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DPV vxemhfw fodvvl�fdwlrq= ��/��� ��$���

�� W?|hL_�U|�L?

Zh frqvlghu d sureohp=

Cx+{> w,

Cw
. d

Cx+{> w,

C{
.E+{> w,x+{> w, @ i+{> w,> +4,

x+{> 3, @ *+{,> { 5 ^f> g`>

zkhuh x = ^f> g` � ^3> W ` $ K lv dq xqnqrzq yhfwru0ydoxhg ixqfwlrq lq d
Kloehuw vsdfh K> i = ^f> g` � ^3> W ` $ K> * = ^f> g` $ K duh jlyhq yhfwru0
ydoxhg ixqfwlrqv/ d lv d qrqqhjdwlyh frqvwdqw/ E+{> w, iru doo �{hg +{> w, lv
d olqhdu/ vhoidgmrlqw/ srvlwlyh rshudwru zlwk d grpdlq G+E,> wkdw grhv qrw
ghshqg rq +{> w, dqg lv ghqvho| gh�qhg lq K=

Wkh fdvh zkhq K @ O2++f> g,� +3> W ,, zdv frqvlghuhg lq ^4` rq wkh ed0
vlv ri IG0phwkrg +ixqfwlrqdo0gl�huhqfh,1 Dqrwkhu fdvh d @ 3> E+{> w, � E
zdv vwxglhg lq ^5` e| phdqv ri FW0phwkrg +Fd|oh| wudqvirup,/ dqg rq wkh
edvlv ri Irxulhu0Fkhe|vkhy vhulhv lq ^6`1 Wkh fdvh d @ 3> E+{> w, � E+w,
zdv frqvlghuhg lq ^7` e| phdqv ri IG0phwkrg dqg FW0phwkrg xqghu wkh
dvvxpswlrq wkdw E+w, lv d erxqghg rshudwru1 Wklv zrun lv d jhqhudol}dwlrq
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ri wkh zrunv ^4`0^7`1 Khuh zh kdyh rewdlqhg d frqvwuxfwlyh uhsuhvhqwdwlrq ri
wkh vroxwlrq ri wkh sureohp +4, zlwkrxw dvvxpswlrq derxw erxqghgqhvv ri
wkh rshudwru E+{> w, +vhh Wkhruhp 4,1 Rq wkh edvlv ri wklv uhsuhvhqwdwlrq
zh kdyh exlow dq dssur{lpdwh vroxwlrq/ zkrvh huuru hvwlpdwlrq kdv dq h{0
srqhqwldo udwh ri frqyhujhqfh1 Wkh edvlv ri rxu zrun lv frpelqdwlrq ri wkh
IG0phwkrg dqg Irxulhu0Fkhe|vkhy vhulhv phwkrg1

2� � UL?t|h�U|��i hiThiti?|@|�L? Lu |�i ThLM*i4 E�� tL*��
|�L?

E| dqdorj| zlwk wkh ruglqdu| k|shuerolf htxdwlrq zh zloo �qg wkh vroxwlrq
ri wkh sureohp +4, lq wkh ghwhuplqhg grpdlq=

�
 @ i+{> w, = 3 � w � W> f � {� dw � gj=
Zlwk dffrxqwlqj +4, zh fdq frqvlghu lwv lqwhjudo dqdorj|=

x+{> w, @ *+{�dw,.

|]
f

^i+{�d+w�v,> v,�E+{�d+w�v,> v,x+{�d+w�v,> v,`gv=

+5,

Gh�qlwlrq 4 Li x+{> w, kdv vwurqj ghulydwlyhv iurp { dqg w lq �
 dqg
lw ehorqjv wr wkh grpdlq ri wkh rshudwru gh�qlwlrq E = G+E,> vdwlv�hv wkh
htxdwlrq dqg lqlwldo frqglwlrq +4,/ wkhq x+{> w, lv fdoohg d vwurqj vroxwlrq ri
wkh sureohp +4,1

