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Abstract

In this paper we construct the martingale measures which minimize
the relative entropy and reverse relative entropy with respect to a refer-
ence measure P in trinomial scheme. We also find the martingale measure
which minimizes p-divergence distance defined by convex function ¢ and
includes relative entropy and reverse relative entropy as special cases of
p-divergence.
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In this paper we investigate the problem of finding the optimal mar-
tingale measures for the trinomial scheme. In section 1 we consider the
problem of finding the minimal relative entropy martingale measure. In
section 2 we studied the same problem for reverse relative entropy and in
section 3 we investigate the general problem of finding the optimal mar-
tingale measure in the sense of minimal ¢-divergence distance including as
special cases the problems which are studied in the sections 1 and 2. All
results are obtained by using the optimization method under constraints
based on Lagrange multipliers.

Let us consider a real valued process S = (Sp, Fpn),n = 1,2,..., N,
on the filtered probability space (2, F, (F)n>0, P), such that

Sp = n—1(1+pn)a (1)

where Sp > 0 is deterministic, (pp)n>1 is the sequence of independent
identically distributed random variables that take only three values a,b, c
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with the probabilities p,q and r respectively, p + ¢ +r = 1. We assume
that a <b<cand -1 <a<0<ec

Such scheme is known as trinomial scheme.

Here the reference measure P is defined by p,q, and [ on Q = {a, b, c}".
The measure @ is a martingale measure for S if @) is equivalent to P and
S = (Sn,Fn),n =0,1,...,N, is a martingale with respect to this measure.
The martingale condition

EQIAS, | Fne1] =0

implies that
ap+bg+cr =0 (2)

and the class of martingale measures M (P) for S, which preserves i.i.d.
of (pn), n = 1,...,N, is defined by p,q,7 and satisfies the equation (2),
p=Q(p; =0a),d=Q(p; =b),7=Q(p; = ).

It is easy to see, that density dg = Zn(p1,p2y -y pN), Q € M(P) has

the following form (I(A) is the indicator of A):

p
ZN = ZN(p1, P25 - PN) = H(El(pk =a)+

where ~ ~ ~
_P _ q _ r _
& ="1(pr = a) + ~I(pr =b) + —I(pr = c). (4)
p q r
Note, that &,k = 1,2,..., N, is the sequence of independent identically
distributed random Varlables that take only three values 2 > §’$ with the

probabilities p, g and r respectively and E&, =1, EZy = 1.

1. The relative entropy I(Q, P) of the probability measure @ with
respect to the probability measure P is defined as (see for example [1], [3])

Ep[®indd] ifQ << P
1(Q,P) =

400, otherwise.

It is well known, that 1(Q, P) = 0 if and only if Q = P.
The minimal entropy martingale measure is the measure Q*, for which

I(Q*,P)= min I(Q,P).

QeM(P)
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The concept of relative entropy is also known as Kullback-Liebler infor-

mation number.
In our case, using the independence of & and the equality F&, = 1, we

have (we use E for Ep)
N

N N
1(Q,P) = EZyinZy = E[[] &in [ & = EI]] &(n&1 + In& + ... + Inén)] =
k=1 k=1 k=1
N N N
H &)in&1) + E[(]] &)in&a] + ... + E| H &k)InéN] = H&c JSULSIES
k=1 k=1 k=1 k#1
H Ek)&2lnbao] + ... + E H k)ENInén] = H AIASUIIIES
k;é2 k#N kyél
N
H &) ElGalngs) + ... + B[ [] &)Eleninen] = H E&)ElGin& ]+
k#2 k#N k#1
N
H E&ElIn&] + .. + [ [[ E&IEEnInén] = E[&1Iné1] + Eléalnéo)+
k#2 kAN
E[¢nInén] = NE[§11n].
Note, that
Blaing) = plin® + ¢dind +rlin” =
p D q dqg r.r
gin +gn? +7.m”
p q r
and - 5 N
_ D G, T
EZNInZy = N <pln + gln=+17- ln) . (5)
b q r
Denote
3,3, 7) = pinE + gind + 7 1n”,
b q r
o(p, G, 7) = ap + bq + cr,
and

The problem of finding the minimal entropy martingale measure Q*
I(Q*, P) = mingep(p) I(Q, P) is reduced to the minimization problem of
f(p,q,7) under conditions
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¢(P, ¢, 7) = ap +bq + cr =0,
V(P ¢,7)=p+q+7—1=0.
Lagrangian has the following form
O(p,G,7) = pinl + GnL + 7 In"+
p q r
Map+bG+cr) +p(p+q+7—1).

