f € [H%(Q)]", then
2
ue [HnH(Q)].
2
So, the linear continuous operator A’(0) : V(Q) — {HS_2(Q)} is a
bijective mapping. Due to open mapping theorem ([21]) linear continuous
bijective mapping from one Banach space to another is an isomorphism

and, therefore, A is locally invertible. O
Let us prove now that ¢® = id + u® : Q@ — R? o = 1,2, where
u= (ul, u2>T is a solution to the nonlinear Dirichlet problem (3.1), (3.2),
are deformations, i.e. det Vi@ > 0, a = 1,2, and are injective mappings.
Theorem 3.2. If all the conditions of Theorem 8.1 are fulfilled, then
there exists €5 > 0 such that for each £ € W?, Hf||[HS_2(Q)}2 < s, the cor-
responding % = id + u®, u = (u®) € U® satisfy the following conditions:

det V' () > 0, det Vi (x) > 0, Vz € Q,

©* : Q0 — R? is an injective mapping, *(Q) = Q, ¢*(Q) =Q, a=1,2.
Proof. According to the proof of the Theorem 3.1 the mapping W?* —
U® is continuous and since the space [H*(Q)]?, s > 3, is continuously

2
embedded in [Cl(Q)} , there exists e > 0 such that for any f € W?,

€] ggs—2(qy2 < €s, we have sup (HVul(x)H + HVUQ(JC)H) < 1, and, con-
€S

sequently, det Vip!(z) > 0, det V?(z) > 0, for all z € Q. Note that
p%(x) = id(x), x € T = 09, then from the latter inequalities it fol-
lows ([20]), that ¢*(2) = Q, *(Q) = Q and ¢“ is an injective mapping
(=1,2). O

So, the homogeneous Dirichlet boundary value problem for nonlinear
model (3.1) of elastic mixture locally in the neighbourhood of 0 in the space
[H?(Q))?, s > 3, has a unique solution, when the density f of the applied

body forces belongs to neighbourhood of 0 in the space {HS_2(Q)}2
Further we investigate the existence of the global solution to the Dirich-
let problem for nonlinear model of multicomponent elastic mixture, but
before let us introduce a new class of the so-called hyperelastic mixtures.
An elastic mixture is called hyperelastic, if there exist tensor-fields H* :
Q — R3*3 and the function W : Q) x [Riﬂ” — R, such that divH'(z) =

hi(z), forall z € Q, i =1,n, W(:Jc, F4, ..., F,) is differentiable with respect
to F; for all x € Q and

~ . oW
T'(a,F1,... Fo) + H'(z) = 5 (2, F1,.0 Fa), VF € RYS i=Ton,
1
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or

oW
O(F;) i

Th(z, Fu, ..., Fp)+Hi(z) = (z,Fy,...,Fy,), VF; e R¥? i =T n.

Consequently, the Dirichlet problem for hyperelastic mixtures can be writ-
ten as follows:
oW
OF;

—div (:E,Vgol(m), ...,ch"(x)) = fi(x), reQ, i=1,n,

ul(z) =...=u"(z) =0, x el =00

(3.5)

We say, that the external body forces acting on the mixture are con-
n n .
servative, if /Zfl(m)fl(x)dx = /Zfz (x,gol(x), ,cp"(x)) £ (x)dx is
o i=1 g i=1

Gateaux derivative of the functional F (3!, ...,9"),

P )€ ) = [ (), () €,
=1

Q

where £, 9" : Q — R3, i = 1, n, are sufficiently smooth vector-fields.
For hyperelastic mixtures the following equivalence theorem is valid.
Theorem 3.3. If the mizture is hyperelastic and applied body forces are
conservative, then the system (3.5) is formally equivalent to the equation
I'(@h, ..., ") (&Y, ..., &™) = 0, for any sufficiently smooth mappings €' : Q@ —
R3, i = 1, n, which vanish on the boundary T, where

1@ ) = [ W (2.V9 @), V" (@) d = P "),
Q

for any smooth enough mappings ¥° : Q@ — R3, i =1, n.

Proof. Since the applied body force densities f1,..., f* are conser-
vative, it suffices to find Gateaux derivative of the first addend (which we
denote by f(wl, ..., ™)) of the functional I(v!,...,4™). For any sufficiently
smooth vector-fields &' : @ — R3 (i = I, n), we have

T+ € 4 €7) = T p™) = [ [V (2,981 () + V€ @), .