Gh�qlwlrq 5 Li x+{> w, 5 G+E,/ zkhq +{> w, 5 
 dqg lw vdwlv�hv wkh
htxdwlrq +5,/ wkhq x+{> w, lv fdoohg zhdn vroxwlrq ri wkh sureohp +4,1

Uhpdun1 Lw*v hdv| wr fkhfn wkdw li x+{> w, lv d vwurqj vroxwlrq/ wkhq lw
vdwlv�hv wkh htxdwlrq +5,1

Zh vkdoo �qg d zhdn vroxwlrq ri wkh sureohp +4,1
Ohw xv lqwurgxfh d julg $� @ i{� @ lk. f = l @ 3> Q�> k @ +g� f,@Q�j>

rq ^f> g` dqg d julg $� @ iw� @ m� = m @ 3> Q2> � @ W@Q2j rq ^3> W `1 Ohw
xv sxw wkurxjk wkh srlqwv {�> l @ 3> Q� fkdudfwhulvwlfv dqg wkurxjk wkh
w� > m @ 3> Q2 vwudljkw olqhv wkdw duh sdudooho wr wkh {�d{h1 D furvv ri wkhvh
olqhv jlyhv xv d fryhulqj ri wkh grpdlq �
 e| d julg=

$�� @ i+{�c�> w�, = {�c� @ {� . dw�> l @ 3> Q�> m @ 3> Q2=

Ohw xv xvh IG0phwkrg iru wkh sureohp +4, vroxwlrq1 Dw �uvw wklv phwkrg
zdv sursrvhg lq ^8` dqg iru wkh sduwldo fdvhv ri wkh sureohp +4, lw zdv

5
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ghyhorshg lq ^4`/ ^5`/ ^7`/ wkdw zdv phqwlrqhg lq wkh lqwurgxfwlrq1 Wkhuhiruh
zh dssur{lpdwh E+{> w, e| slhfhzlvh0frqvwdqw rshudwru Ef+{> w, dv iroorzv=

Ef+{> w, @ E+�{� . d�w�> w�, ;+{> w, 5 
�c�>

zkhuh +�{�> �w�, lv d �{hg srlqw/ wkdw vdwlv�hv wkh iroorzlqj frqglwlrqv=

{�3� � �{� � {�> w�3� � �w� � w� >


�c� @ i+{> w, = w�3� � w � w�> {�3� � {� dw � {�j> l @ 3> Q�> m @ 3> Q2=

Zh orrn iru wkh vroxwlrq ri wkh sureohp +5, lq wkh irup=

x+{> w, @
"[
&'f

x&+{> w,> +6,

zkhuh x&+{> w, duh vroxwlrqv ri wkh uhfxuuhqw vhtxhqfh ri sureohpv=

Cxf+{> w,

Cw
. d

Cxf+{> w,

C{
.Ef+{> w,xf+{> w, @ i+{> w,> +{> w, 5 
> +7,

xf+{> 3, @ *+{,=

Cx&+{> w,

Cw
. d

Cx&+{> w,

C{
.Ef+{> w,x&+{> w, @ +Ef+{> w,�E+{> w,,� +8,

�x&3�+{> w,> +{> w, 5 
>

x&+{> 3, @ 3> n @ 4> 5> = = = =

Zh fdq uhsuhvhqw d plggoh vroxwlrq ri wkh sureohp +4, +lq wkh vhqvh ^9`,/
li E+{> w, � E lv d frqvwdqw rshudwru/ i+{> w, � 3/ d @ 3> *+{, 5 K lq wkh
irup ^6`=

x+{> w, @ W +w>E,*+{, @
"[
&'f

d&+�|,W
W
& +E

3�,*+{,> +9,

zkhuh W W& +�, @ frv+n duffrv+5�� 4,, duh vkliwhg Fkhe|vkhy sro|qrpldov ri
wkh �uvw w|sh +vhh l1h1 ^:`,/ n 5 Q>