From the optimality conditions

op ’ aq ’ or ’
we obtain
p _
lng—i-l—i-)\b—i—u:O, (7)
T
ln;—%—l—l—)\c—i—u:(), (8)
and we also have
ap + bq + cr =0, (9)
p+q+7r—1=0. (10)
From (6),(7), and (8) we have
p = pe” Prterh), (11)
G = ge” A0t (12)
7= re”(etptl), (13)
and if we insert these equations in (9), we get
ape % 4+ bge ™ 4 cre™ = 0. (14)

Consider the function g(z) = ape™* + bge™b* 4 cre¢*. Then ¢/(x) < 0 for
all z. Further, lim,_,1o0g(z) = —o0 since a < 0, and lim,;—,_g(x) = 400
because of ¢ > 0. So, it follows, that there exists a unique A, which satisfies
(14).
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From (10), using (11)-(13), we can determine g,

= In(pe ™ + qge N 4 re™) — 1, (15)
where X is the solution of equation (14), and then we can determine p,q
and 7 from (11)-(13).

It is easy to check that the Hessian matrix (see [5], p.148) is positively
defined for our Lagrangian and therefore, (p,q,7) is a point for which it
takes minimum.

Now we can find the density for minimal entropy martingale measure

QF,

From (4) using (11)-(13) we obtain
& = e~ Qi () = q) + e~ NoFuHD (g = b) + e~ Ot [ (p) = ¢) =
e W[ (p = a) + e M I(pp = b) + e (o = ¢) =
e~ (ut1) g=Aal (pp=a)+bI(pp=b)+cl(pp=c)] — ce=Ark,

where ¢ = e~ (#+1),

Since pj = ?S

§p = c-exp{— AASk
Sk—1

}-

Density Z3 has the following form:

ASk
Sk —1

Zyn =c-exp{— )\Z

We can write the minimal entropy martingale measure also in the dif-
ferent form.
From (6) and (7) we get

InZ — Ind
= p q
b—a

and from (6) and (8) we have

c-lnB —a-Int
P T

W= — 1.
a—c
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After the substitution A and p in (6) we obtain
~\b—c s=\c—a ,x\ a—b
GGG =
p q r

(a—c)p+ec (b—a)p—1>
c—b c—b

and finally for determination of p we have the following equation
P\ (la—e)p+e\ T (b—a)p— b\
L4 =1. (17)
p q(c—10) r(c—b)

(b—a)x—0
r(c—10)

From (9) and (10)

j= . F=

Denote

(a—c)x+c

flz)=(b— c)ln}—? + (c—a)ln =)

+ (a —b)in

On the interval (%, Cfcb) of determination of f(x) the derivative f/(z) <
0, since b—a > 0 and a—c < 0. Note, that limmﬁ = —i—oo,limxTcch = —00.

Therefore, the equation (17) for the determination of p has a unique
solution.

Thus we proved the following

Theorem 1. The minimal entropy martingale measure Q* for trino-
mial scheme (1) is unique.

1. Q* is determined by p*,q* and 7, which have the form

p~* _ pe—(Aa—l—;H—l)’
q~* _ qe—(/\b-i-u-i-l)’
# — pe—Octutl)

where \ is a unique solution of
ape™* + bge N + cre ™ =0
and

1= Inpe " + qge ™ 4 re™ ] — 1.

The density Z3 = % has the following representation

33



AMI Vol.7 No.2, 2002 0. Glonti, L. Jamburia, N. Kapanadze ...

