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Abstract

In the paper, the necessary condition of the optimality for an optimal control prob-
lem for Helmholtz equation with non-local boundary conditions has been obtained.
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1°Most processes encountered in practice are controlled and consequently
it’s important to obtain the optimal variant for their realization in the
certain sense.

In the paper the optimal control problem for Helmholtz equation with
non-local boundary conditions and nonlinear functional is considered. The
first basic paper about the problem with nonlocal boundary conditions
was published by Bitsadze and Samarski in 1969 [2]. Then this problem
was generalized and investigated by Gordeziani, Skubachevskii,Sapagovas,
Paneyakh, [4],[5],[19],[18],[14]. Many interesting works are already devoted
to these issues [6],[7],[8],[13].

Following the Plotnikov scheme [15],[16], the necessary conditions of
the optimality for the optimal control problem for the system of the first
order quasi-linear differential equations with the Bitsadze-Samarski bound-
ary conditions and the necessary and sufficient conditions of the optimality
for the optimal control problem for Helmholtz equation with the Bitsadze-
Samarski boundary conditions with a quadratic functional have been ob-
tained in [11],[3].
2° Statement of the problem. Let D be a rectangle D =[0,11] x [0, 9],
I" the boundary of the rectangular domain, v = {(l1,y) : 0 <y < Iy} and
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vi ={(&,y) : 0 <y <ly},i=1,n, & - the fixed points of interval |0, [, V
some convex subset in R and U,y the set of control functions v: D — V|
v(z,y) € La(D), v is a control parameter from V', the set V' is the control
domain.

Let Lo(D,w) be a weighted space with the real functions defined on D
with the norm:

1/2

— . 2
iy = | [ @) dndy |
D

where the weight function w () =1 — x.

The weighted Sobolev space W& (D,w) is a linear space of the func-
tions u (x) given on D, whose derivatives (in a general sense) D*u of the
order |s| < k belong to the space Lo(D,w). Let us introduce the norm

. 1/2
2
ullyws (pw) = <E |U|W2?(D,w)> ; where |u|W1(Dw) = ¥ [|ID*ul (D) )

|s]=1
We (D,w) = Ly (D,w) [10].
Let’s define the subspace of the space W21 (D,w), which is obtained by
closing the set

we € (D) : suppu ) (T\y) = 0

u(l1,y) Zaz &,y), 0<y<l

1
in the norm of the space Wi (D,w) and let’s denote it by I/?/Q (D,w). Let

£ 1
us W3, (D,w) =W (D,w) N W3 (D,w) [1].
Let us consider the non-local boundary problem for Helmholtz equation
[18] for each fixed v(z,y) € Uyq in the domain D [2]:

0%u 0%
@ﬁ—a—yQ—qu—a(x,y)v(x,y)—l-b(m,y), (x7y)€D7 (1)
u(z,y) =0, (z,y) €T\ v,
u(ly,y) Zoz wény), 0<y<ly (2)

n
where a € Loo(D),b € La(D), 0<q, 0< ) 0;<1,0;=const>0.
i=1
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The solution of the problem ( ) exists and is unique and belongs to
Sobolev space WQQ* (D,w) [1].
Let us consider the following functional:

= / '/F(x,y,u,v)d:vdy. (3)
D

Let the real function F(zx,y,u,v) be continuous and continuously dif-
ferentiable with respect to u, v, and belong to the space Lo(D), (x,y) € D.

Let us formulate the following control problem: find the function vy,
whose corresponding solution wug of the boundary value problem (1),(2)
together with results in minimal value functional (3). Hence, the obtained
pair (ug, vp) is called optimal [17].

We obtain the necessary conditions of the optimality using the scheme
developed in the work [15],[16].

Let vg € Uyq be an optimal control, and v, € U,y an arbitrary permis-
sible control, v. = vy + €dv, where é6v € Uyg , € > 0 for € < eg. Let ug, u,
be the corresponding solutions of the problem (1)-(2). Let us introduce the
notation:

ebv = v —vg, €du = us: — ug.