d& @
5

�

�]
f

h{si� w

�
jW W& +�,

g�

+�+�� 4,,f�D
> n @ 4> 5> = = = >

df @
4

�

�]
f

h{si� w

�
jW Wf +�,

g�

+�+�� 4,,f�D
>

W +w>E, lv d Ff0vhpljurxs zlwk d jhqhudwru E=

6
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Ohppd 4 Ohw E+{> w, � E>E @ EW � �fL> �f � 3/ G+E, @ K= Li
i+{> w,> *+{, 5 G+E,> wkhq iru wkh zhdn vroxwlrq ri wkh sureohp +4, wkh
iroorzlqj frqvwuxfwlyh uhsuhvhqwdwlrq lv khog

x+{> w, @ W +w>E,*+{� dw, .

|]
f

W +w� v>E,i+{� d+w� v,> v,gv> +:,

zkhuh Ff0vhpljurxs W +w>E, lv gh�qhg e| irupxod +9,1

Surri1 Ohw xv vxevwlwxwh uhsuhvhqwdwlrq +:, lqwr wkh uljkw kdqg vlgh ri
+5,1 Wkhq rqh fdq jhw

x+{> w, @ *+{� dw, .

|]
f

^i+{� d+w� v,> v,�EW +v>E,*+{� dw,�

�E

r]
f

W +v� v�>E,i+{� d+w� v�,> v�,gv�`gv=

Ohw xv xvh wkh htxdolw| +vhh ^;`,=

gW +v>E,

gv
.EW +v>E, @ 3=

Lw jlyhv xv d srvvlelolw| wr shuirup wkh deryh htxdolw| wr wkh iroorzlqj irup=

x+{> w, @ *+{� dw, .

|]
f

^i+{� d+w� v,> v,gv.

|]
f

g

gv
W +v>E,gv*+{� dw,.

.

|]
f

r]
f

C

Cv
W +v� v�>E,i+{� d+w� v�,> v�,gv�gv @ W +w>E,*+{� dw,.

.

|]
f

C

Cv

r]
f

W +v� v�>E,i+{� d+w� v�,> v�,gv�gv @ W +w>E,*+{� dw,.

.

|]
f

W +w� v�>E,i+{� d+w� v�,> v�,gv�=

Wklv htxdolw| frq�upv wkdw uhsuhvhqwdwlrq +:, lv d zhdn vroxwlrq ri wkh
sureohp +4,1 �

7
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Ohw xv orrn iru wkh vroxwlrqv ri wkh sureohpv +7,/+8, lq wkh grpdlq 
/
e| xvlqj wkhlu vroxwlrqv lq vxegrpdlqv 
�c�= Zh kdyh=

x�c�
f +{> w, @ W +w� w�3�>E�c�,x

�c�
f +{� d+w� w�3�,> w�3�, .

|]
|�3�

^W +w� v>E�c�,�

�i+{� d+w� v,> v,gv>

x�c�
& +{> w, @ W +w� w�3�>E�c�,x

�c�
& +{� d+w� w�3�,> w�3�, .

|]
|�3�

W +w� v>E�c�,�

�^Ef+{�d+w�v,> v,�E+{�d+w�v,> v,`x�c�

& +{�d+w�v,> v,gv> n @ 4> 5> = = = =

Wkxv zh rewdlq

xf+{> w, @ X+w> 3,*+{� dw, .

|]
f

X+w> v,i+{� d+w� v,> v,gv> +;,

x&+{> w, @

|]
f

X+w> v,^Ef+{�d+w�v,> v,�E+{�d+w�v,> v,`x&3�+{�d+w�v,> v,gv>

+<,

n @ 4> 5> = = = >

zkhuh X+w> v, lv hyroxwlrq rshudwru/ zklfk kdv d irup=

X+w> v, @

;AAAAAA?
AAAAAA=

W +w� v>E�c�,> li m @ s>

W +w� w�3�>E�c�,^
�3R3�T
&'�

W +w�3& � w�3&3�>E�c�3&,`�

�W +wR � v>E�cR,> li m A s>
+43,

w 5 ^w�3�> w� `> v 5 ^wR3�> wR`=

Li wkh rshudwru D = K $ K> D @ DW � �L> � A 3>G+D, @ K dqg +�D,
lv d jhqhudwru ri vhpljurxs W +w>D,> wkhq wklv vhpljurxs lv frpsuhvvlrq/
l1h1+vhh ^;`, mmW +w>D,mm � 41 Vr zh �qg iurp +43, lqhtxdolw|=