N
AS;
Zy =c-exp{—-XY —1}
N p{ 192::1 S
where
¢ =e W),

II. QF is determined by p*,q" and 7, where p* is a unique solution of
the equation

() () () -

and

Remark. The result of part I of Theorem 1 for the case N =1 can be
found in [1] and corresponds to general result of M.Fritelli for real adapted
stochastic process X with discrete time ([1], see also [3],[4]). M.Fritelli has
established, that

dQ*

N
p = exp{d  HpyAXy},

k=1

where H is a predictable process and c is normalizing constant. In our
situation, as it is obvious from Theorem 1

A
c=e WY and Hy = — .
Sk—1
Example 1. Consider the symmetrical case: a = —a,b = 0, ¢ = « with

a > 0. It follows from Theorem 1, that

]55: VDT q~s: q 7= VDT )
2./pr+q’ 2./pr +q’ 2./pr +q

2. The reverse relative entropy I"(Q, P) of the probability measure @
with respect to the probability measure P is defined as (see for example

[2])
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Ep[-In%2), if Q<<P
I'(Q, P) =

400, otherwise.

The reverse minimal entropy martingale measure is the measure Q* for
which

Q" P)= min I'(Q,P).

QeM(P)

For our trinomial scheme (1) we get

2

I'(Q,P) = E[-InZy] = zn]'[gk Z [In&] =

—NE[In&] = — [pln;o + qlna +r- ln;].
Consider the minimization problem of reverse relative entropy among

all martingale measures ) € M (P).
Now the Lagrangian has the following form

p q r

Map+bG+cr|+pp+Gg+7—1]

and from the optimality conditions

00347 _ 00(p.47) _, 9.4 _
op ’ oq ’ or ’
we have
p
—=+Xa+p=0, (18)
p
—%+)\b+u:0, (19)
r
—;—&-/\c—i—u:O. (20)
From these three conditions and from
ap + b+ ci =0, (21)
p+qg+7r—1=0, (22)
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we can determine p, q, T, p, A.
From (18)-(20) we have

p="
Aa+ p’
~ q
= 23
= (23)
AT
YR

Rewrite (18)-(20) in the following form

Aap + up = p,
Abq + pq = q,
Acr + ur =,

and after summation
Map+bg+cr)+up+q+7)=p+q+r.

Using (21) and (22), we obtain

w=1.

Then we substitute (23) with ¢ = 1 in (21) and obtain the following
equation for the determination of A

ap bq cr
=0
VIS B VIS B Vg

We consider this equation on the interval —% <A< —%, because in this
case p > 0,q > 0,7 > 0.
Let

(24)

ap bq cr
+ + .
za+1 ab+1 x2c+1

G(x) =

Then on the interval (—%, —%)

2 b2 2r
G(z)=——0l 0
(z) (za+1)2  (zb+1)2 * (zc+1)2 <

for all z. Further,

lim G(z)=—o0

T——=
a
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and

since a < 0 and ¢ > 0.

So, it follows, that on the interval —% <AL —% there exists a unique
A, which satisfies (24).

The equation (24) is equivalent to the following quadratic equation

Mabe + Apa(b+ ¢) + gb(a + ¢) + re(a + b)] + Epy = 0. (25)

It is clear, that on the interval —% <AL —% this quadratic equation has
a unique solution.

Thus, the following theorem is valid:

Theorem 2. The reverse minimal relative entropy martingale measure
Q* for trinomial scheme (1) is unique and is determined by p*,q* and 7*,
which have the form

VL
- T
e+ 1

ot

where X € (=1, —1) is the unique solution of the equation (24).
Example 2. Consider the case, when a = —a,b = 0and ¢ = «, (a > 0).
From (24) we have

A2 (p+7r)+Ep =0
and since
Epy = a(r —p),

the representation of A is the following

_ (r=p)
afr+p)
Then from (25) we have
5= ITP G and 7:_7“—|—p
b= 5 q9=4q T 9
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3. Let ¢ : (0,00) — R be a convex function. Then the p-divergence
distance between Q and P is defined as

/ ¢(§—g)dP, if the integral exists,
1,(Q, P) =

400, else,

where ¢(0) = limy o ¢(z) (see [2]).