Q

V" (z) + VE (@)~ W (2, VY (), .., V" (z) ) | dz = /znj gif (2,
Q =1
V'l (z), ...,V'(bn(m)) . VE' (x)dx + /0 (:L',VEl(:U), ...,VE"(Q:)) dz.
Q

o7
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From the latter equality it follows:

I'@pl ) (€)=

Y (@), .., VY (2)) : VE (2)da

if in the space of mappings (¢!, ...,9") : Q@ — [Rﬂn is introduced the

norm ||.||*, such that the linear form

"8W

7 75 aF

L), ...,V'l,b"(x)) : VE (x)dx

is continuous and /0 (w,Vﬁl(x), s Vﬁ"(x)) dxr = o (H(fla aﬁn)”*) :
Thus, N

n

I @) €)= [ 3 (T (5, V6! (@), V" (@) +
Q =1

+H2(:L’)) x)dx — /zn:f s @"(m)) ¢ (x)dx
i=1

for any sufficiently smooth vector-fields &° : @ — R3 (i = 1, n) and applying
Theorem 2.2 we obtain the assertion. O

Note, that the point of local extremum is a stationary point too and,
consequently, from Theorem 3.3, we deduce that sufficiently smooth map-
ping, which is a solution to the following minimization problem

I(p', .., = inf  I(',..,¢"),
(P ™) e (™)

> = {(q,z;l,...,qp”) |9 :Q—R3 ¢pi=id onl, i= 1n}

is a solution to Dirichlet boundary value problem (3.5).

So, the boundary value problem (3.5) for nonlinear model of hyperelas-
tic mixture we have reduced to minimization of the functional I. In the
case of a single continuum the method of investigation for such type prob-
lems was proposed by J. Ball ([22]). On the basis of the results obtained
in [22] we generalize the methodology of J. Ball for multicomponent hyper-
elastic mixtures and obtain the existence of the solution of corresponding
minimization problem, but before we formulate auxiliary theorem, which
follows from Lemma 6.1 and Theorem 6.2 of [22].
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Theorem 3.4. Let Q C R3 be a bounded Lipschitz domain. If Pl e
WLP(Q), CofVap' € Li (), then detVeyp' € L¥(2), where p > 2, s7' =
p ' +q¢ ' <1,i=T1,n, and the mapping

(wl, o, ", Cof Vbl ...,Coszp") — (det Vap!, ..., det V™)

18 continuous. Moreover, if

1 n 1 n n
(et~ (5 ) sty (W] 2
(COfV‘P%a ---,COfv‘P?) — (G1,..Gn)  weakly in [LE . ()]",s > 1,
(det Ve, ..., det Vgo?) — (815, 0n) weakly in [L"()]",r > 1,

ast — oo, then G; = CofV', §; = det V', i = 1, n.

We now establish a result on the existence of global solution to nonlinear
problem (3.5).

Theorem 3.5. Let Q C R? be a bounded Lipschitz domain and function
W:Qx [Rixgr — R satisfies the following conditions:

a) for almost all x € Q, there exists the convex function W(x,.) :
{R?’X?’}n X {Rgxﬂn x (0,+00)™ — R such that for all Fy,...,F, € R,

W(x,F1,...,F,) =W(x,Fy,..., F,,CofFy,.., Cof F,,det F1,...,det F,;).

The function W (., F1,....,Fy, Gy, ..., Gp,01,...,0p) : Q@ — R is measurable
for any F;,G; € R¥3, §; € (0,+00), i = 1,n;
b) for almost all x € Q,

Wz, F1,...,F,) — 400, if det Fy — 0%, for somei=1,n;

c) W s coercive, i.e. there exist constants o > 0, 3 € R, p > 2,
q>p/(p—1), r>1 such that for almost all x € Q and for all Fy,...,F,, €
Riw the following inequality is valid

W (z,Fy,.... Fr) 2 o) (| Fill” + [|Cof Fi||* + (det F)") + 3.
i=1

The set of admissible deformations denote by
D={U=(y',... 9" € [W'P(Q)]"|Cof Vip' € [LY, 4 ()", det Vo' € [L" ()],
Pr=.. =" =1id a. e. onT, det Vap' € (0,+00) a. e. in Q}
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Assume that the vector-functions ' : Q — R3 (i = 1,n) are such that the

n

linear form L : ¥ € [WhP(Q)]" — L(W) = [ f'4p'dz is continuous.
=1

Q=
If inf I(¥) < +oo, I(¥) = [W(z, V! (z), ..., V™ (z))dx — L(V), then
Q

there exists ® = (', ..., ") € D, which minimizes the functional I on the
set of admissible deformations I(®) = \ﬁg%[(@)