mmX+w> v,mm � 4= +44,

8
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Ohw xv �qg hvwlpdwlrqv iru xf+{> w,> x&+{> w,> n @ 4> 5> = = = = E| xvlqj
+44, zh jhw

mmxf+{> w,mm � mmX+w> 3,*+{� dw,mm.
|]

f

mmX+w> v,i+{� d+w� v,> v,mmgv �

� mm*+{� dw,mm.
|]

f

mmi+{� d+w� v,> v,mmgv �

� mm*+{� dw,mm. pd{
f$r$|

r]
f

mmi+{� d+v� v�,> v�,mmgv� � Xf+{> w,

iurp +;,1 E| dqdorj| zlwk +<, rqh fdq jhw

mmx&+{> w,mm �
|]

f

mmX+w> v,^Ef+{� d+w� v,> v,�

�E+{� d+w� v,> v,`x&3�+{� d+w� v,> v,mmgv �

t

|]
f

mmx&3�+{� d+w� v,> v,mmgv>

zkhuh

t @ vxs
%MdSc_ocf$r$|c|MdfcA o

mmEf+{� d+w� v,> v,�E+{� d+w� v,> v,mm=

Lw*v hdv| wr fkhfn e| vxevwlwxwlqj { wr { � d+w � v,> w wr v/ wkdw rqh fdq
wudqvirup wkh deryh lqhtxdolw| lq wkh iroorzlqj irup=

mmx&+{� d+w� v,> v,mm � t

r]
f

mmx&3�+{� d+v� v�,> v�,mmgv�=

Wkxv/ e| frqwlqxdwlrq ri wkh fkdlq ri lqhtxdolwlhv/ zh fdq jhw

mmx&+{> w,mm � t

|]
f

mmx&3�+{� d+w� v�,> v�,mmgv� �

� t2
|]

f

r�]
f

mmx&32+{� d+w� v2,> v2,mmgv2 �

9
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� t&
|]

f

r�]
f

= = =

r&3�]
f

mmxf+{� d+w� v&,> v&,mmgv& = = = gv� @

@ t&
|]

f

+w� v,&3�

+n � 4,$
mmxf+{� d+w� v,> v,mmgv �

� +tw,&

n$
pd{
f$r$|

mmxf+{� d+w� v,> v, @
+tw,&

n$
Xf+{> w,=

Ohw xv xvh wkhvh hvwlpdwlrqv iru wkh pdmrudwlrq ri wkh vhulhv +6,

mmx+{> w,mm �
"[
&'f

mmx&+{> w,mm �
"[
&'f

+tw,&

n$
Xf+{> w, @ h^|Xf+{> w,= +45,

Li zh fxw wkh vhulhv +6, rq wkh p�wk vwhs/ wkhq rqh fdq jhw wkh iroorzlqj
hvwlpdwlrq iru wkh dssur{lpdwlrq

mmx+{> w,� xE6�+{> w,mm �
"[

&'6n�

mmx&+{> w,mm � +tw,6n�

+p. 4,$
h^|Xf+{> w,= +46,

Wkhruhp 4 Ohw E+{> w, = K $ K ;+{> w, 5 
/ E+{> w, @ EW+{> w, �
�fL> �f � 3/ G+E+{> w,, @ G+E, grhv qrw ghshqg rq +{> w,/ G+E, @ K
i+{> w,> *+{, 5 G+E,> t ? 4= Wkhq IG0phwkrg frqyhujhv wr wkh zhdn vrox0
wlrq ri wkh sureohp +4, dqg hvwlpdwlrq +45, lv ydolg1