Assume that ¢(x) satisfies the following conditions:

(A) limg o ¢ (z) = —o0;

(B) E¢(ZNn) = NE@(Z1).

Note, that the both of cases considered above (¢(x) = zin(z), p(z) =
—In(z)) and also the well-known symmetric divergence distance with p(z) =
(x — 1)In(z) satisfy the conditions (A) and (B).

The minimal (p-divergence distance martingale measure is the measure
Q*, for which

1,(@" P) = min_ 1(Q,P).

Using (3), (4) and (B) we have

Iso(Q,P):N{w <§>p+s0<z>q+go<i> r].
f(ﬁ,df)st(;;) -l-sO(g)q—i-cp(i)r.

So, the problem of finding the minimal p-divergence martingale measure
Q* is reduced to the minimization problem of f(p,q,7) under constraints:

Denote

ap + b + ¢ = 0,

p+i+i—1=0. (26)

Lagrangian has the following form
NG q 7 o
O(p,q,7) = (p) P+ (q> q+e <r> r+Aap+bg+cr)+u(p+q+7—1).

From the optimality conditions

o _ 0% _ 0 _

e

we have
gp’(%)+Aa+u=0,g@’<g)+)\b+uzoa<ﬂ/ <§)+>\C+H:0~ (27)
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From (27)
(B _ (4
ORI
b—a
Using (26) we have
__(a—cp+c
— 2
q p— (28)
and therefore,
1 (B _ o ((la—c)p+c
= ¥ (p) ¥ ( q(c—b) ) (29)
b—a '
From (27)
1 (P _ /(T
-
a—c
and from (26)
_ (a—b)p+b
po 02 OPED (30)
S0,
p (a—b)p+b
o (8) - o¢ (525°)
= . 31
[ p— (31)

After substitution A and g from (29) and (31) in the first equation of (27)
we get the following equation for determination of p:

Let us show that this equation has a unique solution. Consider the function
T a—c)z+c a—b)xz+b
g(@) = (b= )¢’ (£) = (a— o)’ (“G25<) — (b — )¢’ (“257),

b c
xe(maa)-

From definition of ¢ and (A) we have

lim ) = +00, lim ) = —o0.
xlb/(b—a)g( ) mTc/(c—a)g< )

Further,

g (z) = b;Cgp” (%) _ gtzc*fgj o ((a(;(g)jic) _
—ee (Gas)

and, hence, a < b < ¢ and ¢ is a convex function, ¢'(z) < 0. It follows that
there exists a unique p, which satisfies the equation (32). So, ¢ and 7 are
also determined uniquely from (28) and (30).
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It is easy to check that the Hessian matrix (see [5], p.148) is positively
defined for our Lagrangian and therefore (p,q,7) is a point for which it
takes a minimum.

So, we have proved the following theorem:

Theorem 3. Let ¢ : (0,00) — R be a convex function and (A), (B)
are fulfilled, then there exists a unique minimal @-divergence martingale
measure Q* for trinomial scheme (1) which is determined by p*, ¢* and 7*,
where p* is the unique solution of the equation

0-0¢ (Z) - e-0p (o2 — -y (222D o,

q(c—b) r(b—rc)
on the interval (32, -%) and
~x a—cﬁ*—i—c ~% ~x ~%
qzi( b) , T=l-p =g
—a

Remark 1. From Theorem 3 in case when p(x) = xzin(x) as a conse-
quence follows the result of part 11 of Theorem 1. When ¢(z) = —In(x)
from Theorem 8 follows the result in the different form than the result of
Theorem 2.

Note, that the trinomial scheme (1) is popular model for description of
the evolution of a stock price. The trinomial financial market in contrast
to binomial is incomplete market with many martingale measures. Here
we do not give the application of our results in finances. The problem of
valuation of contingent claims and hedging we will consider in future.
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