Then we obtain the following problem:

[82615 0%6u

o+ o —ab] e =atwete,  @weD. @

ebu(z,y) =0, (z,y) €T\ v,

55“’ l17 20255u gz; ) 0 < Yy < l2-

Let ¥ # 0,9 € WZ(D \ 'L_Jl ;) N W4 (D). Multiplying equation (3) by

and integrating over domain D, the following equality is obtained:

826u 0?6u B
/ /w [ — q6u} edxdy = '/D'/a(x,y)w(m,y)sévdxdy.

8 9.2
(5)

The increment of the functional (3) with fixed vy, ve is:
01 = I(0) = 1(w) = [ [ [Fle,,e,00) = F(o.y,u0,00)] dady

68



The Necessary Condition of the Optimality for... AMI Vol.4, No.1,1999

/ / [ n)6u +—( )54 dudy, (6)

where n = (z,y,up + Ocdu,vg + 0eév), 0<6 < 1.
From the relations (5),(6) we obtain the following expression for the

increment:

2 2
6[-//¢J:y [%6; 86u q6u}€dxdy
x

// a(z,y)v(x ysévdmdy+// [OF (?9—( You | dxdy

lo

= / [w(lluy)6uw(lluy) - ¢(0ay)5ua:(0ay) + (¢(§fay) - w(fivy)) 6“913(6173/)
0
&1
T+ (@alEl 1Y) = al€rsy) — o1l ) BulE,y) /

0

+ (ww(é.;_vy) - ¢$(§57y) - Ume(llay)) 6“(527y)
&2 62¢
&

+ (qﬁm(f:{,y) — V(& ,y) — Un%ﬂ(ll:y)) ou(&n,y)
+ (V& y) = ¥(&r ) dus(En,y)

I I
. 82
o [ Gotuteade] ey + 106 (o,12) = b, 060,20

&n 0

2 82¢
Uy (o E)bul, o) + by o )0u(a,0) + [ bl ) dyieds

//[ ) — qv(, y)] séudmdy+//[ n) — a(x,y)¢(x,y)| edvdedy
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Let us consider the first variation [15]:

61 = lim 5—1
e—0 &€

lo

= /[¢(l1,y)5ux(l1,y) —(0,9)6ua(0,) + (V&7 ,y) — Y(&",y)) Sua(€r,y)

0

+ (ww(fivy) - ww(ffv y) - 01%(11,3/)) 6“(517 y)

&
[ Y suta )t + (a6 ) el 9) — ola,) B0l )
0

&2 )
+ (&5 ) — (e ) BuaEoy) + [ sl g+ .

&1

+ (Yo (& y) — (& y) — ontha(l1,y)) 6u(én,y)

l1) 9
(00609 — (&) buensg) + [ 5 50u(w,y)dsldy
‘

I
b [l 12)ou, (o, 12) = 0 0)6uy 2,0) = oy o, )bula, o)
0
I 62
+ipy(x,0)ou(z,0) + /6—;§6u(x,y)dy]dm

//[ (,y,u0,v0) — q¥(z, y)} Sudzdy

/ / [ (2,110, 0 —a(a:,ywu,y)] Sudrdy. (7)

It is important to note, that for e — 0 we get [15]:
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oF oF

(77) - (.Z',y,U,O,Uo) - 07
' ou ou Lo(D)
oF oF

(77) - (x7y7u077~)0) - 07
' ov v Lo(D)

since the function F is continuously differentiable with respect to u,v. Then
for ¢ — 0, taking into account the embedding theorem [20] and proceeding
from (7), we conclude that if ¢ is the solution of the following problem:

0%y 327/)0 oF =
8.1‘2 + - 7/’ = _%(xuyau()av())a (x7y) € D\Z’YZ: (8)