Surri1 Lqhtxdolw| +45, vkrzv/ wkdw wkh vhulhv +6, lv frqyhujhqw lq wkh
qrup ri Kloehuw vsdfh K1 Ohw xv vkrz wkdw lwv vxp lv d zhdn vroxwlrq ri
wkh lqlwldo0ydoxh sureohp +4,1

Lqghhg/ x&+{> w,/ wkdw duh gh�qhg e| +<,/ duh vroxwlrqv ri htxdwlrqv=

x&+{> w, @

|]
f

i^Ef+{� d+w� v,> v,�E+{� d+w� v,> v,`x&3�+{� d+w� v,> v,�

�Ef+{� d+w� v,> v,x&+{� d+w� v,> v,jgv n @ 4> 5> = = = +47,

+vhh Ohppd 4,/ dqg xf+{> w,> wkdw lv gh�qhg e| htxdolw| +;,/ lv d vroxwlrq ri
htxdwlrq=

xf+{> w, @ *+{�dw,.

|]
f

^i+{�d+w�v,> v,�Ef+{�d+w�v,> v,xf+{�d+w�v,> v,`gv=

Wkxv/ e| vxpplqj +47, zlwk uhvshfw wr n @ 3> wr 4/ xvlqj frqyhujhqfh ri
wkh vhulhv +6, lq wkh qrup ri wkh vsdfh K dqg ghqvh ri wkh rshudwru E+{> w,/
rqh fdq jhw d qhfhvvdu| d�updwlrq1
�

:
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�� �L4M�?�?} 6#� @?_ 6L�h�ih���iM)t�i� tih�it 4i|�L_

Iru vroylqj wkh htxdwlrqv ri wkh sureohpv +7,/ +8, lq 
�c� ohw xv xvh wkh
uhsuhvhqwdwlrq W +w>E�c�,x lq wkh irup +9,/ wkdw zdv rewdlqhg lq ^6`1

Ohw

W� +w>E�c�,x @
�[
&'f

d&W
W

& +E
3�
�c� ,x>

X� +w> v, eh d fruuhvsrqglqj rshudwru wkdw rqh fdq jhw iurp wkh hyroxwlrq
rshudwru e| phdqv ri vxevwlwxwlrq W +w>E�c�, iru W� +w>E�c�,1

Ohw xv hvwlpdwh wkh dssur{lpdwh huuru=

}&+{> w, @ x&c� +{> w,� x&+{> w,> n @ 3> 4> 5> = = = =

E| xvlqj uhsuhvhqwdwlrq xf+{> w, +vhh +;,,/ zh jhw

}f+{> w, @ ^X� +w> 3,�X+w> 3,`*+{�dw,.

|]
f

^X� +w> v,�X+w> v,`i+{�d+w�v,> v,gv=

Iru }f+{> w, hvwlpdwlrq zh kdyh wr hydoxdwh ^X� +w> 3,� X+w> 3,`1 Ohw xv vhh
dw �uvw mmW� +w>E�c�,mm/ e| xvlqj lqhtxdolwlhv rewdlqhg lq ^6`1 Zh kdyh

mmW� +w� � w�3�>E�c�,mm @ mmW� +� >E�c�,mm � mmW +� >E�c�,mm.

.mmW� +� >E�c�,� W +� >E�c�,mm � 4 . Fh{si��+�Q2,�*�j=
Wkhq li w 5 ^w�3�> w� `> v 5 ^wR3�> wR` iru wkh dssur{lpdwlrq X� +w> v, ri wkh
hyroxwlrq rshudwru zh jhw