Proof. First let us prove that the function W (z, Vo' (z), ..., V" (z))
is integrable in Q for any (v, ...,4") € D. Indeed, from the point a) of
the theorem it follows that the function W(z,.) : [R3X3}n X {RSX?’T X
(0,+00)" — R is continuous, since it is convex and is defined on the
open set of the finite dimensional space. For any (F'y, ..., Fy,, G1, ..., Gy, 01,
w0n) € [RPP]" x [R33]™ x (0, +00)" the function W (., Fy, .., F,, Gy,
oy Gp,y 01, ., 0) :  — R is measurable and [R?’Xﬂn X {R3X3}n X (0, +00)"
is Borel set, hence the function W : {R3X3}n X {R‘gxﬂn x(0,400)" = R
is Carathéodory function and, consequently, the function W (x, Vap!(z),
V' (z), CofVpl(zx),..,CofVyp"(z), det Vip!(z),...,det Vap™(z)) is
measurable for any (¢',...4") € D. From the coerciveness inequality
we infer that W is bounded below, whence I(3!,...,9") exists for all

(..., 4p") € D.

Since the function W is coercive and form L is continuous, we have:

() > QZ/ (IV 7 + | Cof Va4 + (det Vo)) dar+
+pmeas() — cr [V wipyr, V¥ €D.

Therefore, from the condition ' = ... = ¥" = id on T, it follows, that
there exist a3 > 0 and ¢; € R such that for any ¥ € D,

I(v)> alz(H@bi||%V1,p(m+||CofV1,bi H‘igxs(m—l—(det V@bi)zr(m) +c1. (3.6)
i=1

In order to prove the theorem, let us consider the sequence {®;} C D,
which minimizes the functional I, i.e. tlirn I(®)) = \Ii;n%I(\Il)'
— 00 €

According to the condition of the theorem \Iiln% I(¥) < +o0 from (3.6)

€
we have, that (go,}, oy P, Cof V!, ..., Cof Vil det Vepy , ..., det ch?) isa
bounded sequence in the reflexive Banach space {Wl’p (Q)] " x [Li . (2)]" %

[L"(Q)]" . Consequently, there exists the subsequence (c,otl1 soer 1 Cof Vepy
..,Cof Vi, det V‘Ptlv ..., det Vi ), which weakly converges to (cpl,..., ",
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G1, -y G, 01, oy 0) in the space [WP()]" x [LE,5()]" x [L7(@)]",

and, due to Theorem 3.4, G; = CofV', §; = det V', i = I,n. Thus,
there exists the sequence {®y, }, such that for t; — oo,

(w%l,--~,<pﬁ) — (cpl,.--,cp”) weakly in [W1P(Q)]",
(Cof Ve, ... Cof Ve, ) — (Gi,.... Gp) weakly in [LE,5()]", (3.7)
(det Vepl,, .., det Vgl ) — (91,..,0,)  weakly in [L"(Q)]".

Let us prove that (cpl, e cp") e D. It suffices to show that det V' €

(0, 4+00) almost everywhere in Q and ¢’ = id almost everywhere on I
(i = 1,n). The second assertion directly follows from the compactness of
the trace operator tr : WhP(Q) — LP(T') and, hence, we have to prove the
validity of the first one.

Applying Mazur’s theorem ([23]), from the third condition (3.7) we
obtain, that there exists a sequence of linear combinations of (det ch%l,...,
det Vo7 ), which strongly converges in the space [L"(£2)]", i.e. there exists

i)
Jt) =t 0 < s <), AL 20, 3 N =1,
s=t1
(1)
dh =Y Al (det V!, ..., det vcp’;) - (det Ve, ..., det ch")
s=t1

strongly in [L"(Q)]", as t; — oo.
Consequently, there exists subsequence {d"2} of {d"'}, such that

J(t2)
Z A2 det V! — det V' a. e. in (, tg — 00, i = 1,n.

s=to

Since det V¢! is almost everywhere positive, then det V' € [0, +00) al-
most everywhere in €.