T/JO(J?ay):Oa (.%‘,y)EF\’}/,

T/JOx(g:r;y) - T/JOw(f;uy) = Ui¢0w(lluy)70 < ) < l2, 1= 17”7
then the first variation 61 will take the form:
8F
oI =1i ln%— (,y,u0,v0) — a(z,y)vo(z,y) | bvdxdy.
E—r £
Let us introduce the notation:
F(O):F(xvy7u077~)0)a 6v:U($7y)_U0 ('Tay)7 (9)

where v (z,y) is an arbitrary permissible control.
Taking into account (9), in a similar way, if 1 is the solution of the
problem (8), then the first variation will take the form:

51 = / / [ ) — ala gl yﬂ( (2,9) — vo (z,9))dady,  (10)

Vo (z,y) € Ugg.

From the optimality of the pair (ug,vg) we have:

/ / [ ) = al@,y)to(z, y)} (v(,y) —vo (x,y))dxdy >0,  (11)
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Vo (x,y) € Ugg-

Let us introduce the notation: T' = 2£(0)—a(z, y)vo(z,y) : Do = {(z0,y0) € D
is a Lebesgue’s point [9] for T and Tvg functions} .

Then mes Dy = mes D.

Let

D(g:{(ar,y)6D,|x—x0|<5,\y—y0|<5},

where (xg,y0) is an arbitrary fixed point from Dg. Let us consider the
admissible control:

_ Uo(x,y), (.Q’),y) € D\Dﬁa
v&(x,y) - { v, (m’y) € Ds };

where v is an arbitrary fixed point from V.
Let us show the equivalence of (11) and the following relation:

veV v

inf [(aa—F(O) —a(z,y)Po (:v,y)> v

— @—5(0) — a(x,y)o (m,y)> Vo (x,y)] > 0.

From (11) follows:
[ [repetepdsdy = [ [Tty
- s

Since D = Dg U (D \ Ds), then

/ /T(m,y)vdmdw / /T(x,y)vo(m,y)dmdy >
Ds

D\Ds

> [ [ 1@tz [ [Ty
Ds D\Ds

Hence

/ /T(J;,y)vdardy > / /T(x,y)vo(x,y)dxdy, mesDs < 462.
o~ !

Then, we obtain:
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Lo .

1 o .

Im 5 / / T(z,y)vdedy > gg)/ / T'(x,y)vo(x,y)dxdy
Ds Ds

According to Lebesgue’s theorem [12]:

T (z0,y0)v > T(x0,y0)vo(w0, Yo)-

Since (zg,yo) is an arbitrary from Dy and v from V', then

in‘f/T(xoyyo)v > T'(wo,y0)vo(wo,y0) foranarbitrary (xq,y0) € Do,
vE

i.e., (11) is valid. Since mes Dy = mes D, then in‘f/ T(z,y)v=T(x,y)vo(z,y)
ve
almost everywhere on D.

Let us prove the contrary. From (12) it follows:
T(x,y)v(x,y) > T(x,y)vo(z,y) for any v(-) € Usq almost everywhere
on D, as T(x,y)v(z,y) > in‘f/T(x,y)v = T'(z,y)vo(x,y) for an arbitrary
ve

v(+) € Uyq. Hence

/ /T(ac,y)v(x,y)da:dy > / ‘/.T(J:,y)vo(w,y)dxdy, Yo (2,y) € Ung.
b D

Thus the equivalence of (11),(12) has been proven. Hence, there follows
the necessity of condition (12) for the optimality of pair (ug,vg) -

Theorem. Let the cost functional I be defined by formula (3) and let
o be a solution of the adjoint problem (8), then for (ug,vg) to be optimal
it 1s necessary that the following relation be true:

. OF
vﬂel‘f/ [%(%yauoyvo) —a(z,y)o ('Tay):| v=

[?)—f(m,y,uo, vo) — a(z,y)vo (x’y):l vo (z,9)

almost everywhere on D.
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