mmX� +w> v,mm � mmW� +w� w�3�>E�c�,^

�3R3�\
&'�

W� +� >E�c�3&,`W� +wR � v>E�cR,mm �

� +4 . F,2
�3R3�\
&'�

mmW� +� >E�c�3&,mm � +4 . F,2+4 . Fh{si��+�Q2,�*�j,�2 �

� +4 .F,2h{s+FQ2h{si��+�Q2,�*�j,= +48,

Ohw xv vxssrvh wkdw

Q � Q2= +49,

Wkxv iurp +<, zh kdyh

mmX� +w> v,mm � +4 . F,2h{s+FQh{si��+WQ,�*�j, � P+Q,= +4:,

;
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E| lqfuhdvlqj Q zh fdq pdnh wkh txdqwlw| ri wkh uljkw kdqg vlgh lq +4:, dv
forvh wr +4 . F,2 dv zh zdqw1 Ixuwkhu zh*oo orrn iru dq hvwlpdwlrq iru wkh
dssur{lpdwlrq huuru ri hyroxwlrq rshudwru=

mmX� +w> v,�X+w> v,mm @ mmW� +w�w�3�>E�c�,^

�3R3�\
&'�

W� +� >E�c�3&,`W� +wR�v>E�cR,�

�W +w� w�3�>E�c�,^

�3R3�\
&'�

W +� >E�c�3&,`W +wR � v>E�cR,mm @

mm^W� +w� w�3�>E�c�,� W +w� w�3�>E�c�,`^

�3R3�\
&'�

W +� >E�c�3&,`W +wR � v>E�cR,.

W� +w�w�3�>E�c�,^W� +� >E�c�3�,�W +� >E�c�3�,`^

�3R3�\
&'2

W +� >E�c�3&,`W +wR�v>E�cR,.

. = = =.W� +w�w�3�>E�c�,^

�3R3�\
&'�

W� +� >E�c�3&,`^W� +wR�v>E�cR,�W +wR�v>E�cR,`mm �

� +4 . F,

�3R3�[
&'f

+
&\

o'�

mmW� +� >E�c�3on�,mm,mmW� +� >E�c�3&,� W +� >E�c�3&,mm �

� +4 . F,

�2[
&'f

+4 .Fh{si��+�Q2,�*�j,&Fh{s+��+�Q2,�*�, @

@ +4 . F,Fh{s+��+�Q2,�*�,
4� +4 . Fh{si��+�Q2,�*�j,�2

�Fh{s+��+�Q2,�*�,
@

@ ^+4 .Fh{si��+�Q2,�*�j,�2 � 4`+4 .F,=

Lw iroorzv iurp wkh dvvxpswlrq +4:, dqg deryh lqhtxdolw| wkdw=

mmX� +w> v,� X+w> v,mm � +4 . F,+h{s+FQh{si��+WQ,�*�j,� 4, @ P�+Q,=
+4;,

Wkhq

mm}f+{> w,mm � mmX� +w> 3,� X+w> 3,mmmm*+{� dw,mm.
|]

f

mmX� +w> v,� X+w> v,mm�

�mmi+{� d+w� v,> v,mmgv � P�+Q,+mm*+{� dw,mm.

<
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.

|]
f

mmi+{� d+w� v,> v,mmgv, � P�+Q,Xf+{> w,=

Rqh fdq jhw e| xvlqj hvwlpdwlrq iru X� +w> v, dqg X� +w> v, � X+w> v, +4:,/
+4;,/ iru }&+{> w, wkdw

mm}&+{> w,mm �
|]

f

mmX� +w> v,mmmmEf+{� d+w� v,> v,�E+{� d+w� v,> v,mm�

�mm}&3�+{� d+w� v,> v,mmgv.
|]

f

mmX� +w> v,� X+w> v,mmmmEf+{� d+w� v,> v,�

�E+{�d+w�v,> v,mmmmx&3�+{�d+w�v,> v,mmgv � P+Q,t

|]
f

mm}&3�+{�d+w�v,> v,mmgv.

.P�+Q,t

|]
f

mmx&3�+{� d+w� v,> v,mmgv, �

� P+Q,t

|]
f

mm}&3�+{� d+w� v,> v,mmgv.P�+Q,
+tw,&

n$
Xf+{> w, � = = = �

� +P+Q,tw,&

n$
P�+Q,Xf+{> w, .