Suppose, that det Ve = 0 on the subset A of the domain © with
positive measure meas(A®) > 0, 1 < iy < n. Then, from the third condition
(3.7) and det chi(l’ € (0,4+00) a. e. in A", we infer, that

/ [det Vepi2 ()] dr = / det Vel (z)dx — [ det Vpi(2)dz = 0,

Ao A0 Ao

whence det chi? — 0 strongly in L'(A%), as t; — oo. Hence, there exists
the subsequence {®¢,} of {®;, } such that

det chig —0 for almost all z € A, as t3 — oo.
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As we have pointed out above w,(x) = W (x,thtlg(x),...,Vgog(az)) is
measurable function and wy, > 3 for all 3, hence, according to Fatou’s
lemma

/ lim infwy(x)de < lim inf [ w,(x)de.

t3—o0 t3—o0
Ao

Taking into account the point b) of the theorem we obtain

lim infwy,(z)= lim Wz, Fy,...,F,) = +oo

tg—o0 det Fio"0+

for almost all z € A%, and, therefore,

lim / Wy, (x)dr = lim W (w, Vi, (),.... Ve, (m)) dx = +00.

tz3—00 t3—00
Alo

The latter equality is in contradiction with the conditions of the theorem,
since

[ (e < 1(81,) = Bmeas(DA®) + i [0, | wr e

Ato
lim I(®4,) = inf (V) < +oo and weakly converging sequence {®,} is
t3—o0 veD

bounded. Thus, meas(A®) = 0 for all igp = 1,...,n, and, consequently,

o= (¢',...¢") €D.
In order to prove that ® minimizes the functional I let us show the
validity of the following inequality:

t1—00

/W(m,wl(x),...,v "(2)) de< lim inf [ W (z, Y}, (x), ., Vigh ().
Q Q

Hence, we have to prove that for each subsequence {®;, } of {®, }, for which

the sequence {fﬁv/ (z, Vi, (2),.... Vel () dx} converges, the following
Q

inequality holds

t4—>oo

/W (:c, Vel(z), ..., ch”(:v)) dr < lim /W (m, Vgot14(1:), vy chﬁl(:v)) dx.
Q

From (3.7), applying Mazur’s theorem, it follows that for each ¢, there
exist natural numbers j(t;) > t4 and real numbers u', t; < s < j(t4) such
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J(ta)
that ' >0, Y plt =

s=ty
J(ta)
D" = %" ult (V®,, Cof V&, DetVe,) —

s=tq

— (chl, ., V", Cof V!, ..., Cof V", det V!, ..., det ch") )
strongly in [LP(Q)]" x [Li,5(Q)]" x [L"(Q)]", as t4 — oo,

where V&, = (V! ..., V"), Cof VO, = (Cof V!, ..., Cof Vip?),
DetV®, = (det Vel ....det Vo?).
Therefore, there exists the subsequence {D%} of {D} such that

i(ts)
3 ubs ), Cof V&, (z), DetVd,(z)) — (Vep! (), ..., V" (x),

s=ts
Cof V! (z),...,Cof Vi (z), det Vol (z), ..., det ch”(x)) ,

for almost all z € Q, as t5 — cc.

Since the function W (z,.) is continuous on {Rg’xﬂ " x {Rg’xg} "x (0, +00)"
and det V'(z) € (0,+00) for almost all z € Q (i = I, n), we have:

W (2, V®(z)) = Jim W ( Z 1l (V@,(z), Cof Vb, (), DetVCDS(:U)))

for almost all x € Q). From the latter equality, applying Fatou’s lemma and
taking into account convexity of W (z,.), we obtain:

t5—00

/ W (z,V®(z))dz < lim inf W( Z 1l (Vd,(z), Cof Vb, (),
Q

s=ts
i(ts
DetV®g(z))) dx < hm inf Z uh /W z, Vel(z), .. ,ch?(x)) dx =
s=ts
:t}Enoo/W x,Vgot4(x),...,cht4(a:)) dx.

Due to weak convergence of the sequence {®,, }, we have that L(®) =
tlim L(cp%l, .., oy, ) and, consequently,
1—00

I(gol,.. , ) < }gnoomfl(gotl,. ,go?l) :\Iijrel%l(\ll).
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Since ¢ = (cpl, . cp”) € D, from the latter inequality we deduce, that ®

minimizes the functional 7. O
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