+tw,&

n$
P�+Q,Xf+{> w,

&3�[
R'f

+tP +Q,,R @

@
+P+Q,tw,&

n$
P�+Q,Xf+{> w,

3
C4 .

&3�[
R'f

tRP+Q,R3&

4
D =

Mxvw dv s @ 3> n � 4> vr P&3� � PR> ;s= Dqg wkxv P3& � P3R3�1 Wkdw*v
zk|

&3�[
R'f

tRP+Q,R3& � P3�
&3�[
R'f

+t@P+Q,,R=

Wkh ixo�oophqw ri wkh iroorzlqj lqhtxdolw| fdq dozd|v eh uhdfkhg e| uhgxf0
lqj t=

t

P+Q,
? 4= +4<,
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Dqg wkdw*v zk|

P3�+Q,
&3�[
R'f

+t@P+Q,,R � P3�+Q,
"[
R'f

+t@P+Q,,R @
4

P+Q,� t
=

Vr zh kdyh=

+P+Q,tw,&

n$
P�+Q,Xf+{> w,

3
C4 .

&3�[
R'f

tRP+Q,R3&

4
D � +P+Q,tw,&

n$
P�+Q,Xf+{> w,�

�
�
4 .

4

P+Q,� t

�
@

+P+Q,tw,&

n$
P�+Q,Xf+{> w,F�=

Wkhq

mm}&+{> w,mm � +P+Q,tw,&

n$
P�+Q,Xf+{> w,F�= +53,

Ohw xv hvwlpdwh wkh ixoo dssur{lpdwlrq huuru ri IG0phwkrg=

mmx+{> w,� x
E6�
� +{> w,mm � mmx+{> w,� xE6�+{> w,mm. mmxE6�+{> w,� x

E6�
� +{> w,mm �

� mmx+{> w,� xE6�+{> w,mm.
6[
&'f

mm}&+{> w,mm �

� +tw,6n�

+p. 4,$
h^|Xf+{> w, .

6[
&'f

+P+Q,tw,&

n$
Xf+{> w,P�+Q,F� �

� +tw,6n�

+p. 4,$
h^|Xf+{> w, .P�+Q,Xf+{> w,F�h{s+P+Q,tw, @

Xf+{> w,^
+tw,6n�

+p. 4,$
h^| .P�+Q,F�h{s+P+Q,tw,`= +54,

Vr zh fdq irupxodwh wkh iroorzlqj vwdwhphqw=

Wkhruhp 5 Ohw frqglwlrqv ri wkh wkhruhp 4 dqg lqhtxdolw| +4<, eh
ydolg1 Wkh vroxwlrq ri sureohp +5, lv irxqg e| wkh iroorzlqj dojrulwkp

xfc� +{> w, @ X� +w> 3,*+{� dw, .

|]
f

X� +w> v,i+{� d+w� v,> v,gv>

x&c� +{> w, @

|]
f

X� +w> v,^Ef+{�d+w�v,> v,�E+{�d+w�v,> v,`x&3�c� +{�d+w�v,> v,gv>
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n @ 4> 5> = = = > p>

x
E6�
� @

6[
&'f

x&c� +{> w,=

Wkhq wkh dojrulwkp kdv dq h{srqhqwldo udwh ri frqyhujhqfh dqg hvwlpdwlrq
+54, lv ydolg1

Surri1 Lw uhpdlqv wr vkrz wkdw hvwlpdwlrq +54, kdv dq h{srqhqwldo udwh
ri frqyhujhqfh1

Lqghhg/ li p @ Q / wkhq lw hdv| wr fkhfn wkdw wkh �uvw sduw ri wkh hvwl0
pdwlrq +54, kdv dq h{srqhqwldo udwh ri frqyhujhqfh1 Ohw xv vkrz wkdw wkh
vhfrqg sduw ri wkh hvwlpdwlrq +54, kdv dq h{srqhqwldo udwh ri frqyhujhqfh
wrr1 Zh kdyh

olp
�<"

P�+Q,Q& @ olp
�<"

+4 . F,+h{s+FQh{si��+WQ,�*�j,� 4,Q&=

Lw*v reylrxvo| wkdw h% � 4 � {h%= Vr zh jhw

+h{s+FQh{si��+WQ,�*�j,�4, � FQh{si��+WQ,�*�jh{s+FQh{si��+WQ,�*�j,=

Wkxv rqh fdq jhw

olp
�<"

P�+Q,Q& @ olp
�<"

FQ&n�h{si��+WQ,�*�jh{s+FQh{si��+WQ,�*�j, @ 3>

;n 5 Q=

Wklv frpsohwhv wkh surri1
�

Uhihuhqfhv

41 Pdndury/ Y1O1> Y|qrnxu/ Y1Y1 IG0phwkrg iru olqhdu k|shuerolf gl�huhq0

wldo htxdwlrq ri wkh �uvw rughu zlwk slhfhzlvh0vprrwk frh�flhqw1+Xnudlqldq,

Refk|vo|xydo*qd wd Su|nodgqd Pdwhpdw|nd +Frpsxwdwlrqdo dqg Dssolhg

Pdwkhpdwlfv, ::+4<<6,/ 40441

51 Pdndury/ Y1O1> Jdyulo|xn/ L1S1 Wkh Fd|oh| Wudqvirup dqg wkh Vroxwlrq ri

dq Lqlwldo Ydoxh Sureohp iru d Iluvw Rughu Gl�huhqwldo Htxdwlrq zlwk dq

Xqerxqghg Rshudwru Frh�flhqw lq Kloehuw Vsdfh1 Qxphu1 Ixqf1 Dqdo1 Dqg

Rswlpl}1 48+4<<7,/ 8;608<;1

61 Ndvksluryvn|/ R1L1> P|wq|n/ \x1Y1 Dssur{lpdwlrq ri wkh vroxwlrqv ri rshudwru0

gl�huhqwldo htxdwlrq zlwk wkh khos ri rshudwru*v sro|qrpldov1+Xnudlqldq, Xnudlq0

vn| Pdwhpdw|fkq| ]kxuqdo 83+4<<;,/ qr144/ 5806<1
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71 Jdyulo|xn/ L1S1> Pdndury/ Y1O1> Nudyhwv/ L1W1 D frqvwuxfwlyh uhsuhvhqwdwlrq

ri wkh vroxwlrq ri d �uvw rughu gl�huhqwldo htxdwlrq zlwk d qrq0frqvwdqw rs0

hudwru frh�flhqw lq Edqdfk vsdfh dqg dssolfdwlrqv/ Suhsulqw QW] 7324<<:

Xqlyhuvlw�dw Ohls}lj1

81 Pdndury/ Y1O1 Rq wkh ixqfwlrq0gl�huhqfh +IG0, phwkrg ri duelwudu| dffx0

udf| rughu iru vroylqj wkh Vwxup0Olrxylooh sureohp zlwk slhfhzlvh0frqvwdqw

frh�flhqw1+Uxvvldq, Grno1 Dfdg1 Qdxn VVVU 653+4<<4,/ qr14/ 6706<1

91 Nuhlq/ V1J1 Olqhdu Gl�huhqwldo Rshudwruv lq Edqdfk Vsdfhv1 WDPV/ 5</

Qhz \run/ 4<:41

:1 Edwhpdq/ K1> Hugho|l/ D1 Kljkhu Wudqvfhqghqwdo Ixqfwlrqv1 yro15/ Pf Judz0

Kloo Errn Frpsdq|/ lqf1 Qhz \run/ Wrurqwr/ Orqgrq/ 4<861

;1 Sd}|/ D1 Vhpljurxsv ri Olqhdu Rshudwruv dqg Dssolfdwlrqv wr Sduwldo Gli0

ihuhqwldo Htxdwlrqv1 Vsulqjhu0Yhuodj/ Qhz \run hwf1 4<;61
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